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A B S T R A C T
Space missions to Near Rectilinear Halo Orbits (NRHOs) in the Earth-Moon system are upcoming.
A rendezvous technique in cislunar space is proposed in this investigation, one that leverages coupled
orbit and attitude dynamics in the Circular Restricted Three-body Problem (CR3BP). An autonomous
Guidance, Navigation and Control (GNC) technique is demonstrated in which a chaser spacecraft
approaches a target spacecraft in a sample southern 9:2 synodic-resonant L2 NRHO, one that
currently serves as the baseline for NASA’s Gateway. A two-layer guidance and control approach is
contemplated. First, a nonlinear optimal controller identifies an appropriate baseline rendezvous path
for guidance, both in position and orientation. As the spacecraft progresses along the pre-computed
baseline path, navigation is performed through optical sensors that measure the relative pose of the
chaser relative to the target. A Kalman filter processes these observations and offers state estimates.
A linear controller compensates for any deviations identified from the predetermined rendezvous
path. The efficacy of the GNC technique is tested by considering a complex scenario in which
the rendezvous operation is conducted with an uncontrolled tumbling target. Hardware-in-the-loop
laboratory experiments are conducted as a proof-of-concept to validate the guidance algorithm, with
observations supplemented by optical navigation techniques.

1. Introduction
The ongoing Cislunar Autonomous Positioning System

Technology Operations and Navigation Experiment (CAP-
STONE) mission and NASA’s planned Gateway mission
are to be established along a Near Rectilinear Halo Orbit
(NRHO) in cislunar space [1]. The growing interest in ex-
ploring cislunar space for various scientific reasons offers
opportunities to test and advance rendezvous operations,
thereby improving the sustainability of such missions. The
Gateway, for example, is currently being developed as a
long-lasting modular space hub, offering potential human
residence beyond the International Space Station (ISS). The
Gateway is further expected to serve as a testing station for
systems and equipment and offers logistical support for var-
ious future missions to Mars and beyond [2]. Consequently,
life-support systems for the crew, essential pressurized and
unpressurized cargo, supplies, fuel, and advanced external
robotics equipment for science experiments will be trans-
ported and exchanged periodically. The Gateway facility is
planned to contain several docking ports for visiting mod-
ules, as well as space for scientific apparatus and stowage [3].
Further, CubeSat-sized vehicles such as CAPSTONE will
frequent operations in cislunar space supporting the less-
risky, inexpensive and large-scale applications that can be
exercised with the use of such smallsats. With activities in
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cislunar space becoming extensive, precise rendezvous and
docking techniques become essential.

A complete architecture is proposed for the guidance,
navigation and control (GNC) algorithm, and its compatibil-
ity with a real-world application is validated via hardware-
in-the-loop experiments in the ZeroG-Lab facility at the
University of Luxembourg. Scaled mockups of CubeSats are
mounted at the end-effectors of two robotic manipulators,
and the trajectory and attitude motion in cislunar environ-
ment are imparted to the robots’ end-effectors. In addition,
optical sensors in the form of a monocular camera mounted
on the chaser spacecraft identify semantic features on the
target spacecraft in actual time. Using the correspondence
of the detected keypoints in the known wireframe model
of the target, an Efficient Perspective-n-Point (EPnP) solver
estimates the relative pose of the target. A hardware-in-the-
loop test with closed feedback is performed to validate the
GNC architecture; a sample scenario represents the target
spacecraft tumbling with natural gravity gradient torques.
The results from the hardware-in-the-loop experiments offer
proof-of-concept for utilizing optical navigation methods for
planning rendezvous operations in cislunar environments,
and eventually in deep space.

A coupled orbit and attitude dynamics in the Circular
Restricted Three-body Problem (CR3BP) is leveraged to
achieve the close proximity operations in this investigation
[4–7]. The target body is considered to be stationed along
the 9:2 synodic resonant southern L2 NRHO in the Earth-
Moon system, comparable to the baseline trajectory for the
Gateway. In this investigation, however, the target spacecraft
is considered passive and does not have active controllers
to change its orbit or orientation. Nonetheless, the chaser
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spacecraft possesses active thrusters to deliver control ma-
neuvers to modify its course during the rendezvous process.
The effects of gravitational forces exerted by the Earth and
Moon are considered for both the target and the chaser
spacecraft. A two-layered guidance and control approach
facilitates the close proximity operations [8]. Firstly, a non-
linear optimal controller using an Interior-Point Optimiza-
tion (IPOPT) technique identifies a baseline rendezvous path
for guidance, i.e., a series of setpoints in both position
and orientation. Any deviations from this predetermined
baseline identified through pose estimation are subsequently
overcome by a linear controller. Navigation is performed
using optical instruments onboard the chaser that captures
the images of the target spacecraft in real-time. The procured
images are subsequently processed to retrieve relative pose
observations at regular intervals. The image acquisition and
pose estimation process happens concurrently as the chaser
spacecraft progresses towards the target. Uncertainties and
sudden fluctuations in pose observations are overcome by in-
corporating a Kalman filter to deliver precise state estimates
and run synchronously with the control algorithm [9].

This paper is organized as follows: Section 2 reviews
some of the previous contributions that serve as the founda-
tion for this investigation. Section 3 presents the equations of
motion for the spacecraft in the circular restricted three-body
problem, both orbit and attitude motion. Section 4 describes
the computation of an optimal rendezvous path for guidance.
The procedure for vision-based spacecraft navigation using
pose estimation is illustrated in Section 5. The process of
state estimation from filtering pose observations and de-
termination of subsequent corrective control maneuvers to
overcome deviations from the predicted path is presented
in Section 6. Section 7 presents the experimental setup
and the motion planning strategy for the hardware-in-the-
loop experiments. Section 8 describes the experiments and
lists significant results including lessons learned from the
hardware-in-the-loop experiments. Finally, some important
takeaways and concluding remarks are offered in Section 9.

2. Previous Contributions
There are numerous literature sources that demonstrate

autonomous rendezvous in near-Earth orbit, but such un-
manned autonomous operations have yet to be executed
in multi-body environments [10]. Rendezvous in a multi-
gravity environment is more complex and challenging due
to the increased forces involved. Several researchers have
explored the concept of cislunar rendezvous, particularly
through trajectory planning and optimization [7, 11–15].
The inclusion of attitude dynamics becomes crucial for the
final phase of the close proximity operations. With planned
missions, investigations that focus on coupled orbit and
attitude dynamics are upcoming [6, 10, 16, 17]. Relative
navigation employing vision is drawing attention to increas-
ing autonomy in space. Different approaches for relative
spacecraft pose estimation are available in literature [18–
22]. Hardware-in-the-loop tests are valuable for validating

operational feasibility and synchronizing with different sub-
systems, such as control algorithms, pose measurements and
robotic manipulation. There are several research test beds for
emulating motions in space, such as the GNC Rendezvous
and Landing Simulator (GRALS) at the European Space
Research and Technology Centre (ESTEC) in the Nether-
lands [23], the European Proximity Operations Simulator
(EPOS) at the German Aeronautics Centre (DLR) [24],
and the Testbed for Robotic Optical Navigation (TRON)
in Stanford University [25], among others. Rendezvous in
circular Earth orbits have been demonstrated at the EPOS
test facility [26]. However, a comprehensive approach for
integrating subsystems and in a more challenging cislunar
rendezvous scenario is still limited and is the focus of current
investigations.

