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1 Introduction

Recently, holography involving higher spin gauge theories has received a lot of atten-
tion. Higher spin gauge theories are believed to be related to the tensionless limit of
superstring theory, and indeed higher spin holography may be seen as a simplified, but
non-trivial, version of AdS/CFT duality in superstring theory. A famous example is the
proposal by Klebanov and Polyakov in [1] which says that a 4 dimensional higher spin
gauge theory is dual to the large N limit of the O(N) vector model. Two years ago it
was conjectured in [2] that a 3 dimensional higher spin gauge theory is dual to a large

N minimal model, see [3] for a review. There are several generalizations of this duality;



a truncated version was considered in [4, 5], and the full N' = 2 supersymmetric ver-
sion was introduced in [6]. In this paper we would like to propose and test the N = 1
supersymmetric version of the duality.

The higher spin gauge theories appearing in these dualities are truncated versions of
the N/ = 2 supergravity by Prokushkin and Vasiliev [7]. A bosonic truncation is used
in the original proposal [2] which has an infinite series of higher spin gauge fields with
spins s = 2,3,... and two complex scalars. The dual theory is a large N limit of the
minimal model with higher spin Wy symmetry [8]. Currently there is much evidence for
the duality based on the symmetry [9, 10, 11, 12, 13] and the spectrum [14], and also
correlators have been calculated [15, 16, 17, 18, 19]. In the case of finite N, a refined
version of the duality has been proposed in [13], however, we will here only be concerned
with the strict large N limit. In [4, 5] a further truncation is used for the gravity theory,
and it then includes even spin gauge fields with s = 2,4,6,... and two real scalars with
the mass M? = —1+ 2. The dual theory is the large N limit of the WDy minimal model
described by the coset theory!

SO(2N), ® $(2N);
(2N )

(1.1)

In the limit we also take k to infinity, but fix the 't Hooft parameter

2N

N
2N +k—2"

(1.2)

which is identified with the A parameter in the mass of the bulk scalars. This conjecture
was supported by the analysis of RG-flow in [4] and the comparison of one-loop partition
functions in [5], see also [20] for work on the spin-4 operator in correlators.

In [6] we extended the duality to the case with supersymmetry. The untruncated
version of the A/ = 2 supergravity in [7] is proposed to be dual to the N’ = (2,2) CPY
Kazama-Suzuki model 21, 22]. The partition functions of the gravity theory and the CF'T
are shown to match in [23], and the symmetry algebras are analyzed in [24, 25, 26, 27].
Other related works may be found in [28, 29, 30, 31, 32, 33]. By including supersymmetry,
quantum effects are known to become more tractable in general. Moreover, the relation
to superstring theory could be more transparent as was also mentioned in [24]. In [7]
several N/ = 1 truncations have been also discussed, and we would like to consider the
simplest one without any matrix degrees of freedom. The supergravity includes both
bosonic and fermionic higher spin gauge fields and also massive scalars and fermions, as
in the untruncated case. Our proposal is that the dual CFT is given by the N' = (1,1)

super coset

SO2N + 1), & (2N);

SN (1.3)

L As pointed out in [4, 5], the WBy minimal model is a candidate as well.
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There is no enhancement of supersymmetry from A" = 1 to N/ = 2 since this coset does
not satisfy the condition in [21, 22]2. We need to take the large N limit with 't Hooft

parameter?

2N

=" 1.4
A 2N +k—1 (14)

kept finite. Again, this parameter is identified with the one in the masses of the bulk
matter. We will underpin this conjecture by showing that the supergravity and the CFT
partition functions match, i.e. the spectrum is the same on both sides. Further, we will
also study the symmetry of the super coset model.

This paper is organized as follows: In the next section we give explicit formulas for
one-loop partition functions in the higher spin gravity theories. In section 3, the one-loop
partition function of truncated bosonic gravity theory is reproduced by the 't Hooft limit
of the coset model (1.1). This was already done in [5], but we obtain the same result
by using the different method adopted in [23] as a preparation of the later analysis. In
section 4, we introduce the N' = (1,1) super coset (1.3) and study its torus partition
function. We show that in the 't Hooft limit it reproduces the one-loop partition function
of the N = 1 supergravity. In section 5, we study the symmetry of the super coset model
(1.3). Section 6 is devoted to conclusion and discussions. In appendix A, we review the
N =1 truncation of the N’ = 2 supergravity found in [7] and show that the ' = 1 higher
spin algebra is the analytical continuation of the osp(2N + 1|2N) Lie superalgebra. In

appendix B, we summarize useful properties of orthogonal Lie algebras.

2 Higher spin gravity theories

In this section, we study truncated versions of the higher spin N' = 2 supergravity
in [7] and obtain explicit formulas for their one-loop partition functions. In the first
subsection, we review the bosonic gravity theory having only gauge fields of even spin
s =2,4,6,... which is proposed in [4, 5] as the gravity dual of the WDy minimal model.
In subsection 2.2, we consider the larger N' = 1 truncation of N' = 2 supergravity via an

anti-automorphism which was also introduced in [7], and which we review in appendix A.

