
IAC–22–C1,4,8,x69397

Hardware-in-the-loop Proximity Operations in Cislunar Space

Vivek Muralidharana, Mohatashem Reyaz Makhdoomia, Kuldeep Rambhai Barada,
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Space missions to Near Rectilinear Halo Orbits (NRHOs) in the Earth-Moon system are upcoming. A
rendezvous technique in the cislunar space is proposed in this investigation, one that leverages coupled orbit
and attitude dynamics in the Circular Restricted Three-body Problem (CR3BP). An autonomous Guidance,
Navigation and Control (GNC) technique is demonstrated in which a chaser spacecraft approaches a target
spacecraft in the southern 9:2 synodic-resonant L2 Near Rectilinear Halo Orbit (NRHO), one that currently
serves as the baseline for NASA’s Gateway. A two-layer control approach is contemplated. First, a nonlinear
optimal controller identifies an appropriate baseline rendezvous path, both in position and orientation. As the
spacecraft progresses along the pre-computed baseline path, optical sensors measure the relative pose of the
chaser relative to the target. A Kalman filter processes these observations and offers precise state estimates.
A linear controller compensates for any deviations identified from the predetermined rendezvous path. The
efficacy of the GNC technique is tested by considering a complex scenario in which the rendezvous operation
is conducted with a non-cooperative tumbling target. Hardware-in-the-loop laboratory experiments are
conducted as proof-of-concept to validate the guidance algorithm, with observations supplemented by optical
navigation techniques.

1. Introduction

NASA’s Gateway mission is being developed as a
long-term hub, that potentially includes humans on
board and offers logistical support for various future
missions.1 Cargo delivery and refueling modules are
expected to transport necessary life-support systems
for the crew as well as an exchange of essential pres-
surized and unpressurized cargo, science experiments
supply, fuel, and advanced external robotics equip-
ment. The facility contains several docking ports for
visiting vehicles and future modules, as well as space
for science and stowage.2 Considering such opera-
tions becoming ubiquitous, precise rendezvous and
docking techniques become essential for the longevity
of the Gateway facility.

Guidance, Navigation and control (GNC) tech-
nique for proximity operations is the focus of this
investigation. A coupled orbit and attitude dynam-
ics in the Circular Restricted Three-body Problem
(CR3BP) is leveraged to achieve close proximity op-
erations.3 The target body is assumed to be stationed
along the 9:2 synodic resonant southern L2 NRHO
in the Earth-Moon system, the current baseline for

the Gateway. The target spacecraft however is con-
sidered passive and does not have active controllers
for orbit and attitude control. Only the chaser space-
craft has the ability to deliver control maneuvers dur-
ing the rendezvous process. Both the target and the
chaser spacecrafts are influenced by the gravitational
forces exerted by the Earth and Moon. A two-layered
control approach is formulated for the proximity op-
erations.4 Firstly, a nonlinear controller using the
Interior-Point Optimization (IPOPT) technique iden-
tifies a baseline approach path, in both position and
orientation. Subsequently, any deviations identified
from this predetermined baseline are overcome by a
linear controller. Optical instruments capture the rel-
ative pose at regular intervals as the chaser spacecraft
progresses toward the target. A Kalman filter is in-
corporated to deliver precise state estimates despite
uncertainties and fluctuations in pose observations
and run in sync with the control algorithm.5

The proposed guidance and control algorithm is
tested via hardware-in-the-loop experiments in the
ZeroG-Lab facility at the University of Luxembourg.
Scaled mockups of CubeSats are mounted on the end-
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effectors of two robotic manipulators, and the trajec-
tory and attitude motion in the cislunar environment
are simulated. Further, optical sensors mounted on
the chaser spacecraft, in form of a monocular camera,
detect semantic features on the target spacecraft in
real-time. Using the correspondence of the detected
key points in the known wireframe model of the tar-
get, an Efficient Perspective-n-Point (EPnP) solver
estimates the relative pose of the target. A closed-
loop test is conducted with a tumbling target to val-
idate the architecture. The hardware experiments
offer proof-of-concept for leveraging optical measure-
ments for rendezvous planning in deep space environ-
ments.

2. Dynamics

2.1 Circular Restricted Three-Body Problem

A rendezvous scenario is considered for a cislunar
mission. The trajectory and the attitude dynamics
are influenced primarily by the two main gravita-
tional forces, due to the Earth and the Moon. The
circular restricted three-body problem (CR3BP) of-
fers a time invariant approximation for the spacecraft
dynamics in the higher-fidelity model. The motion of
a spacecraft in the CR3BP model is influenced by the
gravitational forces of the Earth and the Moon, as-
sumed to be rotating in coplanar circular orbits about
their mutual barycenter, O.6 A synodic frame [S] is
thus defined as

[S] = {O (Barycenter) : î[S]; ĵ[S]; k̂[S]}

and rotates about the inertial frame [I] at a rate
consistent with the angular rate of revolution of the
Earth and Moon. Unit vector î[S] points from the

Earth towards the Moon, k̂[S] is along the positive

orbital angular momemtum direction, and finally, ĵ[S]
completes the dextral coordinate system. The iner-
tial frame,