3. Dynamics
Proximity operation in cislunar space is the point of

focus. The motion of the chaser and target spacecraft for
rendezvous operations are influenced by their location in
cislunar space and their relative position and orientation.
The dynamics for spacecraft motion are, thus, classified
into three categories: (1) Evolution of the orbital motion
of the target spacecraft expressed in terms of the circular
restricted three-body problem for the Earth-Moon system;
(2) Relative orbital motion of the chaser spacecraft relative
to the target spacecraft; and (3) Attitude dynamics for both
the spacecraft. For this investigation, the target spacecraft
is assumed passive (no active controllers); the orbit and
attitude motion evolve under natural gravitational forces and
gravity torques exerted by the Earth and Moon. On the
contrary, the chaser spacecraft is active; control maneuvers
(external acceleration and torques) alter its trajectory and
orientation.
3.1. Circular Restricted Three-Body Problem

In the case of a spacecraft in near-Earth orbits, a Keple-
rian solution is obtained by solving the two-body problem,
which considers the gravitational force exerted on the space-
craft by a single celestial body, i.e., the Earth. Spacecrafts
in cislunar region are however influenced primarily by the
two main gravitational forces due to the Earth and the Moon
concurrently [27]. The convenience of analytical closed-
form solutions in the form of conic trajectories in the two-
body problem is no longer available to describe motion in
cislunar space. The circular restricted three-body problem
(CR3BP) is fairly complete than the two-body problem but
offers an adequate approximation for the spacecraft dynam-
ics in the higher-fidelity model. The CR3BP offers a time-
invariant motion of a spacecraft by assuming that the two
primary bodies, the Earth and Moon, rotate in coplanar
circular orbits about their mutual barycenter, i.e., point O
[28]. The CR3BP model is expressed relative to a synodic
frame [S] and rotates about the inertial frame [I] at a constant
rate equal to the angular rate of revolution of the Earth and
Moon. The frame [S] is defined such that the unit vector
�i[S] points from the Earth towards the Moon, �k[S] is along
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the positive orbital angular momentum direction, and finally,
�j[S] completes the right-hand coordinate system. The inertial
frame [I] shares the same origin as the synodic frame [S].
Figure 1 offers a schematic representation of the different
coordinate frames used in this investigation. Each of the
frames and their vector notation is summarized in Table
1. In the Earth-Moon system, the primary body P1 is the
Earth while the Moon is represented by P2. By convention,
the dynamical equations of motion for a spacecraft in the
CR3BP are modeled with the position and velocity quantities
non-dimensionalized using characteristic quantities. These
non-dimensionalized equations offer ease for the numeri-
cal computation of trajectories in the CR3BP. Further, the
characteristic length, l<, is defined as the mean distance
between the Earth and Moon, while the characteristic time,
t<, is defined as the reciprocal of the mean motion along the
circular orbit of the primary bodies about their barycenter.
The approximate values for characteristic length, l<, and
characteristic time t< in the Earth-Moon system are listed
in Table 2 [29]. Any dimensional quantities are retrieved
by factoring in the characteristic length and time within the
nondimensional quantities [30]. The orbit of interest for the
rendezvous operation is in close proximity to the Moon,
consequently, a Moon-centered rotating frame [M] is defined
that is a direct linear translation from the [S] frame, such that,

x[M] = .1 * �/ * x[S] (1)
y[M] = * y[S] (2)
z[M] = z[S] (3)

where � is the system mass ratio, defined as the ratio of
the mass of P2 to the overall mass of the system, i.e.,
� = m2_.m1 + m2/, where m1 and m2 are the masses of
bodies P1 and P2, respectively. The value of � in the Earth-
Moon system is as defined in Table 2. For convenience, the
dynamical equations of motion for a spacecraft in the [M]
frame is expressed as

�x[M] * 2 �y[M] * x[M] = *
1 * �
d31

.x[M] * 1/

*
�
d32
x[M] * .1 * �/

(4)

�y[M] + 2 �x[M] * y[M] = *
1 * �
d31

y[M] *
�
d32
y[M] (5)

�z[M] = *
1 * �
d31

z[M] *
�
d32
z[M] (6)

where the quantities d1 and d2,

d1 =
t

.x[M] * 1/2 + y2[M] + z
2
[M] (7)

d2 =
t

x2[M] + y
2
[M] + z

2
[M] (8)

are the scalar non-dimensional distances from the spacecraft
to the primary bodies P1 and P2, respectively. These nonlin-
ear equations of motion offer five equilibrium points (also
known as Lagrange points or libration points) and an infinite
number of periodic orbits are available in their neighbor-
hood. A family of 3-dimensional periodic orbits exists near
the L1 and L2 Lagrange points, commonly labeled as halo
orbits [31]. In the Earth-Moon system, the 9:2 synodic reso-
nant L2 Near Rectilinear Halo Orbit (NRHO) is the current
focus for NASA’s Gateway mission, and the CAPSTONE
mission [1, 29]. The chosen orbit is deemed nearly stable
by investigating the stability index of its monodromy matrix
[32, 33]. Figure 2 offers a view of the 9:2 synodic resonant
L2 NRHO in the Moon-centered rotating frame.

Figure 1: Coordinate frames for spacecraft motion [16].

Figure 2: View of the 9:2 synodic resonant southern L2 NRHO
in the Earth-Moon system. Plotted in [M] frame.

3.2. Relative Motion
Close proximity operations such as rendezvous are best

visualized by capturing the relative dynamics between a
chaser and a target spacecraft. For simplicity, a coordinate
frame centered on the target spacecraft such as the Local
Velocity Local Horizontal (LVLH) frame is appropriate to
realize the relative motion. Frame notations are detailed in
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Table 1
Frame descriptions.

