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Abstract

We prove that the category of Z4-manifolds has all finite products. Further, we show
that a Z%-manifold (resp., a Z5-morphism) can be reconstructed from its algebra of global
Z5-functions (resp., from its algebra morphism between global Z35-function algebras).
These results are of importance in the study of Z3 Lie groups. The investigation is
all the more challenging, since the completed tensor product of the structure sheafs of two
Z%-manifolds is not a sheaf. We rely on a number of results on (pre)sheaves of topological
algebras, which we establish in the appendix.
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1 Introduction

Z5-Geometry is an emerging framework in mathematics and mathematical physics, which
has been introduced in the foundational papers [CGP16a|] and [COP12|. This non-trivial
extension of standard Supergeometry allows for Z3-gradings, where

QZZ;TL:ZQX...XZQ and n€N.

The corresponding Z5-commutation rule for coordinates (uA) 4 with degrees degu? € 75 does
not use the product of the (obviously defined) parities, but the scalar product (—, —) of Z% :

UAUB _ (_1)(deguA,deguB)uBuA ) (1)

A brief description of the category Z4Man of Z§-manifolds M = (M, Ops) and morphisms
® = (¢, ¢*) between them can be found in Section 2. For n = 1, one recovers the category
SMan of supermanifolds. A survey on Z-Geometry is available in [Ponl6]. The differential
calculus and the splitting theorem for Z5-manifolds have been investigated in [CKP16] and
[CGP16b], respectively. In the introduction of [BP18|, the reader finds motivations for the
study of Z5-Geometry. The present paper uses the main results of [BP18].

Applications of Z3-Geometry are based in particular on Z# Lie groups and their actions on
Zy-manifolds (supergravity), on Z vector bundles and their sections (Z§ Lie algebroids), on
the internal Hom functor in Z5Man (Z"-gradings and Z4-parities in field theory), ... All these
notions rely themselves on products in the category ZiMan. On the other hand, a comparison of
different approaches to Zj vector bundles is more challenging than in the supercase [BCC11].
A generalization to Z3-manifolds of the Schwarz-Voronov-Molotkov embedding is needed. This
extension, which embeds Z5Man into the category of contravariant functors from Zg-points to
a specific category of Fréchet manifolds, uses the reconstructions of Z3-manifolds and Z73-
morphisms from the Z7-commutative associative unital R-algebras of global Z7-functions and
the Z7-graded unital algebra morphisms between them, respectively.

The existence of categorical products and the mentioned reconstruction theorems are the
main topics of the present paper. The text is organized as follows. Section 3 contains the proofs
of the above-mentioned Z# reconstruction results. The definition of a product Zi-manifold
and the proof of its meaningfulness are rather obvious, see Definition 13. However, the proof
of the existence of categorical products in Z4Man is quite tough. It relies on the generalization
of the well-known isomorphism of topological vector spaces

COO(Q/)@ COO(Q//) ~ Coo(Q/ « Q”)

(for open subsets ' C RP, Q" C R") to an isomorphism of locally convex topological algebras
of formal power series

Ce(Q[EN® C™(Q)[n]] = C*=( x Q")[[€, )] (2)
(for Z§-domains UPI4 = (Q/, CE[[€]]) and V"I = (7, C5[[n]]), with

52(517"’7§N(q)) and 77:(7717”'777]\7(5)))7
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see Theorem 14. The issue here is the formal power series, which replace the polynomials of
standard Supergeometry. Moreover, if M = (M, Oys) and N' = (N, Oy ) are two Z5-manifolds,
and M x N = (M x N, Op«n) is their product ZJ-manifold, one gets from (2) that, for an
open subset u x v C M x N of the basis B made of products of Z5-chart domains, we have

E(uxv)~Opxn(uxv),

where & is the B-presheaf
Eluxv) = Op(u)® Oy (v) .

Let now F be the standard extension of the B-presheaf F that assigns to any open subset
UxV CMx N (where U C M and V C N are not necessarily chart domains) the algebra

FUXV)=0yU)& ON(V).

The presheaf F and the sheaf Oy« are thus two extensions of the B-presheaf £. However,
this does not mean that F ~ Oy« n and that F is a sheaf. Indeed, B-sheaves have unique
extensions, but B-presheaves do not. Also the reconstruction results mentioned above do not
allow us to prove that F is a sheaf. Hence, we prove the next best result, i.e., the existence of
an isomorphism of sheaves of algebras

OMXN:ﬁ+ (3)

between the structure sheaf of the product Z3-manifold and the sheafification of the presheaf
F, see Theorem 16. In the case n = 1, we thus recover the definition of a product supermanifold
used in [BBH91|. The isomorphism (3) allows us to prove the existence of all finite categorical
products in ZyMan, see Theorem 19. The proof uses the results on sheafification and presheaves
of locally convex topological algebras proven in Subsections 5.4 and 5.5 of the Appendix.
Products of Z5-morphisms are obtained from the universality property of categorical products.
They are explicitly described in Proposition 20.

2 Zj-manifolds and their morphisms

We denote by Zi the cartesian product of n copies of Zy. Further, we use systematically
the following standard order of the 2" elements of Z7: first the even degrees are ordered
lexicographically, then the odd ones are also ordered lexicographically. For example,

73 = {(0,0,0),(0,1,1),(1,0,1),(1,1,0), (0,0, 1), (0,1,0), (1,0,0), (1,1,1)} .

A Z3-domain has, aside from the usual coordinates = = (x!,..., zP) of degree degz’ = 0 €
772, also formal coordinates or parameters & = (£1,... ,€9) of non-zero degrees deg£® € zy.
These coordinates u = (z,£) commute according to the generalized sign rule

UAUB — (_1)<deguA,deguB>uBuA 7 (4)
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where (—, —) denotes the standard scalar product. For instance,
((0,1,1),(1,0,1)) =1.

Observe that, in contrast with ordinary Zs- or super-domains, even coordinates may anticom-
mute, odd coordinates may commute, and even nonzero degree coordinates are not nilpotent.
Of course, for n = 1, we recover the classical situation. We denote by p the number of coordi-
nates ¢ of degree 0, by ¢ the number of coordinates £* which have the first non-zero degree
of Z%, and so on. We get that way a tuple q = (q1,...,qn) € NV with N := 2" — 1. The
dimension of the considered Z§-domain is then given by p|q. Clearly the @ above is the sum

N
|Q‘ = Zi:1 q;-

We recall the definition of a Z3-manifold.

Definition 1. A locally Z5-ringed space is a pair (M,Op) made of a topological space M
and a sheaf of Zy-graded Zy-commutative (in the sense of (4)) associative unital R-algebras
over it, such that at every point m € M the stalk Opr, is a local graded ring.

A smooth Z5-manifold of dimension p|q is a locally Z-ringed space M = (M, Oypr), which
is locally isomorphic to the smooth Z5-domain RPIY .= (RP, C2[[€]]), and whose underlying
topological space M is second-countable and Hausdorff. Sections of the structure sheaf Cg[[€]]
are formal power series in the Z%-commutative parameters &, with coefficients in smooth func-
tions:

Cro (U)[[E]] := Z fa(x)E¥ | fa € C°(U) (U open in RP) .

acNX*lal

Z5-morphisms between Z5-manifolds are just morphisms of Z%-ringed spaces, i.e., pairs
b = (¢,0%) : (M,0p) — (N,On) made of a continuous map ¢ : M — N and a sheaf
morphism ¢* : On — @O, t.e., a family of Z5-graded unital R-algebra morphisms, which
commute with restrictions and are defined, for any open V. .C N, by

¢ ON(V) = Om(¢™H(V)) -
We denote the category of Zy-manifolds and Z%-morphisms between them by ZiMan.

Remark 2. Let us stress that the base space M corresponds to the degree zero coordinates
(and not to the even degree coordinates), and let us mention that it can be proven that the
topological base space M carries a natural smooth manifold structure of dimension p, that the
continuous base map ¢ : M — N is in fact smooth, and that the algebra morphisms

¢:<n : O¢(m) — Om (mEM)

between stalks, which are induced by the considered Z5-morphism ® : M — N, respect the
unique homogeneous mazimal ideals of the local graded rings Oy(myy and Op,.
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3 Reconstructions of Zj-manifolds and Zj-morphisms

In this section, we reconstruct a Z4-manifold (M, Ops) from the Z§-commutative unital
algebra Ojr(M) of global sections of its function sheaf. We also reconstruct a Z5-morphism

from its pullback Z5-graded unital algebra morphism
on : ON(N) = On(M)

between global sections.

3.1 Reconstruction of the topological base space

Algebraic characterizations of spaces can be traced back to I. Gel’fand and A. Kolmogoroff
[GK39]. In that paper, compact topological spaces K are characterized by the algebras C°(K)
of continuous functions on them. In particular, the points m of these spaces are identified with
the maximal ideals

Im = {f € CU(K) : f(m) = 0}

of these algebras. A similar characterization holds for the points of second countable Hausdorff
smooth manifolds.

Let M = (M, Oyr) be a Zy-manifold. We denote the maximal spectrum of O(M) (sub-
script omitted) by Spm(O(M)) (we actually consider here the real maximal spectrum, in the
sense that the quotient O(M)/u by an ideal p in the spectrum is isomorphic to the field R of
real numbers). Note that any m € M induces a map

Em :OM)> fr (emf)(m) R,
which is referred to as the evaluation map at m and is a Zy-graded unital R-algebra morphism
Em ~ HOmZgUAlg(O(M),R) .

The kernel
pm =kere,, = {f € O(M) : (eprf)(m) =0} € Spm(O(M))

is a maximal ideal. More generally, the kernel of an arbitrary algebra morphism
T,ZJ € HOIHZ’SUAlg(O(M), R)

is a maximal ideal, since O(M)/kerty ~ R. Indeed, to any class [f] in the quotient we can
associate the real number ¥ (f). This map is well-defined and injective. It is also surjective,
since, for any r € R, the image of [r - 1O(M)] is r. It follows in particular that any class in the
quotient is of type [r - 1o(ap)] for a unique r € R. We have the following
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Proposition 3. The maps
b:M>mw— py, € Spm(O(M))
and
b : Homzpypg(O(M),R) 3 b = keryp € Spm(O(M))
are 1:1 correspondences.