[I] = {O (Barycenter) : î[I]; ĵ[I]; k̂[I]}

shares the same origin as the [S] frame. Figure 1
offers a schematic representation of the different co-
ordinate frames used in this investigation. By con-
vention, the dynamical equations of motion for the
spacecraft in the CR3BP is modelled in the synodic
frame [S], with the position and the velocity quanti-
ties non-dimensionalized using characteristics quan-
tities. In the Earth-Moon system, Earth is the pri-
mary body P1 while P2 represents the Moon. In the
Earth-Moon system, the characteristic length, l�, is

defined as the mean distance between the Earth and
the Moon, while the characteristic time, t�, is de-
fined as the reciprocal of their mean motion about
their barycenter. The values for the characteristics
quantities are approximately, l� ≈ 385692:50 km and
t� ≈ 377084:15 seconds.7 Since the orbit of interest
is in close proximity of the Moon, a Moon centered
rotating frame [M] is also defined,

[M] = {Moon : î[M]; ĵ[M]; k̂[M]}

and offers a direct linear translation from the [S]
frame, such that,

x[M] = (1− �)− x[S] [1]

y[M] = − y[S] [2]

z[M] = z[S] [3]

where � is the system mass ratio, defined as the ratio
of the mass of P2 to the overall mass of the system,
i.e., � = m2=(m1 + m2), where m1 and m2 are the
masses of bodies P1 and P2, respectively. The equa-
tions of motion for the spacecraft in the [M] frame is
governed by

ẍ[M] − 2ẏ[M] − x[M] =− 1− �

d31
(x[M] − 1)

− �

d32
x[M] − (1− �)

[4]

ÿ[M] + 2ẋ[M] − y[M] = −1− �

d31
y[M] −

�

d32
y[M] [5]

z̈[M] = −1− �

d31
z[M] −

�

d32
z[M] [6]

where the quantities d1 and d2,

d1 =
q
(x[M] − 1)2 + y2[M] + z2[M] [7]

d2 =
q
x2[M] + y2[M] + z2[M] [8]

are the scalar non-dimensional distance from the tar-
get spacecraft to the primary bodies P1 and P2, re-
spectively.

2.2 Relative Motion

The relative motion between a chaser and a tar-
get spacecraft offers detailed insight, especially in a
close proximity operations such as rendezvous. A co-
ordinate frame centered on the target spacecraft is
appropriate to realize the relative motion. A Local
Velocity Local Horizon (LVLH) frame is defined as,

[L] = {Target spacecraft : î[L]; ĵ[L]; k̂[L]}

2
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Fig. 1: Coordinate frames for spacecraft motion

where positive k̂[L] is in the direction from the target
spacecraft to the central body, i.e., the Moon. The
direction away from the orbital angular momentum is
given by positive ĵ[L] direction. Finally, î[L] completes
the right-hand coordinate system. Mathematically,
these directions are derived as

k̂[L] = − r

||r||
; ĵ[L] = − h

||h||
; î[L] = ĵ[L] × k̂[L] [9]

where r represents the target position vector from the
central body, i.e., the Moon. Expressed in the Moon
centered rotating frame, r is equivalent to r̄[M].

r̄[M] = [x[M]; y[M]; z[M]]
T [10]

where, superscript ‘T’ indicates a transpose. Simi-
larly, h is the instantaneous orbital angular momen-
tum vector, i.e., h = r× v; note that, v is the target
velocity relative to the central body. In the Moon
centered rotating frame, v = ˙̄r[M]. The directions,

î[L]; ĵ[L] and k̂[L] are sometimes referred as V-bar, H-
bar, and R-bar directions, respectively.8

The relative equations of motion for the chaser
relative to the target are derived as a difference of
the gravitational acceleration experienced by each of
the spacecrafts. Applying Newton’s laws for universal
gravitation, the acceleration for the target spacecraft
is governed by,

r̈[I] = −� r

||r||3
− (1− �)

�
r+ rem

||r+ rem||3
− rem

||rem||3

�
[11]

while the acceleration due to gravitational forces ex-
perienced by the chaser is given by,

r̈c[I] = −� rc
||rc||3

− (1− �)

�
rc + rem

||rc + rem||3
− rem

||rem||3

�
[12]

where rc is the chaser position vector from the the
central body, the Moon. The position of the chaser
relative to the target, i.e., �̄, is the difference between
the position vector of the chaser and the target,

�̄ = rc − r [13]

and the evolution of such a quantity is the basis
for any proximity operations. Using the basic kine-
matic equation the velocity and the acceleration of
the chaser spacecraft in the inertial frame, i.e.,

ṙc[I] = ṙ[I] + ˙̄�[I] = ṙ[I] + ˙̄�[L] + !L/I × �̄[L] [14]

r̈c[I] = r̈[I] + ¨̄�[L] + 2!L/I × ˙̄�[L] + !̇L/I × �̄[L]

+ !L/I × (!L/I × �̄[L])
[15]

are expressed as a function of the relative position in
the LVLH frame, �̄[L], as well as the angular velocity
(!L/I) and angular acceleration (!̇L/I). Moreover, the
subscript L/I represents frame transformation from
LVLH frame [L] to the inertial frame [I]. Note that,
similar subscripts are defined to represent other frame
transformations. Substituting equations [11] and [12]
into equation [15], the higher order time derivatives
for �̄[L] are determined as the functions of itself. The
updated equation,

¨̄�[L] =− 2!L/I × ˙̄�[L] − !̇L/I × �̄[L]

− !L/I × (!L/I × �̄[L])