Frame ID Frame Name Center Unit vector notation

[I] Inertial frame O (Earth-Moon Barycenter) �i[I]; �j[I]; �k[I]

[S] Synodic frame O (Earth-Moon Barycenter) �i[S]; �j[S]; �k[S]

[M] Moon-centered rotating frame Moon �i[M]; �j[M]; �k[M]

[L] Local Velocity Local Horizontal (LVLH) frame Target spacecraft �i[L]; �j[L]; �k[L]

[B] Target body frame Target spacecraft �i[B]; �j[B]; �k[B]

[P] Image frame Sensor plane corner (2D) �i[P]; �j[P]

[C] Camera frame Optical center �i[C]; �j[C]; �k[C]

Table 2
Characteristic quantities and system mass ratio in the Earth-
Moon system

Length l< 385692.50 km
Time t< 377084.15 seconds
System mass ratio � 0.0121505856096240

Table 1. The LVLH frame, [L], is defined with directions
�i[L]; �j[L]; �k[L] such that unit direction �k[L] points from the
target spacecraft to the central body (i.e., the Moon), �j[L]direction is away from the instantaneous orbital angular
momentum vector, and finally, �i[L] completes the dextral
coordinate system. Mathematically, these directions are de-
rived as

�k[L] = *
r

ððrðð
(9)

�j[L] = *
h

ððhðð
(10)

�i[L] = �j[L] � �k[L] (11)
where r represents the target position vector with respect
to the central body, i.e., the Moon. Of course, the position
vector r may be expressed in the Moon-centered rotating
frame (equivalent to �r[M]), i.e.,

�r[M] = [x[M]; y[M]; z[M]]T (12)
where superscript ‘T’ indicates a transpose. The instanta-
neous orbital angular momentum vector, h, is the cross
product of the target position vector with the target velocity
vector relative to the central body (v) at the current time, i.e.,
h = r � v. When expressed in the Moon-centered rotating
frame [M], the target velocity is identified as v = ��r[M]. In
literature, the unit directions, �i[L]; �j[L] and �k[L] are sometimes
denoted as V-bar, H-bar, and R-bar directions, respectively
[7, 34].

The motion of the chaser relative to the target is a
measure of the difference in the gravitational acceleration
experienced by each target and chaser spacecraft. The accel-
eration for the target spacecraft, by applying Newton’s laws
for universal gravitation, is
�r[I] = *�

r
ððrðð3

*.1*�/
0 r + rem
ððr + remðð3

*
rem

ððremðð3

1

(13)

while the acceleration due to gravitational forces experi-
enced by the chaser is given by,

�rc[I] = *�
rc

ððrcðð3
*.1*�/

0 rc + rem
ððrc + remðð3

*
rem

ððremðð3

1

(14)

where rc is the chaser position vector from the central body,
the Moon. The difference between the position vector of the
chaser and the target provides the relative position of the
chaser with respect to the target, i.e., ��, such as

�� = rc * r (15)
and the evolution of �� offers a foundation for comprehending
proximity operations. The basic kinematic equations for the
velocity and the acceleration of the chaser spacecraft in the
inertial frame, i.e.,

�rc[I] = �r[I] + ���[I] = �r[I] + ���[L] + !L/I � ��[L] (16)

�rc[I] = �r[I] + ���[L] + 2!L/I � ���[L] + �!L/I � ��[L]
+ !L/I � .!L/I � ��[L]/

(17)

are expressed as a function of the relative position in the
LVLH frame, ��[L], as well as the angular velocity (!L/I) and
angular acceleration ( �!L/I). Moreover, the subscript L/I rep-
resents a frame transformation from the LVLH frame [L] to
the inertial frame [I]. Note that, similar subscripts are defined
to represent other frame transformations. Substituting Eqs.
(13) and (14) into Eq. (17), the higher-order time derivatives
for ��[L] are determined. The updated equation,

���[L] = * 2!L/I � ���[L] * �!L/I � ��[L]
* !L/I � .!L/I � ��[L]/

* �
rc

ððrcðð3
* .1 * �/

0 rc + rem
ððrc + remðð3

*
rem

ððremðð3

1

+ � r
ððrðð3

+ .1 * �/
0 r + rem
ððr + remðð3

*
rem

ððremðð3

1

(18)
describes the nonlinear equations for relative motion in
the CR3BP [7, 35]. The angular velocity and the angular
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acceleration for frame [L] relative to the inertial frame [I]
is expressed as a combination of the frame rotation from
LVLH to the Moon-centered rotating frame ([L]™ [M])
and from the Moon-centered rotating frame to the inertial
frame ([M] ™ [I]), such that

! L/I = ! L/M + ! M/I (19)

†!L/I[L] = †!L/M + †!M/I[M] * ! L/M • ! M/I (20)

and employs the following relationships,

! L/M[L] = ! x
L/M

‚i [L] + ! y
L/M

‚j [L] + ! z
L/M

‚k[L] (21)

! x
L/M = 0 (22)

! y
L/M = *

ððhðð

ððrðð2
(23)

! z
L/M = *

ððrðð

ððhðð2
h � ‡„r[M] (24)

that corresponds to instantaneous values for angular rota-
tions resulting from frame transformations. The frame trans-
formation, [L] ™ [M], is representative of the motion of
the target body around the Moon while the frame transfor-
mation, [M] ™ [I] is attributed to the rotation of primary
bodies, particularly the Moon around the barycenter. Using
the simplifying assumptions in the CR3BP model,! M/I =
‚k[M] is �xed; as a consequence,†!M/I = 0. The quantity‡„r[M] ,
such that,‡„r[M] = [ ‡x[M] ; ‡y[M] ; ‡z[M] ]

T, is determined in Eqs.
(4), (5) and (6). Similarly,

†!L/M[L] = †!xL/M
‚i [L] + †!yL/M

‚j [L] + †!zL/M
‚k[L] (25)

†!xL/M = 0 (26)

†!yL/M = *
1

ððrðð

0
†h

ððrðð
+ 2 †r!yL/M

1
(27)

†!zL/M =
0

†r
ððrðð

* 2
†h

ððhðð

1
! z

L/M *
ððrðð

ððhðð2
h � “„r[M]

(28)

such that,

†h = * †h[M] � ‚j (29)

†r=
1

ððrðð
„r[M] � †„r[M] (30)

including the third derivative of position, i.e., the jerk,
experienced by the target spacecraft in the [M] frame,

“„r[M] = * 2 ! M/I • ‡„r[M] * ! M/I • . ! M/I • †„r[M] /

* .1 * � /
)
) r

4
r + rem

ððr + remðð3

5
†„r[M]

* �
)
) r

4
r

ððrðð3

5
†„r[M]

(31)

where the following rule for di�erentiation applies,

)
) q

4
q

ððqðð3

5
=

1
ððqðð3

0
I * 3

qqT

ððqðð2

1
(32)

for any vectorq. A simpli�ed explicit function for jerk along
each of thex[M] , y[M] andz[M] directions are deduced in Eqs.
(33), (34), and (35), such as

“x [M] = 2 ‡y[M] + †x[M] *
�

d3
2

HH

1 * 3
x2

[M]

d2
2

I

†x[M] * 3
x[M] y[M]

d2
2

†y[M] * 3
x[M] z[M]

d2
2

†z[M]