Proof. To prove that b is bijective, consider a maximal ideal p € Spm(O(M)). The image
epm(p) € C°(M) is a maximal ideal. Indeed, it is an ideal, since the map &) is surjective
(the short sequence of sheafs [BP18, Equation (3)] is exact for the good reason that it is
exact for any open subset of M). To see that it is maximal, assume there is an ideal v, such
that ep(u) C v C C%°(M), so that u C g3} (v) C Op(M). Tt follows that e/ (v) = u or
eyt (V) = Opr(M), and that v = epr(p) or v = C°(M). Hence,

em(p) = Im = {f € C*(M) : f(m) =0},

since any maximal ideal of C°°(M) is known to be of type I,,, for a unique m € M. Finally,
we get

wC 51741(Im) ={feOM): (epf)(m)=0} = pm COM).
Since p, # O(M), we have 1 = fi,,, which proves the bijectivity of b. Indeed, if u = uy,, we
obtain e (pn) C I, C C®°(M), so that

I = en(pn) = em(pim) = I,

and m = n.

Since any p € Spm(O(M)) reads p = py, = kerey,, = b(e,,), the map b is surjective. Let
1, ¢ be unital algebra morphisms, such that kervy = ker¢ = u. For any f € O(M), there
exists a unique r € R, such that [f] = [r-1pp)]. Thus ¢(f) = r = ¢(f) and ¢ = ¢, so that b
is also injective. O

Proposition 4. The map
eyt Spm(C™®(M)) 2 Iy = 37 (In) = pim € Spm(O(M))

is a homeomorphism with inverse epr, both, if the maximal spectra are endowed with their
Zariski topology and if they are endowed with their Gel’fand topology. Hence, the Zariski and
Gel’fand topologies coincide on Spm(O(M)). Further, the bijection

b: M>m— py, € Spm(O(M))

s a homeomorphism.
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Proof. The maps
ey Spm(C®(M)) 3 Iy = 3} (Im) = ptm € Spm(O(M))
and
en 2 Spm(O(M)) 3 pim = enr(pm) = Im € Spm(C™(M))
are inverses of each other.
We first equip the spectrum Spm(C*°(M)) as usual with the Zariski topology, which is
defined by its basis of open subsets Voo (f), f € C°°(M), given by

Voo (f) = {Im € Spm(C™(M)) : f ¢ I} ,

and we proceed similarly for Spm(O(M)). It is straightforwardly checked that, if f = ey (F),
we have

ent (Vo () = Vo(F)  and ey (Vo(F)) = Ve (f) -
Hence the announced homeomorphism result for the Zariski topologies.
The Gel’fand topology of Spm(C*°(M)) is defined by the basis of open subsets Boeo (m, €;
fiy.-oy fn), indexed by m € M, e >0,n € N, and fi,..., fr, € C°(M), and defined by
Beee(m, € f1, ..., fn) = {In € Spm(C™(M)) : | fi(n) — fi(m)| <€, Vi} .

The Gel’'fand topology of Spm(O(M)) is defined analogously by

Bo(m, & Fy, ..., Fp) = {pn € Spm(O(M)) : [(enr Fi)(n) — (emFi)(m)| <€ Vi},
where F; € O(M). If f; = en(F;), we have obviously

eﬁ(BCoo(m,e; fi,.-oyfn)) = Bo(m,e; Fy, ..., F,),

and similarly for s, so that the homeomorphism result holds also for the Gel’fand topologies.

Since the Zariski and Gel’fand topologies coincide on Spm(C*°(M)), it follows from the
above that there is a homeomorphism from Spm(O(M)) endowed with the Zariski topology
to itself endowed with the Gel’fand topology.

It is well-known that the map beoeo : M > m +— I, € Spm(C>°(M)) is a homeomorphism.
Hence, the bijection b = 51741 0 booo is a homeomorphism as well. ]

3.2 Reconstruction of the structure sheaf

Proposition 5. Let (M,Oy) be a Z5-manifold and let U C M be open. A Zy-function
F € Oy (U) is invertible if and only if its base projection f =ey(F) € C33(U) is invertible.
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Proof. It is obvious that f is invertible if F' is. Assume now that there exists f~! € C*°(U) and
consider a cover of U by Z5-chart domains V;. For any i, we have f~!|y: = (f|1;)7}, i.e., the
base function ey, (F'|y;) = ey (F)|v; is invertible in C*°(V;), so that Fy, € O(V;) ~ C>(V;)[[¢]]
has an inverse Gy, € O(V;). It follows that, for any V; and V; with intersection Vjj,

Gvilv, = (Flv,,)) " = Gy, -

Hence, there is a unique Zj-function G € O(U), such that G|y, = Gy,. It is clear that G is
the inverse of F. O

Reconstructions of a sheaf from its global sections have been thoroughly studied in algebraic
and differential geometry. A survey on such results can be found in [BPP18] and [BPP15|. The
probably best known example is the construction of the structure sheaf Ox of an affine scheme
X = Spec R from its global sections commutative unital ring Ox (X) = R. In this case, the ring
Ox (V) of functions on a Zariski open subset Vy, f € R, is defined as a localization of Ox (X).
In the case of a Z§-manifold (M, Oy), we reconstruct Opr(U) as the localization of Oy (M)
with respect to the multiplicative subset Sy = {F € Op (M) : (e F)|y is invertible }. The
chosen localization comes with a morphism that sends global sections with invertible projection
in C{2(U) to invertible sections in Oy (U), see Proposition 5.

We briefly address localization in the Z%-commutative setting. Let R be a Z5-commutative
associative unital R-algebra and let S be a multiplicative subset of R, whose elements are
homogeneous even vectors. In the following, we consider right fractions rs=t € RS~ (left
ones would work as well) and denote the degree of any element by the same symbol as the
element itself. We define the equivalence rs~' ~ 7/s'~! of two fractions by requiring the

existence of some o € S such that
(rs’ — (—1)<S’8/>r'3) oc=0. (5)

It can be checked that the relation ~ is an equivalence. The addition of fractions is defined
by
rs L4p'd ™l = (rs’ + (—1)<8’8/>r’3> (ss)71. (6)

The definition is independent of the chosen representatives. The multiplication of fractions is
given by
T e (_1)<r’+s’,s> ’I”T/(SS/)il 7 (7)

provided r’ is homogeneous. Again the result is invariant under a change of representatives.
If r' is not homogeneous, it uniquely reads v’ = >° 1" (y € Z3). In view of (6), we get
s’ = >, (s ~1), so that we can extend the definition (7) by linearity. Finally, the scalar
multiplication by v € R is

t(rs™1) = (vr)st. (8)

For our purpose, it will actually be sufficient to consider the multiplicative subset

Sy ={F € O, (M) : (eprF)|y is invertible } € Oy (M)
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of the Zj-commutative associative unital R-algebra Op;(M). Since the Zy-functions of this
subset are not only even, but of degree 0, the signs in the equivalence (5) and the operations
(6) and (7) disappear.

Proposition 6. The operations (6), (7), and (8) (without signs) endow the localization
Op(M) - Sl}l with a Zy-commutative associative unital R-algebra structure, whose grading
is naturally induced by the grading of Opr(M) ( for a homogeneous r, the degree of rs~1 is the
degree of r), and whose zero (resp., unit) is represented by 0171 (resp., 1171).

Proof. Straightforward verification. O

We thus get a presheaf
Ly :0pen(M)>U — Op(M) - S&l € ZyUAlg

on M valued in the category of ZZ-commutative associative unital R-algebras. Indeed, if
V C U is open, the obvious inclusion Lg : Sy < Sy provides a natural well-defined restriction

0 Ly(U) s Fs™ s F(WYs) e Ly (V)

and these restrictions satisfy the usual cocycle condition.

As indicated above, we will show (in several steps) that the presheaf £y, coincides with
the structure sheaf O,;.

First, since it follows from Proposition 5 that, for any s € Sy, the restriction s|y is
invertible in O/ (U), we have a map

v Ly(U) > Fs !l F’U(S|U)_1 cOu(U).

This map is well-defined. Indeed, if Fis™' = F's'~! there is 0 € Sy, such that (F|ys'|y —
F'|ys|v) olu = 0. Since the restrictions s|y, §'|v, and oy are invertible in Oy (U), the claim
follows. Further, it can be straightforwardly checked that Ay is a morphism of Z3-graded
unital R-algebras.

In fact:

Proposition 7. For any open U C M, the localisation map Ay : Ly(U) = Op(U) is a
5-graded unital R-algebra isomorphism.

The proof of this result uses a method that can be found in various works, see for instance
[BBHO1]|, [CCF11], and [NS03|. We give this proof for completeness, as well as to show that
it goes through in our Zj-graded stetting.

Proof. It suffices to explain why Ay is bijective.
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1. Injectivity: Assume that F|y(s|y)~! = 0, i.e., that F|y = 0, and show that Fs™! ~ 0171,
i.e., that there is o € Sy, such that Fo = 0. Let (Vj, ;) be a partition of unity of M,
such that the V; are Zj-chart domains, so that Oy, ~ C3¢|v;[[€]]. For any i, we have

Fluav,(z,§) = ZF lunv, (@) =0, de, Faluny, =0, Va.

Let
o; € Cﬁ(%) C O&(Vl), such that Ui|UﬂVZ~ >0 and Ui|Vi\(UﬂVi) =0.

It follows that F|y,0; = 0. The Z§-function o = Y, 041; € O (M) has the required
properties. Indeed, the open subsets V; and ; = M \ suppv; cover M and Fo;);
vanishes on both, V; and €2, so that Fo = ), Fo;1; = 0. In addition, for any m € U,
we have (e¢;)(m) > 0, for all 4, and there is at least one j, such that (e);)(m) > 0.
Since (e95)]q, = 0, we get m € U NV}, so that (0;e;)(m) > 0,

(e0)(m) = (oiets)(m) >0,

and o € Sy.