− �
rc

||rc||3
− (1− �)

�
rc + rem

||rc + rem||3
− rem

||rem||3

�
+ �

r

||r||3
+ (1− �)

�
r+ rem

||r+ rem||3
− rem

||rem||3

�
[16]

describes the nonlinear equations for relative motion
in the restricted three-body problem.9,10 The angu-
lar velocity and the angular acceleration for frame [L]
relative to the inertial frame [I] is expressed as a com-
bination of frame rotation from LVLH to Moon cen-
tered rotating frame ([L] → [M]) and from Moon cen-
tered rotating frame to the inertial frame ([M] → [I]),
such that

!L/I = !L/M + !M/I [17]

!̇L/I[L] = !̇L/M + !̇M/I[M] − !L/M × !M/I [18]

and employs the following relationships,

!L/M[L] = !xL/Mî[L] + !yL/Mĵ[L] + !zL/Mk̂[L] [19]

!xL/M = 0 [20]

!yL/M = − ||h||
||r||2

[21]
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! z
L/M = �

jj r jj
jjhjj2 h � •�r [M] [22]

that correspond to instantaneous values for angular
rotations resulting from frame transformations. The
frame transformation, [L] ! [M], is a characteristic
of the motion of the target body around the Moon
while the frame transformation, [M] ! [I] is symbolic
of the rotation of primary bodies, particularly the
Moon around the barycenter. Using the simplifying
assumptions in the CR3BP model, ! M/I = k̂[M] is
�xed; as a consequence, _! M/I = 0. The quantity •�r [M] ,
such that, •�r [M] = [•x [M] ; •y[M] ; •z[M] ]T , is as determined
in equations [4], [5] and [6]. Similarly,

_! L/M[L] = _! x
L/M î [L] + _! y

L/M ĵ [L] + _! z
L/M k̂[L] [23]

_! x
L/M = 0 [24]

_! y
L/M = �

1
jj r jj

 
_h

jj r jj
+ 2 _r! y

L/M

!

[25]

_! z
L/M =

 
_r

jj r jj
� 2

_h
jjhjj

!

! z
L/M �

jj r jj
jjhjj2 h �

...
�r [M] [26]

where the following relationships apply,

_h = � _h [M] � ĵ [27]

_r =
1

jj r jj
�r [M] � _�r [M] [28]

including the jerk experienced by the target body in
the [M] frame,

...
�r [M] = � 2! M/I � •�r [M] � ! M/I � (! M/I � _�r [M] )

� (1 � � )
@
@r

�
r + r em

jj r + r em jj3

�
_�r [M]

� �
@
@r

�
r

jj r jj3

�
_�r [M]

[29]

where, the following rule for di�erentiation applies,

@
@q

�
q

jjqjj3

�
=

1
jjqjj3

�
I � 3

qqT

jjqjj2

�
[30]

for any vector q. The analytical solutions for relative
motion of the chaser relative to the target are not
available and thus the system dynamics are contem-
plated through numerical integration.

In a rendezvous scenario, the motion of the chaser
spacecraft is not only governed by the natural dy-
namics but also the additional acceleration employed

by the thrusters on the chaser spacecraft. These ac-
celeration components serve as the control parameter
that is varied to achieve rendezvous. On modifying
equation [16] along with additional acceleration con-
trol parameters u1; u2; u3, the relative acceleration of
the chaser relative to the target is formulated as

•�� [L] = � 2
 L/I[L] _�� [L] � ( _
 L/I[L] + 
 2
L/I[L] ) �� [L]

(1 � � )
�

r + r em

jj r + r em jj3 �
r + �� + r em

jj r + �� + r em jj3

�

+ �
�

r
jj r jj3 �

r + ��
jj r + �� jj3

�
+ [ u1; u2; u3]T

[31]

where the following relation holds,


 L/I [L] =

2

6
4

0 � ! z
L/I ! y

L/I

! z
L/I 0 � ! x

L/I

� ! y
L/I ! x

L/I 0

3

7
5 [32]

_
 L/I [L] =

2

6
4

0 � _! z
L/I _! y

L/I

_! z
L/I 0 � _! x

L/I

� _! y
L/I _! x

L/I 0

3

7
5 [33]

! L/I [L] = ! x
L/I î [L] + ! y

L/I ĵ [L] + ! z
L/I k̂[L] [34]

_! L/I [L] = _! x
L/I î [L] + _! y

L/I ĵ [L] + _! z
L/I k̂[L] [35]

and these equations are numerically integrated to
identify the relative position for the chaser in the
LVLH frame [L] such that

�� [L] = � x î [L] + � y ĵ [L] + � z k̂[L] [36]

where� x , � y and � z are the projections of the position
vector along each of thêi [L] , ĵ [L] and k̂[L] directions,
respectively. Such quantities in the [L] frame are also
appropriate for simulating close proximity operations
in a laboratory environment.