I

*
1 * �

d3
1

HH

1 * 3
.x[M] * 1/ 2

d2
1

I

†x[M] * 3
.x[M] * 1/ y[M]

d2
1

†y[M] * 3
.x[M] * 1/ z[M]

d2
1

†z[M]

I (33)

“y [M] = * 2 ‡x[M] + †y[M] *
�

d3
2

H

*3
x[M] y[M]

d2
2

†x[M] +

H

1 * 3
y2

[M]

d2
2

I

†y[M] * 3
y[M] z[M]

d2
2

†z[M]

I

*
1 * �

d3
1

H

*3
.x[M] * 1/ y[M]

d2
1

†x[M] +

H

1 * 3
y2

[M]

d2
1

I

†y[M] * 3
y[M] z[M]

d2
1

†z[M]

I (34)

“z [M] = *
�

d3
2

H

*3
x[M] z[M]

d2
2

†x[M] * 3
y[M] z[M]

d2
2

†y[M] +

H

1 * 3
z2

[M]

d2
2

I

†z[M]

I

*
1 * �

d3
1

H

*3
.x[M] * 1/ z[M]

d2
1

†x[M] * 3
y[M] z[M]

d2
1

†y[M] +

H

1 * 3
z2

[M]

d2
1

I

†z[M]

I (35)
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and evaluated numerically since analytical solutions for the
set of nonlinear equations for relative motion of the chaser
with respect to the target are not available.

The chaser spacecraft employs active thrusters to al-
ter its orbit and attitude motion as mentioned previously.
These thrusters exhibit additional acceleration apart from
the natural dynamics. These variable acceleration values act
as control parameters that are varied to achieve rendezvous.
The Eq. (18) is thus modi�ed to account for the additional
relative acceleration of the chaser with control parameters
u1; u2; u3 as

‡„� [L] = * 2
 L/I[L] †„� [L] * . †
 L/I[L] + 
 2
L/I[L] / „� [L]

.1 * � /
0

r + rem

ððr + remðð3
*

r + „� + rem

ððr + „� + remðð3

1

+ �
0

r
ððrðð3

*
r + „�

ððr + „� ðð3

1
+ [ u1; u2; u3]T

(36)

where the following relation holds,


 L/I [L] =
b
f
f
d

0 * ! z
L/I ! y

L/I
! z

L/I 0 * ! x
L/I

* ! y
L/I ! x

L/I 0

c
g
g
e

(37)

†
 L/I [L] =
b
f
f
d

0 * †!zL/I †!yL/I
†!zL/I 0 * †!xL/I

* †!yL/I †!xL/I 0

c
g
g
e

(38)

! L/I [L] = ! x
L/I

‚i [L] + ! y
L/I

‚j [L] + ! z
L/I

‚k[L] (39)

†!L/I [L] = †!xL/I
‚i [L] + †!yL/I

‚j [L] + †!zL/I
‚k[L] (40)

and these equations are numerically integrated to identify the
relative position for the chaser in the LVLH frame [L] such
that

„� [L] = � x ‚i [L] + � y ‚j [L] + � z
‚k[L] (41)

where� x , � y and� z are the projections of the position vector
along each of the‚i [L] , ‚j [L] and ‚k[L] directions, respectively.
Such quantities in the [L] frame are also appropriate for
simulating close proximity operations in a laboratory envi-
ronment.

3.3. Attitude Dynamics
When the separation distance between the chaser and

target spacecraft is su�ciently large, the orbital dynamics
portion of the controller supersedes the attitude dynamics
operations. The orientation of the chaser relative to the target
is trivial at this scale. Moreover, at such a distance, optical
sensors may only yield a point image of the target and
the determination of relative orientation is inconsequential.
However, during the �nal rendezvous phase such as dock-
ing, maintaining appropriate relative orientation between
the chaser and target also becomes crucial. Henceforth, for
convenience, the relative attitude dynamics for the chaser are

modeled with respect to the body frame of the target. Euler's
equations of motion are, thus, employed to manifest the
rotational dynamics of the spacecraft; the angular velocities
are expressed as

C †!1 =
1

CI 1

�
T1 *

� CI 3 * CI 2
� C! 2

C! 3
�

(42)

C †!2 =
1

CI 2

�
T2 *

� CI 1 * CI 3
� C! 1

C! 3
�

(43)

C †!3 =
1

CI 3

�
T3 *

� CI 2 * CI 1
� C! 1

C! 2
�

(44)

whereC! ’ ! .Chaser ™ T arget/ with a left superscript,
C. The moment of inertia for the chaser along each of its
three principal axes is denoted byCI j , with j = 1;2;3.
The quantitiesT1, T2 and T3 are components of external
torques delivered by the chaser. Using the same convention
the orientation is de�ned by quaternionsC� i ’ � i .Chaser™
T arget/. The orientation of the chaser is altered as desired
by appropriately varying the values forT1, T2 andT3. The
instantaneous orientation of the chaser body relative to the
target body are expressed in terms of rotation quaternions

C †�1 =
1
2

� C! 1
C� 4 * C! 2

C� 3 + C! 3
C� 2

�
(45)

C †�2 =
1
2

� C! 1
C� 3 + C! 2

C� 4 * C! 3
C� 1

�
(46)

C †�3 =
1
2

�
* C! 1

C� 2 + C! 2
C� 1 + C! 3

C� 4
�

(47)

C †�4 =
1
2

�
* C! 1

C� 1 * C! 2
C� 2 * C! 3

C� 3
�

(48)

where� 1, � 2 and� 3 o�er insight into the orientation of the
axis of rotation while� 4 shadows the degree of spin about
the axis of rotation. Also� 2

1 + � 2
2 + � 2

3 + � 2
4 = 1. The

dynamics of the target spacecraft are, however, assumed
to be evolving under the natural gravity gradient torques
exerted by the primary bodies. For simplicity, the dynamics
are expressed relative to the inertial frame. Notations for the
angular velocity and orientation quaternions for the target
are expressed with a left superscript,T, for example,T ! ’
! .T arget ™ Inertial /. The rate of change in angular
velocity of the target body is given by

T †!1 =
T I 3 * T I 2

T I 1

H

3
1 * �

d5
1

g2g3 + 3
�

d5
2

h2h3 * T ! 2
T ! 3

I

(49)

T †!2 =
T I 1 * T I 3

T I 2

H

3
1 * �

d5
1

g1g3 + 3
�

d5
2

h1h3 * T ! 1
T ! 3

I

(50)