2. Surjectivity: We must express an arbitrary f € Oy (U) as a product f = F|y(s|y)~!,
with F' € Op (M) and s € Sy. To construct the global sections F' and s, consider an
increasing countable family of seminorms p,, that implements the locally convex topology
of the Fréchet space Opr(M). Take also a countable open cover U, of U, such that
U, C U, as well as bump functions v, € (’)&(M ), which satisfy v,|p, = 1 (which
implies that (epvn)|u, = 1), suppy, C U, and £y, > 0. The following series converge
in Op (M) and provide us with the required global sections:

o0 [e.9]

1 M f and s :— 1 Tn

F = — on .
— 2" 1+ pn () + a1 f) = 2" 1+ p(yn) + Pr(n f)

Indeed, convergence follows, if we can show that the series are Cauchy, i.e., if they are

Cauchy with respect to each p,,. If ;s = 0o, we get r > m, and, since the seminorms
are increasing, we have

~ 1 Vo f ~ 1 P (v f
n n
D — < — — 0,
m(n T2n1+pn(’7n)+pn T f ) —r 2n 1+pn )+pn T f Z
whether the factor f is present or not. On the other hand, as restrictions are continuous,
it is clear that F|y = fs|y, so that f = F|y(s|y)~!, provided we show that s € O, (M)
belongs to Sy, i.e., that (ears)(m) # 0, for all m € U. Too see this, remark that (id, ¢) :
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(M,C37) — (M,Oyp) is a morphism of Zy-manifolds, so that ey : Op (M) — C5(M)
is continuous, see [BP18, Theorem 19]. For any U, of the cover of U, we thus get

[e.9]

i (é’M’yn)‘U”L
=0 2" 14 pn(m) + pn(m f)

(EMS)|Um = > 0 )

in view of the properties of ~,.

O

Theorem 8. The Z-commutative associative unital R-algebra Opr(M) of global sections of
the structure sheaf of a Z5-manifold (M, Oyr) fully determines this sheaf. More precisely, there
1s a presheaf isomorphism X : Ly — Oypg, so that the presheaf Lyr, which is obtained from
On (M), is actually a sheaf, which is isomorphic to the structure sheaf Opy.

Proof. 1t suffices to check that the family A\y : Ly (U) — Op(U), U € Open(M), of Z5-
graded unital R-algebra isomorphisms, commutes with the restrictions r‘c/[ in Lpr and p‘[f in
Oy (V C U,V € 0pen(M)). This is actually obvious:

Av(ri(Fs™h) = Flu(slv) ™" = pV(Au(Fs ™) .

3.3 Reconstruction of a Zj-morphism

In algebraic geometry, any commutative unital ring morphism v : S — R defines a mor-
phism of affine schemes ® = (¢, ¢*) : (Spec R, Ospec r) — (Spec S, Ogpec 5), Whose continuous
base map ¢ associates to each prime ideal p the prime ideal ) ~!(p). A similar result exists in
the category of Zj-manifolds and Z3§-morphisms, with the same definition of the continuous
base map.

Theorem 9. Let M = (M,Oy) and N = (N,Op) be Z5-manifolds. The map
B : Homzgyan (M, N) 3 @ = (¢,¢") — ¢}y € Homzpuarg(On(N), Opr(M))
s a bijection.

Proof. To show that 3 is surjective, we consider 1 € Homzpya1g(ONn(N), On(M)) and con-
struct ® € Homzpyan (M, N), such that ¢} = ¢.

Since M (resp., N) endowed with its base space topology is homeomorphic to Spm(Ops(M))
(resp., Spm(On(N))) endowed with the Zariski topology, we define ¢ by

¢ : Spm(Op(M)) > ker ey, +— ker(e,, 09p) = kere,, € Spm(On(N)) ,

see Propositions 4 and 3. This map is continuous. Indeed, for any F' € On(N), the preimage
by ¢ of the open subset

V(F) = {kere,, € Spm(On(N)) : e,(F) # 0}
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is the subset

¢~ (V(F)) = {kerey, € Spm(Op(M)) : em($(F)) # 0} = V((F)) .

To define, for any open V' C N, a Z5-graded unital R-algebra morphism

oy : ON(V) = (0:0Mm) (V) ,

we rely on the isomorphism of Z3-graded unital R-algebras On (V) ~ Ln(V') and the similar
isomorphism in M. Hence, we define ¢7, by

¢ Ln(V) 3 Fs™ = (F)(s)™h € Lar(¢7H(V)) -

This map is actually well-defined. Since s ¢ kere,, for all n € V, we have s ¢ ker(e,, o 9),
for all m € ¢~(V), what means that ¢ (s) € Sy-1(yy. In view of this, it is easy to see that
the image is independent of the representative. The map ¢y, is a Zj-graded unital R-algebra
morphism, because 1 is.

As the family ¢y, V' € Open(IN), commutes obviously with restrictions, the continuous
base map ¢ and the family of algebra morphisms ¢7,, V' € Open(N), define a Zj-morphism
O : M — N . Too see that B(®) = ¢, = 1, it suffices to note that Ay : Ly(N) — On(N)
sends the fraction F's™! to the section F's~! (and similarly for M), so that ¢} and 1 coincide.

It remains to prove that f§ is injective. Let thus ® = (¢,¢*) and ¥ = (¢,¢*) be two
Z3-morphisms from M to N, such that ¢} = 3. Since the pullbacks by a Zj-morphism
commute with the base projections, we get, for any m € M,

d(m) = kereyy) = {F € O(N) : ((enF)o¢)(m) =0} ={F € ON) : (em(¢nF))(m) =0} .

Hence, the continuous base maps ¢ and v coincide. Similarly, for any open V' C N, each
Fy € On(V) reads uniquely Fyy = Ay (Fs™) = Fly(s|ly)™!, with F € On(N) and s € Sy C
OnN(N), see Proposition 7. As the family of pullbacks ¢* commutes with restrictions, we
obtain

Oy (Fv) = (v Flv) (6vslv) ™ = (o8 F)lg-1v) (¢7v$)!;_11(v) -
Hence ¢y, = 97, 0

The preceding theorem, which allows us to characterize M-points HomZgMan(M,./\/' ) of a
Z5-manifold N by algebra morphisms, has some noteworthy corollaries.

Corollary 10. The covariant functor
F : ZyMan — Z5UA1g®P

which is defined on objects by F(M) = Op (M) and on morphisms by F(®) = ¢}, is fully
faithful, so that Z5Man can be viewed as full subcategory of Z5UA1g®P.
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The statement regarding the full subcategory is based on the well-known fact that any
fully faithful functor is injective up to isomorphism on objects. This means that the existence
of an isomorphism O (M) ~ On(N) of Z3-graded unital R-algebras implies the existence of
an isomorphism M ~ N of Z-manifolds.

Corollary 11. Let M = (M,Op) and N = (N,On) be Z5-manifolds. The Z%-manifolds
M and N are diffeomorphic if and only if their ZY-commutative associative unital R-algebras
On (M) and On(N) of global Z5 -functions are isomorphic.

Such Pursell-Shanks type results have been studied extensively by one of the authors of
this paper. Algebraic characterizations similar to Corollary 11 exist for instance for the Lie
algebras of first order differential operators, of differential operators, and symbols of differential
operators on a smooth manifold, for the super Lie algebras of vector fields and first order
differential operators on a smooth supermanifold, as well as for the Lie algebra of sections of

an Atiyah algebroid, see [GP04|, |[GKP10], |GKP11|, [GKP13].

Corollary 12. The Z3-manifold €& = (,0) (resp., R0 = ({pt},R)) is the initial (resp.,
terminal) object of the category of Z5-manifolds.

Proof. For any Z5-manifold M = (M, Oyy), we have bijections
Homzgyan (€, M) =~ Homzpynig(Op (M), 0) =~ {F — 0}

and
Homzpyan (M, RO ~ Homyzpypig(R, Orr(M)) ~ {r 7 -1} .

4 Finite products in the category of Zj-manifolds

4.1 Cartesian product of Zj-manifolds

Let M = (M,0Op) and N = (N,Op) be two Z5-manifolds of dimension p|q and r|s,
respectively. The products U x V, U C M and V C N open, form a basis B of the (second-
countable, Hausdorff) product topology of M x N. Better, since the Z-chart domains U; in
M (resp., V; in N) are a basis of the topology of M (resp., of N), the products U; x V; form
a basis 9B of the product topology of M x N. As Zy-chart domains are diffeomorphic to open
subsets of some coordinate space R", we identify the U; and the V; with the diffeomorphic
Ui C RP and V; C R". Further, we denote the coordinates of the charts with domains U;
(resp., V) by (x;,&) (resp., (y;,7m4)), or, in case we use only two domains U; (resp., Vj), we
write also (z,&) and (2,¢) (resp., (y,n) and (v',7)).

Definition 13. Let M = (M,Op;) and N = (N, On) be two Zy-manifolds of dimension p|q
and r|s, respectively. The product Z3-manifold M x N, of dimension p+r|q+s, is the locally
Zy-ringed space (M x N, Oprxn), where M x N is the product topological space and where the
sheaf Onrx N is glued from the sheaves C’f}?xvj(xi,yj)[[&, n;]] associated to the basis B:

Omxnlu;xv; = Oy, (@i, y5) [[&m5]] - 9)
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Recall that sheaves can be glued. More precisely, if (U;); is an open cover of a topological
space M, if F; is a sheaf on U;, and if oj; : Fi|v,nu; — Fjlu;nu; is a sheaf isomorphism such
that the usual cocycle condition ¢r; @i = ¢r; holds, then there is a unique sheaf F on M
such that F|y, ~ F;. In the following, we set U;; = U; N U;.

Let now C77 .y, [[€,m]] be the standard sheaf of Z3-graded Z3-commutative associative
unital R-algebras of formal power series in (§,7) with coefficients in sections of the sheaf
C["]‘: V- The isomorphisms ¢ ;; between the appropriate restrictions of the sheaves of algebras
C’[‘}‘i’xvj[[ﬁ,n]] on the open cover (U; x V;);; of M x N are induced as follows. Since M is a
Z3-manifold, there are Z%-isomorphisms

®; = (¢i, ¢;7) : (Ui, Onrl;) — (Us, CLIE]D)

which induce Zj-isomorphisms or coordinate transformations
Wiy = &2 < (Ui, CFflu [[€1) = (Ui, Ol [IETD) -

As we view U; as both, an open subset of M and an open subset of RP, we implicitly identify U;
with its diffeomorphic image ¢;(U;), so that ¢; = idy,. Hence, the coordinate transformations
reduce to the isomorphisms

O (10)
of sheaves of Z5-commutative R-algebras:
v - CEluallE) = Clu €] - (11)
Similar coordinate transformations exist for N:
W5y 2 O I '] = Gl [[nl] - (12)

We denote the base coordinates in U; (resp., Uj) by = (resp., 2’) and those in Vj (resp., Vj)
by y (resp., ¥'). The coordinate transformations (11), z = x(2/,¢’),£ = £(2/,¢), and (12),
y=y,n"),n=n(y,n"), implement coordinate transformations or isomorphisms of sheaves
of Zy-commutative R-algebras

Pijig = wlt X wfj : CI(DJ?X\/j’UiiX‘/j;[[g?n/H - C(C}?XVJ-‘UiiXijHé,UH .