2.3 Attitude Dynamics
During the phase of a rendezvous operation, where

the relative distance between the chaser and the tar-
get is signi�cantly high, the actual relative orien-
tation of the bodies are trivial. However, during
the �nal rendezvous phase such as docking, the rel-
ative orientation of these bodies are crucial. During
rendezvous, the chaser spacecraft is expected to be
aligned in a particular con�guration relative to the
body frame of the target spacecraft. Consistently,
the attitude dynamics for the chaser is modelled rel-
ative to the target body. Employing Euler's equa-
tions of motion to re
ect the rotational dynamics of

4
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the spacecraft, the quantities for angular velocity are
expressed as

C _! 1 =
1

C I 1

�
T1 �

� C I 3 � C I 2
� C ! 2

C ! 3
�

[37]

C _! 2 =
1

C I 2

�
T2 �

� C I 1 � C I 3
� C ! 1

C ! 3
�

[38]

C _! 3 =
1

C I 3

�
T3 �

� C I 2 � C I 1
� C ! 1

C ! 2
�

[39]

where C ! � ! (Chaser ! Target) and C � i �
� i (Chaser ! Target) with a left superscript, C. The
moment of inertia for the chaser along each of its
principal axis are given by C I j , with j = 1 ; 2; 3. The
quantities T1, T2 and T3 are components that include
external torques experienced by the chaser. The atti-
tude of the chaser is stabilized as desired by control-
ling the values for T1, T2 and T3. The instantaneous
orientation of the chaser body relative to the target
body are expressed in terms of rotation quaternions

C _� 1 =
1
2

� C ! 1
C � 4 � C ! 2

C � 3 + C ! 3
C � 2

�
[40]

C _� 2 =
1
2

� C ! 1
C � 3 + C ! 2

C � 4 � C ! 3
C � 1

�
[41]

C _� 3 =
1
2

�
� C ! 1

C � 2 + C ! 2
C � 1 + C ! 3

C � 4
�

[42]

C _� 4 =
1
2

�
� C ! 1

C � 1 � C ! 2
C � 2 � C ! 3

C � 3
�

[43]

where� 1, � 2 and � 3 o�er insight into the orientation of
the axis of rotation while � 4 shadow the degree of spin
about the axis of rotation. Also � 2

1 + � 2
2 + � 2

3 + � 2
4 = 1.

The dynamics of the target body are, however, ex-
pressed relative to the inertial frame. Notations for
the angular velocity and orientation quaternions are
expressed with a left superscript, T , for example,
T ! � ! (Target ! Inertial ). The target body is
modelled such that the gravity torque a�ects its mo-
tion, such that

T _! 1 =
T I 3 � T I 2

T I 1

�
3

1 � �
d5

1
g2g3 + 3

�
d5

2
h2h3 � T ! 2

T ! 3

�

[44]

T _! 2 =
T I 1 � T I 3

T I 2

�
3

1 � �
d5

1
g1g3 + 3

�
d5

2
h1h3 � T ! 1

T ! 3

�

[45]

T _! 3 =
T I 2 � T I 1

T I 3

�
3

1 � �
d5

1
g1g2 + 3

�
d5

2
h1h2 � T ! 1

T ! 2

�

[46]

where the terms including (1� � ) quantify the e�ects
of gravity torque due to body P1, i.e., the Earth;

while terms including � are associated with the grav-
ity gradient torque exerted by body P2, i.e., the
Moon.3, 11 Similarly, the equations for the quater-
nions

T _� 1 =
1
2

� T ! 1
T � 4 � T ! 2

T � 3 + T ! 3
T � 2

�
[47]

T _� 2 =
1
2

� T ! 1
T � 3 + T ! 2

T � 4 � T ! 3
T � 1

�
[48]

T _� 3 =
1
2

�
� T ! 1

T � 2 + T ! 2
T � 1 + T ! 3

T � 4
�

[49]

T _� 4 =
1
2

�
� T ! 1

T � 1 � T ! 2
T � 2 � T ! 3

T � 3
�

[50]

o�er the instantaneous orientation of the target body
axis relative to the inertial frame. The quantities gj

and hj represent the projections of position vector to
P1 and P2 on the target body frame respectively.3, 12

The chaser and target spacecrafts are rigid bodies,
and, therefore, during rendezvous, the chaser space-
craft must remain at a �xed distance from the cen-
ter of the target body without colliding. Labelled
as `approach site,' such a location is stationary in
the body �xed frame of the target, [B]. The coor-
dinates of the approach site, however, is not �xed
in the inertial frame [I], the Moon centered rotating
frame [M] or the LVLH coordinate frame [L] due to
continuous frame rotations. Since the target space-
craft may be observed as tumbling in another frame
of interest, the approach site is rather an instanta-
neous 3-dimensional location, as illustrated in Fig.
2. In this investigation, the approach site is assumed
as the location of the geometric center of the chaser
spacecraft for convenience. Consider the coordinates
of the approach site as

�%[B] = b1 î [B] + b2 ĵ [B] + b3k̂[B]

measured in the target body frame [B] de�ned by

[B] = f Target spacecraft : î [B] ; ĵ [B] ; k̂[B] g

that is centered on the target body and along its prin-
cipal axes of inertia. Note that b1; b2 and b3 are �xed
parameters. The LVLH frame is however the working
frame of view and o�ers direct understanding of the
spacecraft's approach during the rendezvous process.
With coordinate transformation, the approach site in
the LVLH frame is represented as

�%[L] =

0

@
%x

%y

%z

1

A = [L] C[B] �%[B] = [L] C[B]

0

@
b1

b2

b3

1

A

where [L] C[B] = f C : [B] ! [L]g is the transformation
matrix from target body frame [B] to the LVLH frame

5
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[L]. The matrix [L] C[B] ,
[L] C[B] = [L] C[M] [M] C[I] [I] C[B] [51]

is derived from a sequence of frame rotations, i.e.,
[B] ! [I], [I] ! [M] and �nally [M] ! [L]. The
transformation matrix or the Direction Cosine Ma-
trix (DCM), [I] C[B] , is evaluated from the orientation
quaternions, T � . In the CR3BP model, ! M/I = k̂[M] is
�xed; as a consequence, the [M] frame rotates about
the inertial frame [I] at a consistent rate proportional
to the nondimensional time � . Thus, enabling the
computation of the transformation matrix [M] C[I] . Fi-
nally, matrix [L] C[M] is determined from the correla-
tions in equation [9].