T †!3 =
T I 2 * T I 1

T I 3

H

3
1 * �

d5
1

g1g2 + 3
�

d5
2

h1h2 * T ! 1
T ! 2

I

(51)

where the terms including.1 * � / quantify the e�ects of the
gravity torque due to body P1, i.e., the Earth; while terms in-
cluding� are associated with the gravity gradient torque ex-
erted by body P2, i.e., the Moon [4, 10]. The quantitiesgj and
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b
f
f
d

g1
g2
g3

c
g
g
e

=
b
f
f
d

T †�1
2 * T †�2

2 * T †�3
2 + T †�4

2 2.T †�1
T †�2 + T †�3

T †�4/ 2.T †�1
T †�3 * T †�2

T †�4/
2.T †�1

T †�2 * T †�3
T †�4/ * T †�1

2 + T †�2
2 * T †�3

2 + T †�4
2 2.T †�2

T †�3 + T †�1
T †�4/

2.T †�1
T †�3 + T †�2

T †�4/ 2.T †�2
T †�3 * T †�1

T †�4/ * T †�1
2 * T †�2

2 + T †�3
2 + T †�4

2

c
g
g
e

b
f
f
d

cos. †�� / * sin. †�� / 0
sin. †�� / cos. †�� / 0

0 0 1

c
g
g
e

b
f
f
d

1 * x[M]
* y[M]
z[M]

c
g
g
e

(52)

b
f
f
d

h1
h2
h3

c
g
g
e

=
b
f
f
d

T †�1
2 * T †�2

2 * T †�3
2 + T †�4

2 2.T †�1
T †�2 + T †�3

T †�4/ 2.T †�1
T †�3 * T †�2

T †�4/
2.T †�1

T †�2 * T †�3
T †�4/ * T †�1

2 + T †�2
2 * T †�3

2 + T †�4
2 2.T †�2

T †�3 + T †�1
T †�4/

2.T †�1
T †�3 + T †�2

T †�4/ 2.T †�2
T †�3 * T †�1

T †�4/ * T †�1
2 * T †�2

2 + T †�3
2 + T †�4

2

c
g
g
e

b
f
f
d

cos. †�� / * sin. †�� / 0
sin. †�� / cos. †�� / 0

0 0 1

c
g
g
e

b
f
f
d

* x[M]
* y[M]
z[M]

c
g
g
e

(53)

where †�� symbolizes the angle between the frames [S]
and [I] in the CR3BP. The nondimensional value for†� in
CR3BP is 1;� is the nondimensional time. Consistently,
the orientation of the target spacecraft is governed by the
following equations for the quaternions

T †�1 =
1
2

� T ! 1
T � 4 * T ! 2

T � 3 + T ! 3
T � 2

�
(54)

T †�2 =
1
2

� T ! 1
T � 3 + T ! 2

T � 4 * T ! 3
T � 1

�
(55)

T †�3 =
1
2

�
* T ! 1

T � 2 + T ! 2
T � 1 + T ! 3

T � 4
�

(56)

T †�4 =
1
2

�
* T ! 1

T � 1 * T ! 2
T � 2 * T ! 3

T � 3
�

(57)

that o�er the rate of change of the orientation of the target
body axis relative to the inertial frame.

Mathematical solutions for the chaser trajectory may
pass through the body of the target. The chaser and target
spacecraft are rigid bodies, however, and such a rendezvous
path is not feasible. Thus, during the rendezvous, the chaser
spacecraft is deliberately constrained to remain at a �xed
distance from the center of the target spacecraft without
colliding. For convenience, such a location is labeled as
�approach site,� and is stationary in the body-�xed frame of
the target, [B]. The chaser must eventually progress towards
the �approach site� during rendezvous. The coordinates of
the approach site, however, are neither static in the inertial
frame [I], the Moon-centered rotating frame [M] nor the
LVLH coordinate frame [L] due to continuous frame trans-
formations. The target spacecraft may appear as tumbling in
a particular frame of interest; as a consequence, the approach
site is rather an instantaneous 3-dimensional location, as
illustrated in Figure 3. In this investigation, for convenience,
the approach site is assumed as the eventual location of the
geometric center of the chaser spacecraft during rendezvous.

Consider the coordinates of the approach site as

„%[B] = b1‚i [B] + b2 ‚j [B] + b3
‚k[B]

measured in the target body frame and along its principal
axes of inertia. Note thatb1; b2 andb3 are �xed parameters
selected as desired. The LVLH frame is conveniently the
working frame of view and o�ers direct insight into the
spacecraft's approach during the rendezvous process. The
�approach site� in the LVLH frame is deduced as

„%[L] =
`
r
r
p

%x
%y
%z

a
s
s
q

= [L] C[B] „%[B] = [L] C[B]
`
r
r
p

b1
b2
b3

a
s
s
q

where [L] C[B] = ^C : [B] ™ [L] ` is the transformation
matrix from the target body frame [B] to the LVLH frame
[L]. The matrix [L] C[B] ,

[L] C[B] = [L] C[M] [M] C[I] [I] C[B] (58)

is a by-product of a sequence of frame rotations, i.e., [B]™
[I], [I] ™ [M] and �nally [M] ™ [L]. The transformation
matrix or the Direction Cosine Matrix (DCM),[I] C[B] , is
evaluated from the orientation quaternions,T � . From the
de�nition in the CR3BP model,! M/I = ‚k[M] and remains
�xed; as a consequence, the [M] frame rotates about the
inertial frame [I] at a consistent rate proportional to the
nondimensional time� . Thus, the calculation of the trans-
formation matrix[M] C[I] is enabled. Finally, the correlations
in Eq. (11) facilitate determination of matrix[L] C[M] .

Mathematically, the progression of the chaser spacecraft
towards the approach site during the rendezvous operations
is denoted by,„� [L] ™ „%[L] , i.e., � x ™ %x , � x ™ %y and
� z ™ %z. A chaser spacecraft may not necessarily dock along
any particular principal axis of the target. Incorporating
the approach site while modeling the rendezvous process
facilitates de�ning complex docking scenarios.
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hj , with j = 1;2;3, represent the projections of the position
vectors to P1 and P2 on the target body frame, respectively
[4, 5]. These quantities are evaluated in Eqs. (52) and (53),
such as

Figure 3: Approach site, „%, for the chaser as a 3D location
relative to the center of the target [8].

4. Guidance: Optimal Path Planning
The dynamics for the spacecraft trajectory and attitude

dynamics are complex and nonlinear. To facilitate the deter-
mination of an optimal guidance path suitable for proximity
operations, a nonlinear control algorithm, CasADi, [36] is
introduced with an Interior Point Optimization (IPOPT)
scheme. A cost functional,J , such that

J =
Ê

�

0
. „� [L] * „%[L] /

TQ1. „� [L] * „%[L] / + C „! TQ2
C „!