In view of (10), the ¢y ;; satisfy the cocycle condition. We thus get a unique glued sheaf
Onmxn of Z5-commutative R-algebras over M x N which restricts on U; x Vj to

Omxnlu;xv; 2= Cgxy, €]

i.e., we obtain a ZJ-manifold, which we refer to as the product M x N of M and N.
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4.2 Fundamental isomorphisms

Theorem 14. Let RP19 (resp., R"lS) be the usual Z-domain (RP, CS[[€]]) (resp., (R™, C2
([M])), and let ' C RP and Q" C R" be open. There is an isomorphism of topological algebras

CR ()] ® CR2(Q)[n] = CRF g (' X Q)€ m]] (13)

where the completion is taken with respect to any locally convex topology on the algebraic tensor
product Cgy ()[[€]] ® Cg (") [[n]]-

Proof. Let R be a commutative von Neumann regular ring. For any families (M, )o and (Ng)g
of free R-modules, the natural R-linear map

HM )@r (][ No) = [[(Ma ®r Np)
B af
is injective, if and only if R is injective as a module over itself [Goo72|. Since any field is
von Neumann regular, the regularity and injective module conditions are satisfied for R = R.
Hence, the linear map

([Iex@)e o=@ - [[e=@) e c>@")
a B af

is injective. Further, in view of [BP18, Corollary 17|, the map

CO[E 2 ) fal@)® = (fadaca € [ ] C() (14)
acA acA
is a TVS-isomorphism between the source and the target equipped with the standard topology
and the product topology of the standard topologies, respectively. In the sequence of canonical
maps

cx@)glec=@)] = (][ cx@ne([c=@) - ][ (©*@)ecx@") -
acA BeB a€A,BeB

[T =@ =)~ =@ <)), (15)
acA, peB
the first ~ is a linear bijection, the first — is a linear injection, and the second ~ is a TVS-
isomorphism for the topologies used in (14). In

C® () @ C®(Q") = C®()R C°(Q") ~ C=( x Q) , (16)

the isomorphism ~ is the well-known TVS-isomorphism [Gro52| (the target is endowed with
its standard topology and the source with the topology of the completion with respect to any
(C°(9') is nuclear) locally convex topology on C°(Q)) ® C*°(C') — we will not specify the
latter topology), and the arrow — is the continuous linear inclusion (any TVS is a topological
vector subspace (TVSS) of its completion, see Proposition 26). This — induces the second —
n (15), which is the inclusion of the source vector subspace into the target vector space. The
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source becomes a TVSS of the target when endowed with the induced topology (the induced
topology is coarser than the product topology of the induced topologies). Finally, we equip
the first space in (15) with the initial topology with respect to the first —, so that the first
space gets promoted to a TVSS of the second, see Proposition 24, and the first — becomes the
continuous linear inclusion. The composite

v C(Q)[[E] @ C () s}jm@®zyw;H§:m®%@ﬁGCW "X Q)€ )]

of the maps of (15) is now the inclusion of a the source TVSS into the target TVS.

Note that, since the target is a LCTVS, see [BP18, Lemma 16|, the source TVSS is also a
LCTVS, see Proposition 29 (since C*°(€')[[¢]] is nuclear, see [BP18, Lemma 16|, the completion
of the source is independent of the chosen locally convex topology). In view of Proposition 28,
the completion of the source is a TVSS of the completion of the target, which, as the target
is complete, see [BP18, Lemma 16|, can be identified with the target due to Remark 27. In
other words, the continuous extension

i C(Q)[[E]]@ C(Q) ] — (X x Q)[[€, n] (17)

of the inclusion 2 is an injective continuous linear map, see text above Proposition 28. We will
now prove that this map is surjective.

Let

S =3 Fapt™n® € C¥(Q x Q")[[¢, ]
af

be a formal series in the target space. In view of (16), we have [Gro52|, for any («, 8) € Ax B,

— J
Faﬁ - NEIE Zf@ﬂ ® gaﬂ )
where fiﬁ € C®() and giﬁ € C™(Q"), and where the limit is taken in C°(2' x Q”). Recall

that A = Nxl9'l x ZZX ‘qﬁ|, and similarly for B. The product A x B is countable, since it is a
finite product of countable sets. Let I : A x B — N be an injective map valued in N. The map
J: AxB—Z, withZ = I(A x B), is thus a 1:1 correspondence. We identify A x B with Z
via J. For any j € N, we set,

e for any o € A and any i € Z,

COO(Q/)qufM:{ )ifiN(776)7é(a75)a and,
fad? ifi ~(v,9) =(,6),

e for any g € B and any ¢ € Z,

0, if i >~ (v,0) # (v, B) ,

Co(Q") 3l =1
2% {gig, if i = (v,0) = (7, 0) -
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Note that Z is a finite set {0,1,...,L}, L € N, (resp., is N), if A x B is finite (resp., if A x B
is countably infinite). For all j € N and all (o, 8) € A x B, we get

Z¢ Vi = s ® s

when M € T N [J(a, B),+ool. Indeed, if i = (v,0) # («, B), then, either v # a and ¢ =0,
or § # 3 and wgﬁ = 0. However, if i ~ (v,d) = (a, ), then (ﬁj = fiﬁ and 1/}16 = gaﬁ, so that
the announced result follows. Hence, for any j € N and any («, 5) € A x B, we have

J —
i Z%z@%— fa5 © s

where the sequence is constant for M > J(a, ) and where the limit is computed in the
topology of C*°(Q' x Q). If a finite number of sequences of a TVS do converge, then their
sum converges to the sum of the limits. It follows that, for any (o, 8) € Ax B and any N € N,

N M N
: J Jo_ J J
MBEOOZZ% @Pls=D fis® s
j=0 i=0 Jj=0
so that, for all (a, 8) € A x B,
: : ] iy J i
N1—1>r—r0—loo Mli>r—n¢—oo Z Z ¢o¢i @ ww N N1—1>r—IFloo Z faﬁ © gaﬁ N Faﬁ
j=0 i=0 Jj=0

in C>*(Q x Q"), and

N M
lim  lim Z Z (bm ® 1/1 = (Faﬁ)(a,g)eAxB (18)

N—~+o00 M—+o0 —0 =0
J=v= (e,8)€AXB

in the product topology of [],5C(Q" x Q”), ie., in the topology of the TVS C°°(Q x
Q)€ n]]. Therefore, the sequence

M:

N M ) ) N
DD S @Y =>

j=0 i=0 (ap) =0

dooliec@> wlin® | e o= (@) @ C=(Q)n)]
B8

«

Il
o

is a Cauchy sequence in C° (£ x Q")[[¢, n]], so a Cauchy sequence in the TVSS C*°(Q)[[{]] ®
C*°(Q")[[n]], and also in the topological vector supspace C™()[[€]]® C>(Q")[[n]]. Since this
completion is sequentially complete, the Cauchy sequence considered converges in this space:

N M
NggwMggw;; Ea:aﬁ 5“@2%77 € C*(@)[[E)® C= Q)] ,
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where the limit is taken in the topology of C™(€)[[£]]® C*(2")[[n]]. Since the inclusion 7,
see Equation (17), is sequentially continuous, we get

=

=0

M
RT i i ca i o8 _
‘ Nﬁl\rilooMi\IEoo - Z g(lﬁmf ®;wlﬂn

<
Il

o
~

N M
Nl—i}—li-looMl—ig}ooi ZZ zajﬁbjmfa@zﬁ:@/)fﬁnﬁ =

7=0 =0
N M
: , i ooy canB _ S
Nlirilelin;wZﬁ jz;;d)az@wzﬂg N Z‘;Fagf N S,
o =0 i= ey

in view of (18). This shows that the continuous linear inclusion
P2 Co(Q)[[Ell® C=(Q")[[m] — C=( x Q)[[¢, )

is bijective, so that the source TVSS of the target coincides with the target as TVS.

Since the completed tensor product of two nuclear Fréchet algebras is again a nuclear
Fréchet algebra [Emel7, Lemma 1.2.13], the source and target are actually topological algebras.
We leave it to the reader to check that the preceding identification respects the multiplications.

O

Remark 15. If p|q = p|0 and r|s = 0l|s, it follows from Theorem 14 that
Co (&R R[[E]] ~ O[] .
and, if plq = 0|q and r|s = 0|s, we get

R[[€)®r R[] = R[E, )] -

Conversely, the general isomorphism of Theorem 1/ is a consequence of the preceding particular
cases and the fact that the category of complete nuclear spaces is a symmetric monoidal category
with respect to the completed tensor product [Cosll].

Theorem 16. There is an isomorphism of sheaves of Zy-commutative R-algebras
Orixn = (Ou®ON)~

between the structure sheaf of a product Zy-manifold and the sheafification of the standard
extension of the B-presheaf

OM@) ON U XV OM(U)® ON(V) .



Products in the category of Zy-manifolds 19

Proof. Recall that B (resp., *B) is the basis of the product topology of M x N made of the
rectangular subsets U x V', where U C M and V C N are open (resp., of the rectangular
subsets U; x Vj, where U; C M and V; C N are Zj-chart domains). Let

FU X V) :=0,(0)20x5(V) (19)

be the completed tensor product of the nuclear Z5-graded Fréchet algebras O (U) and On (V')
(with respect to any (reasonable) locally convex topology, e.g., the projective one). If U'x V' C
U x V, the restrictions pY, : Op(U) = Op(U’) and pY, : On(V) = On (V') of the Fréchet
sheaves Op; and Oy are continuous linear maps. The continuous extension of the continuous
linear map pY, ® py. is a continuous linear map [Gro52]

p® pir s Onr(U)@ On (V) = On (U@ ONn (V')

which we denote by
prl, cFU X V) = FU x V).