During the rendezvous process, the chaser space-
craft progresses towards the approach site, �� [L] !
�%[L] , i.e., � x ! %x , � x ! %y and � z ! %z . A chaser
spacecraft may not necessarily dock along any par-
ticular principal axis of the target, therefore, leverag-
ing the approach site while modelling the rendezvous
process assists in de�ning complex docking scenario.

Fig. 2: Approach site, �%, as a 3D location relative to
the center of the target.4

3. Optimal Path Planning

The equations of motion for the trajectory and
attitude dynamics are clearly nonlinear. For a suc-
cessful rendezvous, a suitable path that drives the
chaser towards the target is desired. Furthermore,
both the chaser and target spacecrafts must have con-
sistent orientation. A nonlinear control algorithm,
CasADi, is introduced with the Interior Point Op-
timization (IPOPT) method to solve for an optimal
path suitable for the proximity operations. 13 A cost
functional, J , such that

J =
Z �

0
( �� [L] � �%[L] )T Q1( �� [L] � �%[L] ) + C �! T Q2

C �!

+ C �� T Q3
C �� + uT Ru dt [52]

is minimized during the optimization process. Here
weighting matrix Q1 penalizes any position deviation
from the approach site, i.e., �� [L] � �%[L] . The angular
velocity of the chaser relative to the target is compen-
sated by matrix Q2 whereas the relative di�erence
in orientation between the two spacecrafts is penal-
ized by matrix Q3. Finally, the control inputs u are
weighted with matrix R . The control input vector uk

is de�ned as,

uk = [ u1; u2; u3; T1; T2; T3]T

where u1, u2 and u3 represent translational acceler-
ation along each of thex, y and z directions in the
[L] frame, respectively;T1, T2 and T3 (also referred as
u4, u5 and u6) are the control torques that the chaser
spacecraft may deliver. Each of the penalty matrices
within the cost functional J may be updated for ob-
taining an alternate rendezvous path. An additional
collision avoidance constraint is introduced such as

jj �� jj � r collision

to maintain the chaser spacecraft out of a spherical
volume around the target spacecraft with a radius
r collision . The optimal states (both trajectory and
attitude) obtained using the optimal control process
serve as the baseline or the predicted reference path
for rendezvous operations. The optimal path is an
ideal path and does not account for any 
uctuations
or uncertainties in state estimation. Accordingly,
state estimation and control algorithm are engaged
in-sync throughout the entire rendezvous process.

4. Estimation and Linear Control

4.1 State Estimation
In close proximity, optical sensors typically on the

chaser spacecraft determines the position and orien-
tation vectors (also referred as \pose") of the target
spacecraft, or perhaps any other target object includ-
ing debris. Pose data are retrieved at discrete time
intervals. Typical sensors are capable of capturing
data at a frequency higher than 20 Hz. Raw ob-
servations may have large 
uctuations and inherent
uncertainties. Reacting upon individual observations
and performing control maneuvers may destabilize
the chaser spacecraft, incur large control costs and
are trivial. Individual observed quantities are not a
precise representation of the spacecraft states. Filter-
ing techniques are therefore introduced to determine
state variables with a reasonable precision. In the
�ltering process, a measurement matrix comprising
of partials of observed state (pose in this case) with

6
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respect to the state variables, are computed for every
observations. Prior observations may be discarded in
the case of a sequential Kalman �lter thus o�ering
advantage over a batch least squares �lter in terms of
computational memory allocation.5, 14 Consequently,
a sequential Kalman �lter is selected for this analysis.

System Dynamics
The chaser spacecraft principally evolves along a

con�guration predicted by the optimal controller to
achieve rendezvous. Consider the con�guration of the
system described by the state vectorx,

x =[ x [M] ; y[M] ; z[M] ; _x [M] ; _y[M] ; _z[M] ;

� x ; � y ; � z ; _� x ; _� y ; _� z ;
C ! 1; C ! 2; C ! 3; C � 1; C � 2; C � 3; C � 4;
T ! 1; T ! 2; T ! 3; T � 1; T � 2; T � 3; T � 4; x%; y%; z%]T

that captures information about the states of the tar-
get spacecraft in the Moon centered rotating frame,
the position and the velocity of the chaser spacecraft
with respect to the target and their relative orienta-
tion, orientation of the target in the inertial frame,
as well as the instantaneous location of the approach
site. In principle, the orientation of the target body
relative to the Inertial frame as well as the instan-
taneous location of the approach site evolve inde-
pendent (or decoupled) of the motion of the chaser
spacecraft. As a consequence, pose observations do
not a�ect the motion of the target body.