+ C „� TQ3
C „� + uTRu dt (59)

is minimized during the optimization process. Here weight-
ing matrixQ1 penalizes any o�set in position states from the
approach site, i.e.,„� [L] * „%[L] . The relative angular velocity of
the chaser with respect to the target is compensated by matrix
Q2 whereas the relative change in orientation between the
two spacecraft is penalized by matrixQ3. Finally, the control
inputs u are weighted with matrixR. The control input
vectoruk is de�ned as,

uk = [ u1; u2; u3; T1; T2; T3]T

whereu1, u2 andu3 represent translational acceleration along
each of thex, y andz directions, respectively;T1, T2 and
T3 (also referred asu4, u5 and u6) are the control torques
that the chaser spacecraft may deliver. Alternate rendezvous
paths are obtained by varying each of the penalty matrices
within the cost functionalJ . Further, an additional collision
avoidance constraint is introduced as

ðð„� ððg rcollision

to maintain the position of the chaser spacecraft outside a
spherical volume centered at the target spacecraft with a
radiusrcollision. The quantityrcollision is user-de�ned, typ-
ically larger than the dimensions of the spacecraft along

appropriate directions. The optimal control process yields
states (both trajectory and attitude) that serve as the baseline
or the predicted reference path for rendezvous operations.
Such a guidance path is ideal and void of any �uctuations or
uncertainties. An actual path, however, incorporates inherent
errors. Consequently, the state estimation and linear control
algorithms are engaged synchronously during the entire
proximity operations.

5. Vision Based Navigation
Relative state estimation in proximity operations sup-

ported by perceptual observations is crucial for robust au-
tonomous navigation systems. These perceptual observa-
tions may be available from one or more sensors like cam-
eras, Lidars and Radars. With the advent of advanced vision
algorithms and increasing computational availability, visi-
ble spectrum cameras have become a favorable choice for
perception due to their small form factors, low power con-
sumption and cost-e�ectiveness. For the problem of target
localization, as addressed in this work, a range of di�erent
approaches may be employed. For instance, if the target
does not have uniquely identi�able �ducial markers, feature-
based, template-based or neural network based pose estima-
tion may be used [37, 38]. In this investigation, however,
a simpli�ed perception using pre-de�ned passive �ducial
markers is considered for engaging the rendezvous scenario
in a closed-loop manner. The usage of such markers is
common in cooperative proximity operations. Owing to their
superior balance of performance, speed, and detection relia-
bility, an array of �ducial ArUco [39, 40] markers are used
on the target spacecraft mockup. Unique detection of each
ArUco marker is facilitated by its encoding dictionary[41],
which provides a unique combination ofnexne array of bits
that take a binary value. ArUco markers provide reasonably
precise localization of the four corners that enclose them.
Identi�cation and localization are accomplished within the
ArUco detection algorithm by �rst applying an adaptive
threshold to the image and polygonalizing the �ltered con-
tours. Subsequently, the quadrilaterals are �ltered and binary
bit codes inside the quadrilaterals are parsed for identi�ca-
tion. Given valid identi�cation of a marker, marker iden-
ti�er or ID in the marker dictionary and then the ordered
pair of corner coordinates are obtained. Once the locations
of marker corners are obtained, the pose of the known
body frame relative to the camera is estimated using the
Perspective-n-Points formulation.

Given knowledge of the target's 3D wireframe model,
the intrinsic parameters of the observing camera (found
by calibration), and the 2D location of the feature in the
image plane, the perspective geometry and projection of the
points between 3D and 2D spaces is described by the PnP
formulation, and demonstrated in Fig. 4. Consider

r[B] = [ xj [B] ; yj [B] ; zj [B] ]
T

with j = 1;2;3:::n to be n points of interest on a known
3D model in the body frame, [B], andpj = [ uj ;vj ]

T, be
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n corresponding image points in the 2D image frame, [P].
The PnP problem concerns the projection of object or body
points to image points, subject to the camera's intrinsic and
extrinsic parameters. The extrinsic parameters specify a 3D-
3D transform to project points in the body frame to the
camera frame. The intrinsic parameters specify the 3D-2D
transformation that projects the points in the camera frame to
the image plane. For an arbitrary 3D pointr[B] in an object's
body frame, the corresponding projection,r[C] , in the camera
frame and the 2D projectionp in the image frame are then
expressed as

r[C] = [C]C[B] r[B] + t [C] (60)

p =
4x[C]

y[C]
f x + Cx ;

y[C]

z[C]
f y + Cy

5
(61)

where intrinsic parameters,f x andf y are focal lengths in the
respective principle directions of the image frame, whileCx
andCy are locations of the principle points of the projected
image. The rotation matrix[C]C[B] and the translation vector
t [C] specify the extrinsic parameters. To further condition
the generic problem, it is assumed that the unit vector‚k[C]
direction is along the bore-sight of the camera, and the unit
vectors‚i [C] and ‚j [C] are aligned with the image frame axes
‚i [P] and‚j [P]. In that case, the Eqs. (60) & (61) are transformed
using homogeneous coordinates and expanded as

b
f
f
d

wj uj
wj vj
wj

c
g
g
e

=
�
K

� �
P

�
b
f
f
f
d

xj [B]
yj [B]
zj [B]

1

c
g
g
g
e

(62)

where,K is 3x3 camera intrinsic matrix,P is the 4x3 pose
matrix for extrinsic transformation, andw is the scale factor
for the image point. Assuming zero distortion and square
sensor pixels, Eq. (62) is expanded to

b
f
f
d

wj uj
wj vj
wj

c
g
g
e

=
b
f
f
d

f x 0 Cx
0 f y Cy
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c
g
g
e
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c
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g
e
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f
f
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d
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zj [B]

1

c
g
g
g
e

(63)

and has 6 unknowns inP that include three independent pa-
rameters for relative attitude and three for relative position.
These unknown parameters are estimated using analytical
methods exploiting geometry or iterative methods optimiz-
ing a reprojection objective.

Generally,n = 6 points in a non-coplanar con�guration
are ideal for unambiguous estimation of the relative pose,
as a lower number of points results in multiple ambigu-
ous pose solutions. Since 2D �ducial markers like ArUco
provide four co-planar corners, perspective ambiguity is
inevitable [42]. Such ambiguities result from multiple local
minima from relative poses that minimize the reprojection
cost to similar magnitudes. To overcome the ambiguity
issues, along with any practical shortcomings of precision
along the range, partial occlusions, and specular blinding,
an array of seven ArUco markers are used with di�erent

Figure 4: Frame descriptions for PnP problem.

sizes such that locations of corners minimize the presence of
axes of symmetry under di�erent combinations of detection.
The marker dictionary uses 4x4 (ne = 4) encoding bits
and has a minimum hamming distance between marker
pairs of 4. It reduces misdetections while providing high-
bit resolution in the threshold image along the range. Once
marker corners are localized, an EPnP solver [43] is used to
solve for relative pose using the 3D-2D correspondences in
the known wireframe model in the body frame. While the
EPnP solver provides reliable pose estimates, false positive
detection of marker corners may result in degraded pose es-
timates. To mitigate this issue, a Random Sample Consensus
(RANSAC) [44] is used with EPnP to reject corner outliers.
Figure 5 illustrates the detection of seven ArUco markers
and the resulting marker plane pose on the mock-up of the
target spacecraft.