Since the pf}, and the py, satisfy the standard presheaf conditions and the linear maps pg/xx‘(//

are continuous, it is clear that the latter satisfy these conditions as well. Hence, the pair (F, p)
is a Set-valued B-presheaf.

This B-presheaf can be extended to a Set-valued presheaf (F, p). Indeed, set, for any open
QCMXxN,

]?(Q) = {(fab)ab fab € ]:(Ua X W))v Uy, x Vi, C £, such that ngjxv{}bb (fab) = pg;:f\b/bb(fab)} )
(20)
and consider, for any €' C €, the map

Pl F(@) = F@)

which sends any element of F(£2) to the element of F(£)') that we obtain by suppressing
the f,, for which U, x Vj, is not a subset of Q. The p 8, satisfy of course the standard
presheaf conditions. Further, the presheaf (F,p) extends the B-presheaf (F,p). Indeed, for
Q=UxV,any f € F(Q) provides a unique family f,;, = pgaxxvvb(f) in F(Q), thus defining a
map b : F(Q) = F(Q). If bo(f) =ba(g), then, in particular,

f=p0) =00 (9) =9 .

In fact bq is a 1:1 correspondence. Indeed, any family f,, in F(f2) contains f € F(f2), and
fab = pgaxxvvb(f), so that bo(f) = (fap)ar- Hence,

mbvf(UXV)éﬁ(UXV) (21)
Moreover, if ' =U' x V' c Q=U xV, and if f € F(U x V), then

pU N Ousr () = burvr (054 ()
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since both sides are made of the family of restrictions pg:;vvb( f),forallU, x V,, cU' x V.

Let now U; x V; € B be a Cartesian product of Zj-chart domains, and let 2 C U; x V; be
any open subset. Recall Definition (20). Since U, C U; and V}, C V; are Zj-chart domains, we
get in view of (13) and of (9),

F(Ua % Vy) = Onr(Ua)® On (Vo) = C=(Ua)[[E1)® C (V) [[n;]] =~

C>(Ua x V)[[&isnjl] = Ormrscn(Ua x V) (22)

Due to the continuity and linearity of the restrictions pg,xx‘(/, of F and the restrictions P%, of

Oumxn, the restrictions in (20) coincide with the corresponding restrictions P of the structure
sheaf of the product Z5-manifold, as both reduce to the same restrictions of classical functions.
It follows from (20) and (22) that any family f,, € F(Q) is made of ZZ-functions f,; €
Opxn(Ug x Vi), which are defined on the cover of Q by all the U, x V}, C Q, and whose
P-restrictions coincide on all intersections. Hence, any family fy;, € F(£2) can be glued in the
sheaf Oy« n and thus provides a unique Z3-function f € Oprx v (€2) such that Pga Vi (f) = fab
The resulting map bg : F(Q2) — Onrxn () is clearly injective. It is also surjective, since the
restrictions fgp := P%ava (f) of any f € Onxn(Q) define a family f,, € F(2) whose image
by bq is f. Therefore, if ) C U; x V}, we have a 1:1 correspondence

bo : F(2) = Onxn(Q) . (23)

Moreover,
Pg/ obg =bgy o ﬁg, . (24)

Indeed, if (fap)ap € F(£2), the LHS map sends this family fup, Uy x Vi C €, first to the unique
f € Onxn(Q) such that Pgava(f) = fap, and then to the restriction P&, (f). The RHS map
sends this family first to the subfamily f,3, Uy X V3 C €, then to the unique g € Oprxn ()
such that P%;Xvﬁ (9) = fap- It is clear that g = P&, (f). Hence,

b: Flu,xv; — Omxnluixy
is a presheaf isomorphism, so that F |Uixvj is a sheaf.

We denote the sheafification of the presheaf F by ¢ : F — FT (p* refers to the restrictions
of F*). Recall that any presheaf and its sheafification have the same stalks, i.e., that the maps
Omn t Fmn — Fof

m,mn

(m,n) € M x N, induced on stalks by the presheaf morphism ¢ are isomorphisms. Therefore,
the sheaf morphism |y, xv; : F U xv; — F *lu,xv; is a sheaf isomorphism. This means that

po  F(Q) — FH(Q)
is an isomorphism, or, here, a 1:1 correspondence, for any open 2 C U; x V}, so that

L i=bgo @51 c FH(Q) = Onxn(Q)
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is also 1:1. In particular, for any U; x V; € B, we have
LUiij :./%+(UZ' X VJ) ;> OMxN<Uz' X VJ) . (25)

Since ¢ commutes with restrictions, we get, for any Ui x V; C U; x Uj,

_U; xV; —1 _+Ui><U'

Puixv, © ‘PU xU; = Puixv; © P UxV,
so that, when taking also (24) into account, we obtain

U; xVj + U; xU;j

PU-l>><<VJ WixV; = Wixy; © P U>><<V : (26)
Due to (25) and (26), the map ¢ is a B-sheaf isomorphism between F and Opsxy viewed
as ‘B-sheaves. Since a B-sheaf morphism extends to a unique sheaf morphism, there exists a
sheaf isomorphism

[: FT = Opxn -

The morphism I is actually an isomorphism of sheaves of Zj-commutative R-algebras. It
suffices to show that ¢ is an isomorphism of B-sheaves of such algebras, i.e., that 1y,xv; is a
morphism of Zy-graded unital R-algebras. We will prove that 1q, 2 C U; x V}, is an algebra
morphism, leaving the remaining checks to the reader. The space F(U x V') is a nuclear Fréchet
algebra, because it is the completed tensor product of nuclear Fréchet algebras [Emel7, Lemma
1.2.13]. Its multiplication £ is continuous. It is given by

Zﬁ@gzofzh ® kj _ZZ )9k (Fih) @ (giks) -
=0 j=0

The multiplication ez induces a multiplication @z on F(Q2), 2 C M x N, which is defined by

(fab)ab ®F (gab)ab = (fab ®F Gab)ab

Addition and scalar multiplication on F(Q) are defined similarly. As F is thus a presheaf
of algebras, its sheafification F1 is a sheaf of algebras and the ¢q : F(Q) — FH(Q) are
algebra morphisms, see Subsection 5.4 of the Appendix. For 2 C U; x Vj, this morphism ¢q
is an algebra isomorphism and so is po'. The map bg : F(Q) — O« n(Q) associates to each

(fab)ap the f such that PU <V (f) = fab. Hence, the image by bg of a product (fap)ab® 7 (gab)ab
is the function h such that Pfl}ava(h) = fab ®F gap- On the other hand, the product f - g in
O n(€2) of the images by bg satisfies

PﬂaxVb(f ’ g) = Pgava(f) ' Pgl}ava(g) = fab *Gab = fab o7 Jab »

see Theorem 14. It follows that h = f-g. The map bg is in fact an algebra morphism. Finally
19 =bgo @51 is a morphism of algebras, as needed. O

Remark 17. In view of (23), (21), and (19) ( as well as in view of (9) and (13)), it is clear
that, for any U; x V; € B, we have

Omxn (Ui x V) = O (U@ On(V;)

but we were unable to convince ourselves that the same holds true for any U x V € B.
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Indeed, it is well-known that tensor products of sheaves (and in particular completed tensor
products of function sheaves) require a sheafification (see [Sar08, Section 3|). However, section
spaces of the sheafification of a presheaf do not agree with the corresponding section spaces of
the presheaf.

On the other hand, attempts to get rid of the problem in Remark 17 using the reconstruc-
tion results from Section 3 below, are not really promising.

Further, although Oy« n and F are two presheaves that extend the B-presheaf Oy @0 N,
they do not necessarily coincide: B-sheaves have unique extensions, but 8-presheaves do not.
Indeed, to show that Oy« =~ F, we would have to decompose sections of Oy« n into sections
of the B-presheaf and then reglue them in F, which is impossible, since F is only a presheaf.

There is actually a condition for the presheaf F that extends the B-presheaf F = Oy ® On
to be a sheaf.

The explanation of this result needs some preparation.

For any open U x V.C M x N, we set O (U x V) := Op(U). Similarly, for any open
U xV'CcUxV, we define

TN O N (U x V) = O (U < V)

to be pY, : Opr(U) — Op(U'). 1t is straightforwardly checked that O}, is a nuclear Fréchet
sheaf of algebras, hence, in particular a nuclear locally convex topological sheaf of algebras.
The assignment

F:UxVisOM y(UxV)RON U XV)=0yU)20N(V)
defines a presheaf F on M x N. Applying [Mal70, Equation (2.2)], we would get
Ouxn(U x V)= FHU X V) ~ Oy (U) D ON(V) (27)

for any open U x V. C M x N, if O%X N Or O]]\EX n determined a topologically dual weakly
flabby precosheaf.

Just as a presheaf G on a topological space T with values in a concrete category C is a
contravariant functor G : Open(7")°? — C, a precosheaf H on T with values in C is a covariant
functor H : Open(7T') — C. The point is that, for open subsets V' C U, there is a C-morphism
ey« H(V) — H(U), which we refer to as extension morphism. The relevant example for our
purpose is the topologically dual precosheaf V' of vector spaces of a topological sheaf V' of

vector spaces on a Hausdorff space T'. This precosheaf is defined, for any open U C T, by
V/(U) = HOHlTvs(V(U), R) N
and, for any open subsets V' C U, by

ey = RY - V(V) 30— [(R)):V(U) 30— £(RYv) e Rl € V(U),
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where Rg denotes the restriction in V. The precosheaf V' is weakly flabby if, for any open
U C T, the morphism e : V'(U) — V/(T) is surjective.