The Kalman �lter processes the observed data
while updating the covariance and estimates of the
states within the stochastic system. To expedite the
computational process, the Kalman �lter is expressed
in form of a linearized system of state equations near
the baseline optimal path for the spacecraft motion.
The equations are as formulated

� x j +1 = A j � x j + B j � v j + w j [53]

� y j +1 = H j � x j + ej [54]

where measurement matrix, H j = @y
@x , whereasw j

and ej are stochastic white noise with covariance
E[w j w T

j ] = Q and E[ej eT
j ] = R. Control inputs may

are not delivered at the sampling frequency, therefore,
the value for � v j may be zero at time t j .

Filtering
The Kalman �lter is based on the assumption that

the noises,wj and ej , are Gaussian. Such an assump-
tion is reasonable and delivers adequate results.5 In
principle, the sequential Kalman �lter estimates the

states and covariance by minimizing the mean square
error of the estimated states from the reference. Each
measurement is processed sequentially thus improv-
ing the computational time. The state estimates and
the covariance are computed by

� x̂ j j j = � x̂ j j j � 1 + K j � y j [55]

� j j j = � j j j � 1 � K0
j H j � j j j � 1 [56]

K0
j = � j;j � 1H T

j (H j � j j j � 1H T
j + R) � 1 [57]

� j +1 j j = A j � j j j A T
j + Qj [58]

where� x̂ j j j � 1 is the predicted estimate givenj � 1 ob-
servations are available, and� x̂ j j j is the new estimate
once the measurement atj -th observation is included.
Kalman gain, K, is a function of the system matrices,
measurement covariance and state covariance. The
quantity,

� j j j � 1 = E[(� x j � � x̂ j j j � 1)( � x j � � x̂ j j j � 1)T ] [59]

is the a-priori state covariance at the j -th interval
once j � 1 observations are recorded. Whereas, the
covariance matrix

� j j j = E[(� x j � � x̂ j j j )( � x j � � x̂ j j j )T ] [60]

is the a-posteriori covariance calculated once thej -
th observation is also incorporated. In the beginning,
due to lack of prior observed data, the value fora-
priori covariance� j j j � 1 is set high. The covariance
matrix is continuously updated as additional observa-
tions become available. Since the frequency for con-
trol maneuvers are smaller than the pose tracking
data, there is enough time-span to capture su�cient
observations and get reliable state estimates.

4.2 Linear Controller

A nonlinear controller is certainly more advanced
and o�er superior results than a linear controller,
especially with the ability to evaluate complex set
of nonlinear equations of motion: time-variant or-
bital dynamics and attitude dynamics of the system.
Subsequently the nonlinear controller is preferred to
identify suitable state and control history for close
proximity operations. The computational expense
for evaluating a nonlinear controller is substantially
higher than that of a linear controller. A real time
computation of the control maneuvers may be chal-
lenging. For the spacecraft to operate synchronously
with any on-board software, controller must compute
and deliver maneuvers at a pace faster than the ac-
tual clock time. Consequently, a nonlinear controller

7
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is not adopted for the routine maneuver delivery pro-
cess despite the bene�ts it o�er. Alternatively, a rela-
tively quicker linear controller is integrated with the
nonlinear optimal controller to compute maneuvers
for compensating any deviations detected from the
predetermined baseline path. A linearized system
is modeled using state-space representation for the
dynamical 
ow in the neighborhood of the baseline
path, analogous to the one described for the Kalman
�lter. The state transition matrices (or system ma-
trices) are computed along the computed nonlinear
baseline path, for each discrete control segment.

The bene�ts o�ered by both the nonlinear and the
linear controller are exploited through a two-layered
control approach. First and foremost, an ideal base-
line rendezvous path is determined by the nonlinear
controller, with a sequence of control outputs. In
the absence of any perturbations or modelling error,
the chaser spacecraft approaches the target spacecraft
along the states of this baseline rendezvous path. The
chaser spacecraft advances towards the target while
incorporating the �rst control maneuver computed by
the nonlinear controller. Pose observations are cap-
tured and o�ers feedback to the spacecraft motion.
Subsequent maneuvers are determined by the linear
controller to compensate any state deviations from
the baseline path. Figure 3 o�ers a schematic of the
linear controller used in conjunction with the nonlin-
ear controller in this investigation. The baseline path
represented in red is identi�ed by the nonlinear con-
troller while the green curve is symbolic of the true
path. The state and control history along the base-
line path is marked with an asterisk, � , whereas the
state and control history without the asterisk denotes
the true path. At initial time, t0, the control output
is u0; also u0 = u �

0. Subsequently the linear con-
troller produces corrective maneuvers,� uk , at time
tk . The net control maneuver (uk ) delivered to the
chaser spacecraft is the total sum of the control out-
puts from the nonlinear (u �

k ) and the linear controller
(� uk ), i.e., uk = u �

k + � uk . For convenience, the con-
trol outputs are maintained at the same frequency
for the nonlinear and linear controllers. A summary
of the rendezvous process exploiting a blended linear
and nonlinear controller, along with state estimation
and hardware simulations is presented in Fig. 4.

System Dynamics
The orbit and attitude control is performed to

overcome any perturbations that the spacecraft may
have incurred due to limitations in navigational ap-
paratus. A linear controller is adopted to rapidly
deliver control maneuvers to compensate for any de-

Fig. 3: Nonlinear control delivers a base-
line/reference solution while linear controller
compensates for any deviations from the baseline.
The spacecraft advances along the true path.