Figure 5: ArUco markers on target CubeSat mock-up identi�ed
for pose estimation.
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6. Estimation and Control
6.1. State Estimation

When the separation distance between the spacecraft is
relatively small, optical sensors, typically in the form of
visible light or infrared cameras that are attached to the
chaser spacecraft, are capable of determining the position
and orientation vectors (also denoted as the �pose�) of a
target spacecraft, or perhaps any other target object including
space debris. Modern sensors can capture pose data at a
frequency of as much as 20 Hz; pose observations are, thus,
acquired at discrete time intervals. Rudimentary observa-
tions may incur large �uctuations and inherent uncertain-
ties. Implementing control maneuvers in response to every
individual observation is redundant and potentially draws
large control costs. Individual observations are, therefore,
�ltered to determine state estimates with reasonable preci-
sion. A measurement matrix consisting of partial derivatives
of observed quantities (pose, in this case) with respect to
the state variables, is the basis of a �ltering process. The
most common �lters for trajectory and attitude estimation
are Batch Least Squares and a sequential Kalman �lter. State
estimates and covariance matrices are updated in succession
allowing prior observations to be discarded in a sequential
Kalman �lter. A sequential Kalman �lter, therefore, o�ers an
advantage over a batch least squares �lter in terms of com-
putational memory allocation [9, 45]; and is, subsequently,
selected for this analysis.

6.1.1. System Dynamics
Appropriate prediction of spacecraft states at a certain

time is key to designing an estimator and a controller. Con-
sider the con�guration of the system described by the state
vectorx, i.e.,

x =[ x[M] ; y[M] ; z[M] ; †x[M] ; †y[M] ; †z[M] ;

� x ; � y; � z; †�x ; †�y; †�z;
C! 1; C! 2; C! 3; C� 1; C� 2; C� 3; C� 4;
T ! 1; T ! 2; T ! 3; T � 1; T � 2; T � 3; T � 4; x%; y%; z%]T

that captures the motion of the target spacecraft in the
Moon-centered rotating frame, the position, velocity and
orientation of the chaser spacecraft relative to the target,
the orientation of the target in the inertial frame, and the
instantaneous locus of the approach site. In principle, the
orientation of the target spacecraft as well as the coordinates
of the approach site evolve independently (or decoupled)
from the motion of the chaser spacecraft. As a consequence,
pose observations or corresponding maneuvers do not a�ect
the motion of the target spacecraft.

Observed data are processed by the Kalman �lter and
provide updates to the covariance and estimates of the states
within the stochastic system. Computational speed is key
when applied to a system that runs in real-time. Corre-
spondingly, the Kalman �lter is developed upon a linearized
system of state equations along the predetermined baseline
optimal path for the spacecraft motion. The equations are as

formulated as

� xj +1 = A j � xj + Bj � vj + wj (64)

� yj +1 = H j � xj + ej (65)

where A j and Bj are system matrices,H j = ) y
) x

is the
measurement matrix, whereaswj andej are stochastic white
noise with covarianceE[wj w

T
j ] = Q and E[ej e

T
j ] = R,

respectively. The frequency of the control inputs di�ers from
the sampling frequency resulting in� vj = 0 at certain time
instantstj .

6.1.2. Filtering
The Kalman �lter is developed based upon an inherent

assumption that the noises,wj andej , are Gaussian. These
assumptions are reasonable and deliver rational results for
a number of space applications [9]. The sequential Kalman
�lter minimizes the mean square error of the estimated states
from the reference. The state estimates and the covariance
are derived as

� ‚xj ðj = � ‚xj ðj *1 + K j � yj (66)

� j ðj = � j ðj *1 * K¨
j H j � j ðj *1 (67)

K¨
j = � j;j *1 HT

j .H j � j ðj *1 HT
j + R/*1 (68)

� j +1ðj = A j � j ðj A
T
j + Qj (69)

where � ‚xj ðj *1 is the predicted state estimate oncej * 1
observations are available prior to thej -th observation, and
� ‚xj ðj is the new estimate once the measurement atj -th
observation is also included. The Kalman gain,K, is a by-
product of the system matrices, measurement covariance and
state covariance. The quantity,

� j ðj *1 = E[. � xj * � ‚xj ðj *1 /. � xj * � ‚xj ðj *1 /T] (70)

is thea-priori state covariance at thej -th interval oncej * 1
observations are �ltered. Then, the covariance matrix

� j ðj = E[. � xj * � ‚xj ðj /. � xj * � ‚xj ðj /
T] (71)

is thea-posteriori covariance after thej -th observation is
also incorporated. Initially, prior to the availability of any
observed data, the value ofa-priori covariance� j ðj *1 is
set high. The covariance matrices and state estimates are
continuously updated with the availability of additional ob-
servations. The control maneuvers are delivered at a smaller
frequency than the pose tracking data, allowing su�cient ob-
servations to be captured to produce reliable state estimates.

6.2. Linear Controller
A nonlinear controller is well suited for sophisticated

problems that include a set of nonlinear equations of motion
and multiple complex constraints. Subsequently, the nonlin-
ear controller is the primary choice for identifying the base-
line rendezvous path. The bene�ts o�ered by the nonlinear
controller are sometimes o�set by the excess computational
time to determine an optimal solution. Rapid computation
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of control maneuvers, therefore, is challenging. For success-
ful practical application, the nonlinear controller must be
computationally compatible and operate in sync with any
onboard software; perhaps, compute the maneuvers at a pace
faster than the actual �ight time. A nonlinear controller is,
therefore, not employed for the routine maneuver delivery
process but rather to yield a baseline �ight path adequate for
rendezvous, typical of any �agship mission.

A linear controller allows signi�cantly quicker calcula-
tions appropriate for delivering maneuvers that compensate
for any deviations detected from the predetermined baseline
path and is engaged in tandem with the nonlinear guidance
algorithm. A linear controller is appropriate for systems that
obey the superposition principle [46]. The dynamical �ow
in the neighborhood of the baseline path is linearized and
modeled using state-space representation, analogous to that
adopted for the Kalman �lter. Accordingly, the state tran-
sition matrices (or system matrices) are computed for each
discrete control segment along the predetermined nonlinear
baseline path.

A two-layered guidance and control approach is imple-
mented in this investigation to exploit the advantages o�ered
by both the nonlinear and linear controllers. The approach is
detailed as follows

ˆ First and foremost, the nonlinear controller using an
IPOPT scheme generates an ideal baseline rendezvous
path for guidance, with a sequence of optimal control
maneuvers,u<

k. If perturbations or modeling errors are
absent, the baseline rendezvous path guides the chaser
spacecraft toward the target. However, in practice, per-
turbations are inherent and inevitable. Any deviations
from this baseline path must also be compensated.