We should prove that the topologically dual precosheaf of V = O%X N is weakly flabby,
i.e., that, for any open U C M and for any L € Homrys(Op (M), R), there exists ¢ €
Homys(On(U),R), such that tp% ¢ = L. It turns out that this condition is not satisfied,
so that we cannot conclude that (27) holds. Indeed, assume that the condition is satisfied, so
that it is in particular valid for M = (R, Cg°). Choose now any « € R and any open interval
I C R that does not contain x. The evaluation map

. CRRR)> f f(x)eR

is linear. It is also continuous, since there exists a compact C' C R that contains x and
since, for any f € Cg°(R), we have |f(x)| < supes |f|. In view of our assumption, there exists
¢ € Homys(CR°(I),R), such that, for any f € Cg°(R), we have ¢(f|;) = f(z). If we take
now two functions f,g € Cg°(R) that coincide in I and have different values at x, we get the
contradiction

f(@) = L(f1r) = €glr) = g() -
4.3 Categorical products of Z}-manifolds

We recommend to first read Subsections 5.4 and 5.5 of the Appendix.

Lemma 18. Let My, My € Z5Man. The presheaf F considered in Theorem 16 is an object
of the category PSh(M; x Mo, LCTALlg) of presheaves of locally convex topological algebras over
My x MQ.

Proof. In the proof of Theorem 16 we showed that F € PSh(M; x Ma, Alg) for the obvious
restrictions and algebra operations.

Recall that, for any open Q C M; x Mo, the algebra F () is given by
F(Q) = {(fab)ab : fab € F(Ua x V5),Ua x Vi, C Q,such that pg 1% (fan) = ppe et (fav)}

and is thus a subalgebra of

[[ FOx)= ] OwmUa)& Ou(Vi) -
Ua XV, C Q2 UaxVpC Q2

We equip F(£2) with the topology induced by the product of the topologies of the locally
convex topological algebras (LCTA-s) Oy, (Us) ® Oag,(V3). Since a product of LCTVS-s and a
subspace of a LCTVS are themselves LCTVS-s, the algebra F(€2) is a LCTVS. Its multiplication

(fab)ab @7 (gab)ab = (fab ®F Gab)ab

is continuous, since the multiplication e r is, see Proof of Theorem 16 and Lemma 32. Hence,
the space F () is a LCTA.
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A restriction p, (' C Q) — it sends any family (fup)ap of F() indexed by the U, x V}, C Q2
to the family (fup)as of F(£') indexed by the U, x Vi, C €' — is known to be an algebra
morphism. It is continuous, since it is continuous as a map

po: [ FWO.xW) = [ FlU.xW),
UgxVpCQ Ua XV, C Y

in view of the definition of the product topology. O
Theorem 19. The category Z5Man has all finite products.

Proof. Since Z5Man has a terminal object (see Corollary 12), it suffices to prove that it has
binary products. Let M1, My € ZiMan. We will show that the product Z5-manifold M1 x Ma
(see Definition 13) is the categorical binary product of M; and M.

We first define Z4-morphisms
I0; = (m,m) s My x Mo — M,;, i€ {1,2}.

The base maps m; : My x My — M; are the canonical smooth projections. In the following,
we consider the case ¢ = 1 and use the notation introduced above.

The maps

Ty : Oy (U) 3 fr= f@1 € (maF)U),

U € Open(My), define a morphism T : Oy, — mp . F in PSh(Mq,LCTAlg). Indeed, we have
Oy, ™+ F € PSh(M;,LCTAlg), see [BP18, Theorem 14] and Proof of Proposition 39. It is
easy to see that the maps Tyy commute with restrictions and are algebra morphisms. To show
that Ty; is continuous, it suffices to check that the linear map

Ty :Oamy(U)s f= f®1€ O (U)®On,(Ms) (28)

is continuous for the projective tensor topology on the target. We apply Theorem 30 and
Proposition 31. Let pc,p ® pk,a be any of the seminorms that induce the projective tensor
topology. Recall that C C U and K C My are compact subsets, and that D and A are
differential operators acting on Oy, (U) and Oy, (Ma), respectively. We must prove that
there is a finite number of seminorms p¢, p, on the source and a constant C' > 0, such that

pe,p(f) - pra(l) < le?chk,Dk(f) :

for any f € O, (U). It suffices to use a single source seminorm pc, p,, namely pc,p. Indeed,
if € = pg a(1) =0, the previous condition is satisfied with C' = 1, and if € > 0, it is satisfied
with C = €.

It follows from Proposition 35 that T : Oy, — (m1,«F)" is a morphism in Sh(M;, LCTALg).
Moreover, in view of Proposition 39, there is an Sh(Mj,LCTAlg)-morphism ¢ : (m . F)* —
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71« F . The composite coT : (9&1 — m1+F T is a morphism in Sh(Mj,LCTAlg). Proposition
35 and Theorem 16 allow us to interpret it as a morphism

7rf =0Tt On, = 15 Oty s, (29)

in Sh(M;, Alg). The map 7] is actually a morphism of sheaves of Z3-commutative associative
unital algebras, so that the map II; = (7, 7]) : M; X My — M, is a morphism in ZjMan
(the results of the appendix we use in this proof extend obviously to the graded unital setting:
when speaking in the rest of the proof about algebras, we actually mean Z3-commutative

associative unital algebras).

It remains to check the universality of our construction. Let N' € ZjMan and let ®; =
(i, ¢F) : N — M; be morphisms in ZiMan. We will prove that there exists a unique Z5Man-
morphism ¥ = (¢, 9*) : N — Mj X Ma, such that II; o ¥ = ®;, for both i.

We set ¥ = (¢1,¢p2) : N — My x My. As for ¢*, observe that, for any open U; C M;,
the map ¢+ O, (Us) — On(¢; 1(U:)) is a continuous algebra (Z3-graded unital algebra)
morphism, see [BP18, Theorem 19|. Denote now by V' = V; N V4 the open subset

V=VinVa=¢ ' (U1)N gy (Us) =91 (Uy x Us) C N,

and denote by my = — - — the multiplication of Oy (V). In view of [BP18, Theorem 14| and
Propositions 37 and 38, the map

PU xU, = T/ﬁV © (pl‘?@p&) © (¢T,U1®¢§,Ug) : OMl(U1)® OM2(U2) — ON(V) ’

where pgl and p¥2 are restrictions in Oy, is a continuous algebra morphism between nuclear
Fréchet algebras. The maps

Puxty t F(ULxU2) 2 ) 3@ > prdt o, fi - PV 05, 95 € (0:0N)(Ur x Ua)  (30)
j=0 j=0

define a morphism of B-presheaves of locally convex topological algebras. The latter extends to
a morphism p : F — 1, Op of presheaves of locally convex topological algebras over M x Mo .

In view of Propositions 35 and 39, there are morphisms
proFt = (On)T and @ (¥On)T — 0%
in Sh(M; x M>,LCTAlg). As above, we can view their composite as a morphism
P =10pT: Omyxm, — ¥:ON (31)

of sheaves of algebras, so that ¥ = (¢,¢*) : N' = Mj X My is a morphism in ZjMan.

To prove that II; o ¥ = ®,, it suffices to show that

w}kleMQ © Tr;,k,MZ = IB(H'L © \I’) = B((pl) = QS:(,MZ ?
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see Theorem 9. The latter is a straightforward consequence of Equations (28), (29), (30), (31),
(38), and (40).

Let now X = (x, x*) : N = Mj x My be another ZjMan-morphism that satisfies I, 0 X =
®;. As the category of smooth manifolds has finite products, we get x = ¥. We will check
that B(X) = B(V), i.e., that, for all o € F*(M; x My), we have

X?Wl XMQU = ijlxMzo- € ON(N) :

It suffices to show that these sections coincide in a neighborhood of an arbitrary point ng € V.
We use the compact notation m € M instead of (mq1,ma) € My x M. Recall that

o= ([S]m)mGM )

where s € F(U) (U=U; x Uz > m) reads s =32 fj @ g; (fj € Onr, (U1), gj € Onp, (U2)).
In view of (30), (31), (38), and (40),

o0
Vi \%
1/}7\41><M20- = ([Z pvlgtT,Ul fj ’ pVQ(Zs;,UQ g]]n)nEN ) (32)
=0

where we take the germ at n of the section induced by the representative s of the germ at
p(n) € M. Let mo = 1(ng) € M. Since s is constant in a neighborhood Uy = Uy 9 x Uz of
myo, the representative in the RHS of the preceding equation is constant in the neighborhood

Vo =VioNVag = ¢ (Uro) Ny (Uzp) =1 (Up)

of ng . Hence,
N % Vi0 V2,0 e On(V
Py le x M@ § : Py ¢1,U1,0 fJ pVo ¢2,U2,0 gj € N( 0) :

On the other hand, since IT;0X = ®;, we have, for any open U; C M and any f € Oy, (Ur),

X*leM2([f @ Um)metv, x Mo = ¢T,U1f )

due to (28), (29), (38), and (40). For any open Uy C My, we get

* 1[] M * *
X @ Undmer = Py () X s ([f © Un)mevian, = py 610, f - (33)

An analogous result holds for ¢ = 2. Observe now that

o0 N
- ([Z 15 ® gjlm)mem = (7} llj{fnz £i ® gi)mem =
— par
N o)
(lim Z i ® gilm)men = (1 ® gilm)ment » (34)

Jj= Jj=0
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see Proof of Proposition 35. As the pullbacks x* and the restriction p% are continuous algebra
morphisms, we get

N % 1 M)
PV XMy x M O pr IEUO X ([f5 @ gjlm)menm =

o0
* * V * \% *
Z XU()([f] ® 1]m)m€UO : XU()([l ® g] mGUO Z Py, - ¢1,U1,of] pvi 0 ¢2,U270gj )

due to (33). O

4.4 Products of Z}-morphisms

We use again abbreviations of the type n = (n1,n2) € N = N; x N (which we introduced
in the proof of Theorem 19).

Proposition 20. Let ¥; : M; — N;, i € {1,2}, be a Z-morphism with base map 1»; and
pullback sheaf morphism ;. Due to the universality of the product of Zy-manifolds, there is
a canonical Z5-morphism

\I/:\Plx\I/Q:MlxMQ%leNQ.