Fig. 4: Proximity operations 
owchart: Control and
estimation of spacecraft states.

viations measured from the baseline path, i.e., the
quantity � x k . The uncertainties in state measure-
ments are small, and hence, linear dynamics near the
baseline path is su�cient to predict the appropriate
control output. Based on the variational equations of
motion computed near the reference path (one com-
puted in section 3), the linear dynamics are governed
by

� x k+1 = A k � x k + B k � uk [61]

where A k is the 29� 29 state transition matrix, and
B k is a 29� 6 matrix that corresponds to the partials
of state vector at �nal time, x k+1 , to a control vector
� uk , evaluated along the baseline path. The motion
of the target and the approach site are decoupled and
independent from the motion of the chaser spacecraft,
therefore, a number of partials within the matrix A k

are zeros, consequently makingA k a sparse matrix.
Further, it is assumed that only the chaser spacecraft
is controllable while the target has no control capa-
bilities. The control inputs only a�ect the motion of
the chaser spacecraft and do not a�ect the motion of
the target body or the location of the approach site;
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consequently, a number of partials within matrix B k

are zeros. The matricesA k and B k are computed
numerically through central di�erencing technique.

Linear Quadratic Regulator (LQR)
Control outputs are delivered at discrete intervals

using a discrete LQR controller. Once the system
is linearized along the baseline solution, a feedback
controller is formulated that minimizes the cost func-
tional, ~J , such that

~J = � xT
N

~P N � xN +
N � 1X

k=0

� xT
k

~Qk � x k + � uT
k

~R k � uk [62]

and penalizes on any deviations in state from the
baseline path, as well as on the size of control. The
solution to this LQR problem is given by,15, 16

� uk = � ~K k � x k [63]

where ~K k is the time-dependent gain matrix that sat-
is�es

~K k = ( ~R k + B T
k

~P k+1 B k ) � 1B T
k

~P k+1 A k [64]

and ~P k satis�es the discrete algebraic Riccati equa-
tion,

~P k = ~Qk + A T
k

~P k+1 A k � A T
k

~P k+1 B k ~K k [65]

for k = 0 ; : : : ; N � 1. Each of ~Qk and ~R k are posi-
tive de�nite weighting matrices or penalty matrices.
The quantity N is the total number of discrete seg-
ments of the approach path considered for proximity
operations.

Control maneuvers are delivered at a lower fre-
quency than that of the state estimation using
Kalman �lter. Pose values are passed through the
Kalman �lter at a signi�cantly higher frequency to
re�ne measurements and get an estimate void of large

uctuations. Also, two successive control outputs
(maneuvers) must be placed su�ciently apart for the
proper estimation of the spacecraft's position, veloc-
ity and orientation states with su�cient precision.
A schematic representation of the process (observa-
tions, estimation and control) timeline is presented
in Fig. 5. As mentioned, high-frequency pose obser-
vations are symbolized by magenta dots. Larger red
dots correspond to discrete intervals at which con-
trol maneuvers are identi�ed by the nonlinear opti-
mal control algorithm. The red curve acts as the
baseline for the proximity operations. True space-
craft path is illustrated by the Green curve in Fig.
5, one that incorporates deviations due to uncertain-
ties in state measurements; consequently, it does not

precisely overlap the red curve rather remains in the
neighborhood of the baseline path. The gray dotted
curve is the updated estimated path as the observed
data is processed through the Kalman �lter. Finally,
a solid blue curve re
ects the ballistic motion in the
absence of any control maneuvers.

Fig. 5: Time history of natural path, optimal path
for rendezvous and true path. Red and green dots
correspond to intervals of control outputs, while
magenta dots corresponds to the intervals for pose
observations recorded by the optical sensors.

5. Results

The �nal approach phase is considered for evalu-
ating the proximity operations in this investigation.
When the distance between the chaser and the tar-
get is considerably large, the e�ects of the relative
orientation is less signi�cant. The controller is bi-
ased towards determining an optimal trajectory for
the chaser to approach the target spacecraft. In con-
trast, when the relative distance between the chaser
and the target is small, a similar emphasis is allot-
ted for determining a rendezvous trajectory as well
as maintaining appropriate relative orientation be-
tween the chaser and target spacecrafts. Such a sce-
nario is e�ective for testing and validating the con-
trol algorithm for proximity operations. Test cases
are evaluated considering the target spacecraft, such
as the Gateway, to be located at the apoapsis of
the 9:2 synodic resonant southern NRHO at the
start of the rendezvous operations. Also, the target
spacecraft is considered to be passive with no atti-
tude control. Furthermore, the target is deliberately
treated as tumbling under the in
uence of gravity
torques exerted by the Earth and the Moon to fur-
ther test the potency of the control algorithm. Con-
sequently, a complex rendezvous scenario involving a
non-cooperative and tumbling target is induced. In
this investigation two types of tests are presented: (1)
testing the controller performance based on simula-
tion and (2) hardware-in-the-loop (HITL) tests as a
proof-of-concept for rendezvous in cislunar space with
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navigation using ArUco markers based optical sens-
ing. The target and chaser spacecrafts are modelled
as uniform density 6U CubeSats. The control algo-
rithm is programmed in Python while the interface
with robotic manipulators and visual pose estima-
tions are achieved over the Robot Operating System
(ROS) network.