ˆ As the chaser progresses toward the target, the navi-
gation apparatus o�er relative pose observations that
are continuously recorded and serve as feedback to
the chaser's motion. The Kalman �lter o�ers the state
estimate from these pose observations. The linear
controller determines subsequent maneuvers to com-
pensate for the measured deviations from the baseline
path.

Figure 6 o�ers a schematic of the two-layered guidance and
control regime adopted in this investigation. The nonlinear
controller yields the baseline path indicated in red while
the green curve indicates the true path. Quantities marked
with an asterisk,<, mark the state and controls along the
baseline guidance path whereas the state and controls along
the true path are denoted without the asterisk. At initial time,
t0, the control output isu0; also u0 = u<

0. Subsequently,
the linear controller produces corrective maneuvers,� uk,
at time tk. The total control maneuver (uk) delivered to
the chaser spacecraft along its true path is the total sum of
the control outputs from the nonlinear (u<

k) and the linear
controller (� uk), i.e.,uk = u<

k + � uk. For convenience, the
control outputs of the nonlinear and linear controllers are
engaged at the same frequency. Figure 7 o�ers a summary
of the rendezvous process; one that exploits a two-layered

approach with a blended linear and nonlinear controller, with
state feedback and closed-loop hardware simulations.

Figure 6: The baseline/reference solution is computed with
nonlinear control while the spacecraft's true path incorporates
maneuvers from the linear controller. The spacecraft's true
path incorporates deviations from the reference [8].

Figure 7: Overview of the proximity operations [16].

6.2.1. System Dynamics
Limitations in navigational apparatus and modeling er-

rors induce perturbations to the spacecraft �ight path, both
in orbit and attitude, therefore, appropriate control strategies
are adopted to maintain the spacecraft in close proximity to
the reference path. Quick control response to compensate
for any deviations measured from the baseline path, i.e., the
quantity� xk is adopted using the linear controller. The state
errors are typically small, and hence, linearized dynamics
in the neighborhood of the reference path is a good approx-
imation to predict the necessary control output. The linear
variational equations of motion are thus computed as

� xk+1 = Ak � xk + Bk � uk (72)

where Ak is the 29 • 29 state transition matrix, andBk
is a 29 • 6 matrix with partials of the state vector at the
�nal time, xk+1 , to a control input� uk, evaluated along
the baseline path. The motion of the target spacecraft and
the approach site are decoupled and independent from the
motion of the chaser spacecraft; a number of partials within
the matrix Ak are therefore zeros, resulting in a sparse
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matrix. Further, by de�nition, only the chaser spacecraft
possesses control capabilities while the target only evolves
under natural dynamics. Consequently, the control inputs
only alter the �ight path of the chaser and do not in�uence
the motion of the target body or the location of the approach
site. A number of partials within matrixBk are subsequently
zeros. The matricesAk andBk are numerically computed
using a central di�erencing technique.

6.2.2. Linear Quadratic Regulator (LQR)
Given the linearized dynamical �ow near a desired path,

a linear quadratic regular o�ers a cost-optimal control. A
discrete LQR controller is designed to update control maneu-
vers at regular intervals. As the feedback from the Kalman
�lter is received, the deviation from the desired reference is
known. A cost functional,ƒJ , is de�ned as

ƒJ = � xT
N

ƒPN � xN +
N *1É

k=0

� xT
k

ƒQk � xk + � uT
k

ƒRk � uk (73)

and minimized in the process. Any deviations from the
baseline states are penalized. Weights are also introduced on
the size of the control outputs. The solution to minimizing
the cost functional is given by [47, 48],

� uk = * ƒKk � xk (74)

whereƒKk is the set of time-varying gain matrices that satisfy

ƒKk = . ƒRk + BT
k

ƒPk+1Bk/*1 BT
k

ƒPk+1Ak (75)

and ƒPk is determined by solving the discrete algebraic Ric-
cati equation,

ƒPk = ƒQk + AT
k

ƒPk+1Ak * AT
k

ƒPk+1Bk
ƒKk (76)

for k = 0;§ ; N * 1 . The quantitiesƒQk and ƒRk are positive
de�nite weighting matrices or penalty matrices. The value of
N is the total number of discrete control intervals selected
for the rendezvous operations.

Pose observations are retrieved and processed through a
Kalman �lter at a signi�cantly high frequency to overcome
large �uctuations and, subsequently, obtain reliable state
estimates. Controllers, however, operate at a lower frequency
than the estimator. Moreover, it is desired to span two
successive control maneuvers su�ciently apart to achieve
a reasonable estimate of the spacecraft's position, velocity
and orientation states. A schematic representation of the
overall process from the procurement of pose observations
to state estimation and, �nally, delivering control outputs
are established in a timeline and presented in Fig. 8. The
schematic emphasizes the following:

ˆ Note that in the absence of any control maneuvers the
chaser spacecraft evolves under the underlying natural
dynamics and the resulting ballistic motion, given by
a solid blue curve, may not advance toward the target.

ˆ An appropriate guidance trajectory analogous to the
red curve serves as the predetermined baseline for the
rendezvous operations; this baseline is determined by
the nonlinear optimal control algorithm.

ˆ Prominent red dots lie along the baseline path and cor-
respond to discrete time intervals where the optimal
control maneuvers are updated.

ˆ Pose observations recorded by the camera on the
chaser spacecraft are symbolized by magenta dots and
occur at a high frequency.

ˆ The observed navigation data is processed through the
Kalman �lter to yield an estimate, re�ected as the gray
dotted curve.

ˆ The actual spacecraft trajectory is labeled as the true
path and is illustrated by the green curve in Fig. 8. De-
viations due to uncertainties in the state measurements
and unmodeled errors are inherited into the true path;
consequently, the true path does not precisely overlap
the red curve but rather exists in the neighborhood of
the baseline.

Figure 8: Schematic timeline of the natural ballistic path,
optimal path for rendezvous, and true path. Red and green
dots correspond to discrete time intervals of control outputs,
while magenta dots correspond to pose observations recorded
by the optical navigation sensors.

7. Robot Motion Planning
7.1. Experimental Setup

The ZeroG Lab at the University of Luxembourg is
a robotic test facility for real-time simulation of on-orbit
servicing missions. As demonstrated in Fig. 9, the facility
is a 5m x 3m area. The facility has four main components
to emulate on-orbit scenarios: a Sun emulator to recreate the
challenging space lighting conditions, a 240 Hz advanced
Motion Capture System (MCS) to provide ground truth data,
and two UR10e robotic manipulators. Each robotic manipu-
lator has six degrees-of-freedom and is mounted on a rail to
provide an additional range of motion suitable for simulating
spacecraft motion in on-orbit scenarios. The UR10e robots,
the MCS as well as other external devices communicate and
are controlled using the Robot Operating System (ROS).
External commands to control these robotic manipulators
are also directed over the ROS network. A mock-up of the
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