Its base map is ¥ = 1 X g and its pullback sheaf morphism ¥* = (1 X 9)* is given, for
each open subset 8 C N1 X Na, by

o= II  @i®¢3)uem | © Pon)mesr) -
mey~1(Q)

The first map in the RHS is the product of the morphisms between stalks induced by the mor-
phism

(of presheaves of locally convex topological algebras), where Fy is the presheaf defined by
(’)Nl<§> On,, and similarly for Fur. The second map in the RHS is the tuple of morphisms

m) : H ]:‘Nm — ]:-Nﬂﬁ(m) .
neQ)
To understand this claim, recall that
vh: ON(Q) =~ F() € [ Fvw = O™ Q) = FRw @) [ Foom -
neQ mey—1(Q)
Note now that

(Poem)mes—1@) : ON Q) = [ Fyvwm
mey~1(Q)
and that
H (T/JT@) ¢§)w(m) : H wa(m) — H JrMm )
mey—1(Q) mey—1 meP=1(Q)
so that the composite of these maps may comc1de with 9.
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Proof. For i € {1,2}, we denote by II{ (resp., II7) the Z5-morphism I : M; x My — M;
(resp., IIT : N1 x Na — N;). The composite ®; = ¥; oI} is a Z§-morphism ®; : My x My —
N;. In view of the universality of the product N7 x /\fg, there is a unique ZZ-morphism
U My x Mg — N7 x Na, such that TI7 o W = &;. We denote this morphism ¥ by ¥ x Wy
and refer to it as the product of the Z5-morphisms ¥;. We showed in the proof of Theorem
19 that the base map of V¥ is

b= (romf,Paoms) =11 X s .

We investigate now the pullback morphisms ¢*. Let Q@ C N be open, so that ¢, : On(Q) —
Om (=), and let 0 € On(Q) ~ F(£2). Recall once again that o = ([s]n)neq, Where
se€ Fn(U) (U=U; x Uz > n) reads

s=Y [i®g; (fj €On(Uh),g; € On,(U2)) .
It follows from Equation (32) that

o
* Vs * *
Yoo = Z P (7D )i o fi v (75 i Ys s Gilm)mey—1(Q) » (35)
7=0

where

V=VinVe, V= @)"'(W;), and W;=¢; (U;)  (obviously V =W x Wa) .

(2

We interpret ¢y ;;, fj € Onm, (W) as

(W5 v, Filmy)myews € Oy, (Wh)
so that
py (n} YVt o fi = (W10, Fi @ ey
due to Equations (28) and (29), as well as to the observation that m; € W is equivalent to

my = 77 (m) (m € V1). A similar result holds for the second factor in the RHS of (35), so that,
in view of (34), we obtain

o

Yoo = Z ([T v, fi ® V3.0, 95lu)uev =

7=0 m/ meyp—1(Q)

(0.)
(W} 0, ® 5 1, Z fi ® gilp)uev
7=0 m/ mey=1(Q)
This image is a family (indexed by m) of elements of .7:";[ m = Farm- The isomorphism between
a stalk of a presheaf and the corresponding stalk of its 7sheaﬁﬁcation is described in the proof

of Lemma 6.17.2 of the Stacks Project. The description shows that

oo
Yoo = | | Vi@, Z [i® gj =

=0 m/ mey=1(5)
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II @@ | (Pemm)mepi(@) o) -
mey—1H(Q)

5 Appendix

We prove and recall results on topological vector spaces and on topological algebras.

5.1 Topological vector subspaces

Definition 21. A topological vector subspace S of a TVS V (TVSS for short) is a subset
S C V which is a TVS for the linear operations and the topology of V.

Proposition 22. A subset S CV of a TVSV is a TVSS of V if and only if S is a linear
subspace of V' and is endowed with the topology induced by the topology of V.

Proof. The restrictions to S of the continuous addition and scalar multiplication in V' are
continuous in the topology induced on S by V. O

Note also that, if V is a TVS, and if S C V is a TVSS, then S is a TVS and the inclusion
1:5 2 s+ s €V is an injective continuous linear map. Conversely, if S C V is a TVS and
the inclusion ¢ is an injective continuous linear map, then the linear structure on S C V is the
same as in V', but S can have a topology that is finer than the induced one, so that S is not
necessarily a TVSS.

Proposition 23. Let 1 : V. — W be an injective linear map between TVS-s. When equipped
with the induced topology, the linear subspace (V') is a TVSS of W. The bijective linear map
1:V = (V) is a TVS-isomorphism, i.e., a linear homeomorphism, if and only if the topology
of V is the initial topology of1:V — W. In this case, the space V' can be viewed as a TVSS
V~o(V) of W.

Proof. Tt suffices to prove the second claim. If 7 is an isomorphism, then the topology T (V)
of V is given by

TV) = {'eV)NUw) =2 (V)NUw) =27 (V)™ (Uw) =+ (Uw) : Uw € T(W)},

hence, it is the initial topology of + : V' — W. Conversely, if 7 (V) is the initial topology of
2, the maps 7 and 7~! are continuous. Indeed, as just explained, we have i1 (2(V) N Uy) =
1Y (Uw) € T(V), so that 7 is continuous (but it would still be continuous for a finer topology
on V). For i~! we have i =1 (Uw)) = +«(V) N Uy € T (1(V)). O

Proposition 24. Let1: V — W be an injective linear map from a vector space V to a TVS
W. When equipped with the initial topology of 1, the linear space V' is a TVS and can be viewed
as a TVSS of W.



Products in the category of Zy-manifolds 30

Proof. The linear operations on V' are continuous when V has the initial topology. Indeed,
denote by +y (resp., +y) the addition in V (resp., W), and let + =1 (Uy), Uy € T(W), be an
arbitrary open subset in 7 (V). Then,

(+1) 7 T Ow) = {(v,v) € V x Vi a(v) +w (V) € Uw} =

{(, ) € VX Vi ((v),u(v)) € (+w) " (Uw)} = (1 )~ ((+w) " (Uw))

is open in V x V, since ¢+ and 4y are continuous. The case of the scalar multiplication is
similar. The second claim follows now from Proposition 23. O

Remark 25. When passing above from topological vector subspace structures on included sub-
sets to topological vector subspace structures on injected subsets, we replaced the induced topol-
ogy by the initial topology. Of course, if the injection is the inclusion, the initial topology with
respect to it coincides with the induced topology.

5.2 Completions of topological vector spaces
We recall now well-known properties of the completion of a TVS [Nag07].

For any TVS V| there is a complete TVS ‘A/, and an injective linear map 2 : V — 17, such
that the linear subspace (V) C V is dense in V. Moreover, when endowed with the induced
topology, the image (V') C V becomes a TVSS of V, and the map 7 : V — (V) is promoted to
a linear homeomorphism, or, equivalently, to a TVS-isomorphism. It follows from Proposition
23 that the topology of V is the initial topology of ¢ : V' — 17, and that V ~ (V') is a TVSS of
V. In short, the complete TVS ‘7, which we refer to as the completion of the TVS V', contains
V as a dense TVSS:

Proposition 26. The completion 1% of V contains V' as a dense subset, and it induces on V
the original topology and original linear structure.

Remark 27. If V is already a complete TVS, then1:V — Visa TVS-isomorphism.

Further, let S C V be a TVSS of V' and let 2 : S — V be the injective continuous linear
inclusion. The continuous extension of ¢, which we denote by 7 : S — XA/, is an injective
continuous linear map. If i(g ) carries the induced topology, the map i : S - i(g ) is a TVS-
isomorphism. In view of Proposition 23 this means that the topology of S is the initial topology
of 1: 5 — V, and that S ~ i(5) is a TVSS of V. In short:

Proposition 28. The completion of a TVSS S CV is a TVSS ScVv of the completion.

5.3 Locally convex spaces

Proposition 29. The initial topology of a linear map £ :V — W from a vector space V to a
LCTVS W endows V' with a LCTVS structure. In particular, the induced topology on a vector
subspace S C W of a LCTVS endows S with a LCTVS structure.
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Proof. The topology of W has a convex basis 8. As the preimage of a convex set by a linear
map is convex, the family /~1(B) is a convex basis of the initial topology. In view of the proof
of Proposition 24, the initial topology endows V with a LCTVS structure. The second claim
is a special case of the first one. O

We close this subsection recalling two results.

Theorem 30. Let V and W be two LCTVS-s and let (p;)ier and (q;)jes be two families of
seminorms that induce the topologies of V. and W, respectively. The projective tensor topology
monV @W is induced by (p; @ q;)ij. Moreover, for anyt € V& W, we have

N N

(pi ®qj)(t) = inf{Zpi(vk)qj(wk) it = ka ® wg, v € V,w, € W, N € N} |
k=1 k=1

and, for anyv € V and w € W, we have
(pi © gj)(v ®@ w) = pi(v)g;(w) .

Proposition 31. Let V and W be two LCTVS-s and let (p;)icr and (q;)jes be two families of
seminorms that induce the topologies of V' and W, respectively. A linear map £ :V — W is
continuous if and only if, for any j € J, there exist i1,...,ixy € I and C > 0, such that, for
all v eV, one has

() < Cmaxp, (v)

5.4 Presheaves of topological algebras and sheafification
In the following, we need two lemmas.

Unless otherwise stated, all cartesian products [[,, Tt of topological spaces T, are endowed
with the product topology, i.e., the weakest topology for which all projections pg : [[, Ta — T3
are continuous.

Lemma 32. Let (T%), (i € {1,2,3}) be families of topological spaces, and let (my)a be a
family mq : T x T2 — T2 of continuous maps. Then the map

m HTal X HTg > ((Ta)aa (ta)a) = (ma(Ta,ta))a € HTg

1S continuous.

Proof. Since the cartesian product [[,, Ti, of topological spaces T, equipped with the product
topology, is the product in the category of topological spaces, it follows from the universal
property that a map f : T — [, To from a topological space to a product space is continuous
if and only if all the pgo f : T — Tp are continuous. However, the map p}om : ((Ta)a;, (ta)a) =
mg(7s,t3) is the composite mg o (p% X p%), which is of course continuous. O
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Lemma 33. Let V' be a vector space, let (Vy)a be a family of LCTVS, let £y : Vo, — V be a
family of linear maps, and let V' be equipped with the finest locally convex vector space topology,
for which all the £y are continuous (V is then a LCTVS). If W is a LCTVS, a linear map
£:V — W is continuous if and only if all the maps £ o £y, : Vou — W are continuous.