5.1 Controller Performance
The �nal approach phase for the spacecrafts are

considered in this investigation where the trajectory
and the orientation of both the chaser and target
spacecrafts are relevant. Of course the control algo-
rithm does not vary depending on the distance of sep-
aration between the two spacecrafts in picture. Two
distinct and diverse cases are examined to test the
capabilities of the control algorithm. The parame-

ters used for these cases are documented in Table
1. In case 1, the initial separation distance between
the chaser and the target spacecraft is roughly 3.8 m
and the proximity operations happen in a duration
of 4 hours. For case 2, initial separation distance
is roughly 40 m, i.e., an order of magnitude larger
than case 1. Furthermore, the rendezvous operations
in case 2 happen within 3 hours; faster than case 1.
About 120 equally-spaced control inputs are deliv-
ered over the course in case 1 while only 60 control
maneuvers are delivered in case 2. The maximum
control acceleration and torque values are within the
proposed values for the Gateway mission.17 Di�erent
weights used for evaluating the cost functional and to
determine an optimal rendezvous path are as listed
in Table 1 for both the cases.

Table 1: Sample parameters for testing controller performance.
Case 1 Case 2

Initial separation in LVLH frame
([x,y,z] m)

[-3.5, 1.5, 0] [35,-15,-10]

Distance at rendezvous [m] 0.6 2
Collision avoidance distance [m] 0.6 2
Total time of propagation [hr] 4 3
Control segments 120 60
Max. control acceleration [m/s2] 1:1 � 10� 6 2:7 � 10� 5

Max. control torque per kg [Nm] 1:4 � 10� 9 7:0 � 10� 8

Q1 [diagonal in log10 scale] [3; 3; 3] [0; 0; 0]
Q2 [diagonal in log10 scale] [1; 1; 1] [1; 1; 1]
Q3 [diagonal in log10 scale] [0; 0; 0] [0; 0; 0]
R [diagonal in log10 scale] [� 1; � 1; � 1; � 2; � 2; � 2] [0; 0; 0; � 2; � 2; � 2]
Pose observation interval [s] 30 30
Errors in pose (3� ) 15 cm in x,y,z (absolute error) 10% in x,y,z (relative error)

0.03 in � i 0.03 in � i

Incorrect orientation or pose

ipping

1 in 30 observations 1 in 30 observations

E�ects of uncertainties in pose estimation has an
adverse e�ect on the costs required to maintain the
chaser spacecraft along the determined rendezvous
path. The e�ects of uncertainties in pose identi�ca-
tion on the control costs are tested by synthetically
introducing perturbations in the position and orien-
tation components and calculating the values of� uk .
For both the cases, observations are assumed to be
available once every 30 seconds, and 1 in every 30
observations are considered to be pose 
ipped or sup-
plying incorrect orientation values. Furthermore, in
case 1, the position components along each directions
are perturbed by an absolute 3� value of 15 cms. In

contrast, a 3� relative position error of 10% in in-
troduced in each of the three spatial directions. The
orientation quaternions are perturbed by a 3� value
of 0.03 along each components, for both the cases.

A reference rendezvous path in case 1 is identi�ed
with the approach cite at 0.6 m from the center of
the target spacecraft; consequently, collision avoid-
ance distance is set to 0.6 m. The optimal path
in the con�guration space is demonstrated in Fig.
6. Orientation of the target and chaser at a certain
time instance is also plotted to describe their mutual
identical orientation during the rendezvous process.
Since the Kalman �lter compensates for 
uctuations
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in pose observations, distinct behavior is not observed
at a macro level between the two paths. However, by
investigating the evolution of the position coordinates
in Fig. 7, a clear distinction is observed between the
reference path, the true path of spacecraft motion and
the estimated derived from the routine pose observa-
tions. Finally, acceleration and torque control history
for the proximity operations in case 1 are delivered in
Fig. 8. Again, note that the optimal maneuvers are
determined by the nonlinear controller while the ac-
tual maneuvers that are delivered include corrective
maneuvers to compensate for any deviations from the
reference path that are identified by routine pose ob-
servations.

Fig. 6: Optimal path for rendezvous, with a sample
orientation of target and chaser spacecraft. Frame:
LVLH. Target is colored orange. CubeSat scale:
2X. (Case 1)

Fig. 7: Position state history for the proximity oper-
ations. (Case 1)

(a) Acceleration control history

(b) Torque control history

Fig. 8: Control history for rendezvous operations.
(Case 1)

Similarly for case 2, a reference rendezvous path
is identified with the approach cite at 2 m from the
center of the target spacecraft; the collision avoidance
distance is also set to 2 m. The optimal path in the
configuration space along with a sample orientation
of the two spacecrafts are demonstrated in Fig. 9.
The evolution of the position coordinates are plotted
in Fig. 10, for the reference path, the true path of
spacecraft motion and the estimated path. The ac-
celeration and torque control history for case 2 are
shown in Fig. 11. In contrast to case 1, the max-
imum acceleration and torque level (along the ref-
erence path computed by nonlinear optimal control)
is higher in case 2, offering a rapid progression of
the chaser towards the approach site near the target
spacecraft. Consequently, the magnitude of control
inputs are higher initially, and reduces considerably
with time.

Irrespective of the cases investigated, it is observed
that poor pose observations increase uncertainties in
state estimation, eventually resulting in increased de-
viations from the baseline path; consequently, driving
the control costs higher. Frequent and precise state
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