Proof. See |BS17, Proposition 2.3.5] O
In the present text:

Definition 34. A topological algebra ( TA for short) (resp., a locally convex topological
algebra ( LCTA for short)) is a (real) topological vector space ( resp., a locally convex ( real)
topological vector space), with an associative, bilinear, and ( jointly) continuous multiplication.
A morphism of topological algebras ( resp., a morphism of locally convex topological algebras )
is a continuous algebra morphism. We denote the category of topological algebras (resp., of
locally convex topological algebras) and morphisms between them by TAlg (resp., by LCTAlg).

The category of Fréchet algebras is a full subcategory of the category of locally convex
topological algebras, itself a full subcategory of the category of topological algebras.

We denote by PSh(7', TAlg) (resp., Sh(7, TAlg)) the category of presheaves (resp., sheaves)
of TA-s over a topological space T. Similarly, the category PSh(T,LCTAlg) (resp., Sh(7,
LCTAlg)) is the category of presheaves (resp., sheaves) of LCTA-s over T', and the category
PSh(T,Alg) (resp., Sh(T,Alg)) is the category of presheaves (resp., sheaves) of algebras over
T.

Proposition 35. Denote by + the sheafification functor
+ : PSh(T, Alg) — Sh(T, Alg) : For ,

i.e., the left adjoint of the forgetful functor For. If F € PSh(T,TAlg), we have F* €
Sh(T,TAlg), and the morphism i : F — F7T of presheaves of algebras is a morphism of
presheaves of TA-s. Moreover, if p : F — F' is a morphism in PSh(T,TAlg), then ot : F+
— F'*t is a morphism in Sh(T, TAlg). The same results hold, if we replace TA-s by LCTA-s.

Proof. We study the case F € PSh(T,LCTAlg) (in particular F € PSh(7T,Alg)).

Since sheafification is based on stalks F, (x € T), i.e., on inductive limits, and since the
inductive limit of a directed system of sets endowed with a same algebraic structure has as
underlying set the inductive limit of the directed system of underlying sets, it is natural that
the same result holds for sheafification functors. Let 4+ be the sheafification functor

+ : PSh(T,Alg) > F — F' € Sn(T, Alg) : For .

Recall that F©(U) (U € Open(T)) is defined as the subset of (ILF)(U) := [],cy Fa, which
is made of those elements o = (04)zcv = ([S]z)zev, for whom the section s is constant in a
neighborhood of any point of U. The algebra operations on F(U) are naturally induced by
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those of the stalks. Restrictions are the obvious algebra morphisms. The morphism i : F — F
of presheaves of algebras is defined by

iv: FU) 3 s ([sl)ecr € FHU) , (36)

and iy is injective, if F is separated. If G € Sh(T,Alg), the morphism i : G — GT is an
isomorphism of sheaves of algebras. Further, if j : F — G is a morphism of presheaves of
algebras, the unique morphism 7: F™ — G of sheaves of algebras, such that 70i = j, is given
by v = [l er Jz, Where j; : Fo — G, is the morphism of algebras induced by j:

Ju  FHU) 3 ([sla)acv = (Jolsla)oer € G7(U) = G(U) . (37)

Similarly, if 7, 7' € PSh(T,Alg) and ¢ : F — F' is a presheaf morphism, the components of
the sheaf morphism o+ : F© — F'* are

904[} : FH(U) 3 ([sle)wev — (p2ls]a)zev € FHU) .

The stalk F,, (z € T) is the inductive limit algebra F, = lim, F(U) of the directed sys-
tem of algebras (F(U), p{), where U is an open neighborhood of z and p{ the restriction from
U to V C U. This system is actually a directed system of LCTA-s, in the sense that the F(U)
are LCTA-s and the pg are continuous algebra morphisms. If we endow the inductive limit
algebra JF, with the final locally convex vector space topology with respect to the canonical
algebra morphisms 7 : F(U) — F (i.e., with the finest locally convex vector space topology,
for which the 7{; are all continuous), the limit 7, is a LCTVS, whose multiplication is (jointly)
continuous |[Mal86, Lemma 2.2.], i.e., the stalk F, is a LCTA.

In the following, the algebra F*(U) C (ILF)(U) carries the induced topology of the product
topology. Since any product of LCTVS-s and any subspace of a LCTVS are LCTVS-s, the
algebra F*(U) is a LCTVS. The multiplication on F*(U) is continuous in view of Lemma 32,
so that F*(U) is a LCTA.

To show that F € Sh(T,LCTAlg), it suffices to prove that any restriction
) (F)(U) 3 (02)sev = (00)sev € (IIF)(V)
is continuous, i.e., that, for all y € V, the map
pg‘j orl = pr :(ILF)(U) 3 (0g)zev — 0y € Fy

is continuous — which is a consequence of the definition of the product topology.

The next step consists in proving that the morphism i : F — F T of presheaves of algebras
defined by (36), is a morphism of presheaves of LCTA-s, i.e., in proving that, for any y € U,
the map

prin =7l F(U)> s [s]y € Fy

is continuous. This holds true by definition of the final topology on F,,.
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Let ¢ : F — F' be a morphism in PSh(7,LCTAlg). To show that ¢ : F* — F'* is a
morphism in Sh(T,LCTAlg), it suffices to show that

[T ¢ : MA)V) 2 ([sla)eer = (olsle)eev € (IF)(U) (38)
zelU
is continuous. This is the case if and only if ¢, : F, — F., € U, is continuous. In view of
Lemma 33, the algebra morphism ¢, is continuous if and only if

promy =7y oy F(V) 3 s ¢y [sle = [pvsls € Fy
V' > z, is continuous. This condition is obviously fulfilled. O

Corollary 36. When equipped with the final locally convex vector space topology with respect
to the canonical algebra morphisms wf; « F(U) — Fy, a stalk Fy, x € T, of a presheaf F € PSh
(T, TAlg) is the inductive limit in TAlg of the directed system (F(U), p¥). The same statement
holds in LCTAlg.

Proof. Clearly, the nf; : F(U) — F, are morphisms in (LC)TAlg. Let (F,py) be made of
F € (LC)TAlg and (LC)TAlg-morphisms py : F(U) — F, such that py o pl, = py. Due to
Lemma 33, the unique Alg-morphism u : F, — F', such that u o7, = py, is continuous, since
the u o 7y = py are all continuous. Hence, the claim. O

Proposition 37. Leta: A — C and B : B — D be two continuous algebra morphisms between
nuclear Fréchet algebras. Then a®pB : AQB — CRD is a continuous algebra morphism between
nuclear Fréchet algebras.

Proof. Since o and [ are continuous linear maps between locally convex spaces, the map
a®B: A®B — C®D is continuous linear, and its continuous extension a®3 : AQB — C®D
is continuous linear as well.

The source and the target of a®p are nuclear Fréchet algebras [Emel7, Lemma 1.2.13]. Tt
remains to show that a®f respects their (continuous) multiplications. Let a = 3 7% a; ® b;

and b = Z?io a’; @ b; be two elements of A®B. Using continuity, we get

(@®B)(a-b) =limlim > 3 (a(aa(a)) ® (B0)B5) -
i=0 j=0
It is straightforwardly seen that (a®8)a - (a®S)b is given by the same limit of sums of tensor
products. -

Proposition 38. The multiplication m : A x A — A of a nuclear Fréchet algebra A extends
to a continuous algebra morphism m : A®A — A between nuclear Fréchet algebras.

Proof. We equip A ® A with the projective tensor topology. The continuous bilinear maps
from A x A to A correspond exactly to the continuous linear maps from A ® A to A. Hence,
the multiplication m can be viewed as a continuous linear map m : A ® A — A. The latter
extends to a continuous linear map m : A®A — A. This extension respects the (continuous)
multiplications. The proof is similar to the one of Proposition 37. O



Products in the category of Zy-manifolds 35

5.5 Direct image and sheafification
Proposition 39. Let F € PSh(T,LCTAlg) and let f € CO(T,T"). There is a morphism
v (o F)Y = f FT
in Sh(T’,LCTAlg).
Proof. The assignment
foF 1 0pen(T”) > V = F(f1(V)) € LCTALg
together with the restrictions

Pl (BFPIV) = (L)),

where p are the restrictions of F in LCTAlg, is a presheaf f.F € PSh(7’,LCTAlg). In view of
Proposition 35, we get (f«F)" € Sh(7”,LCTAlg). Similarly, we have f. F* € Sh(T’,LCTAlg).

Further, for x € T and U D U’ > «, the LCTAlg-morphisms nf; : F(U) — F, and 7}, :
F(U') — F, satisfy {5, 0 pl, = wf;. As, due to Corollary 36, the stalk (f.F) () € LCTAlg is
the inductive limit in LCTAlg of the directed system

_ -1y
(FUT V) phaly)) (VO V!> f@),
there exists a unique LCTAlg-morphism

such that wu, o 7r‘f/(z) Ti-1(vy» 1., such that u, [s](z) = [, for all s € F(f~1(V)) and all
V3 f(x).
For any V € Open(7”), the map

w e ((EFNV) 2 (sly)yev = (o [8]p@)ees-1v) = ([8le)ae vy € AF)(FTHV))  (40)

is a continuous algebra morphism. Indeed, the algebraic operations are defined component-
wise. For instance, the image of a product ([s], - [s'])yev is the product (ug[s]fe) - Uz
(8] f(2))wef-1(v) of the images. Moreover, the map vy is continuous if and only if the maps

f7HV)

ph W ouw s (AEFNV) 2 ([slyyev = ua sy € Fo (z € fTHV))

71V

are. The preimage by p oy of any open w C F, is the product over y € V, whose

factors indexed by y # f(x) are (fiF)y and whose factor indexed by f(x) is the open subset
Wy, ty is thus open in (II(f,.F))(V).

The restriction of ¢y to (f«F)T(V), still denoted by vy, arrives in (fi F1)(V). Assume
that ([s]y)yev is implemented in a neighborhood Vj, of an arbitrary point yo € V' by a same
section t € (fo.F)(Vy,), let zo € f~H(V), and set Uy = f~1(Vi(yy)). For any @ € Uy, we have

uy (w) of (fuF )#(z)- The preimage by pgg

Uz [8]p(@) = Uz [t] @) = [t
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with ¢ € F(Usy,).

The restriction vy : (fF)T(V) = (f« FT)(V) is obviously a morphism in LCTAlg. Since
these 1y commute with restrictions, they define the sheaf morphism ¢ announced in Proposition

39. O
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