2.1 The bosonic truncation

In [2] a bosonic truncation of the N' = 2 supergravity introduced in [7] is utilized

to construct a simplified version of the AdS/CFT correspondence. The gravity theory

2The condition for enhancement to N = 2 superconformal symmetry is that the coset manifold G/H

is a Hermitian symmetric space. This is not true for SO(2N + 1)/SO(2N) with N > 1.
3For large N, k, the difference between (1.2) and (1.4) is irrelevant.



includes massless gauge fields with spins s = 2,3,4,... and two complex scalars with

mass
M? = —1+ ). (2.1)

The massless sector can be described by a Chern-Simons gauge theory based on the hs[\]
Lie algebra which can be reduced to sl(N) for A = £N. The dual CFT is proposed to be
a large N limit of the WA ; minimal model.

The WDy (and WBy) version of [2] was treated by [4] and [5] (the last reference
mostly on the former algebra). The bulk side is a truncated version of the hs[A] algebra
containing only even spins, see [5, 34]. The one-loop partition function for the gauge
sector is given by [35, 36, 37]

o0

o0 o0 1
— @) _
Zgge = [ [ 220 =TT 1 TogF (2.2)
I=1 1=1 n=2l
where ¢ = exp(7) is a modulus for the boundary torus of the Euclidean AdS3;. The bulk
side contains two real scalars with the same mass as in eq. (2.1). The fall-off behaviour at
the boundary is chosen oppositely for the two scalars like in the WAy case. In the dual

boundary CF'T this gives two real scalars with conformal weights

1+A 1—-A
hy=—2 h="_2, 2.
+ 9 ) 9 ( 3)

For each scalar field with the dual conformal weight h, the partition function is [35, 36]

o

1
h _
Zscalar - H 1— qh+mq—h+n : (24)

m,n=0

The one-loop partition function of the gravity theory is then given by

Z Zgauge 2ot i 2l (2.5)

1-loop — scalar ““scalar

In order to compare the gravity partition function to the dual CFT partition function,
it is convenient to rewrite the partition function of the matter sector. We introduce a
Young tableau Taby of shape A. Here we assign a non-negative integer ¢; ; to the box in
the Young diagram A at the i-th row and the j-th column, see figure 1. The rules for the
numbers ¢; ; are that the entries do not decrease along a row and increase along a column.

Then the partition function of a scalar field can be rewritten as [14, 23]

Dl = Y lcha(U(R)? (2.6)
A
where the character of the representation A is defined as

@)= S T[d™ . Uy = . (2.7)

T€Taby jET



Figure 1: A Young tableau Tab, of a shape A. In each box of the Young diagram A, we
assign a non-negative number ¢; ; with a rule that ¢;; <¢; ;41 and ¢;; < ¢i1,;. A Young
supertableau STab, of a shape A are also given by a Young diagram A and a non-negative
number ¢; ; in a each box. However, the rules for ¢, ; are a bit different. The numbers
should always satisfy the conditions ¢;; < ¢; ;41 and ¢;; < ¢iq1,5. Further ¢;; < ¢ 541 if

¢ij and ¢; ;41 are odd, and ¢; ; < ¢;y1; if ¢;; and ¢4 ; are even.

The one-loop partition function of the gravity theory is thus summarized as

Zl)\—loop = Zgauge Z |cha (U (hy))chz (U (h-))[* (2.8)

AE

with hy given in (2.3).

2.2 The N =1 truncation

In [7] the truncation from N = 2 to N/ = 1 supergravity has been discussed, see also
appendix A. The /' = 1 theory also has massless higher spin gauge fields and matter fields.
Let us start from the massless sector. As derived in appendix A, the massless sector can
be described by a large N limit of osp(2N + 1|2N) @ osp(2N + 1|2N) Chern-Simons gauge
theory.? In order to see the spin content of the theory, we have to identify an osp(1]2)
subalgebra as the N/ = 1 supergravity sector. As in [6], we adopt the superprincipal
embedding of osp(1|2), which gives us [38]

N
osp(2N + 1|2N) = Z (Rok—1 ® Rop_1/2) - (2.9)

k=1

4Tt might be possible to use osp(2N — 1|2N) @ osp(2N — 1|2N) Chern-Simons gauge theory.
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Here R; is the representation of osp(1]2) decomposing under the sl(2) as R; = D; @
Dj_y /5, where D; denotes the 2j 41 dimensional representation of sI(2). This gives a spin

decomposition of the form

N
0sp(2N + 1]2N) =Y~ (Da—1/2 ® 2Day—1 © Daj_sy2) - (2.10)
k=1
We see that we have no odd integer spins. In the infinite N limit we have two fields of
each even spin, and one field of each half odd integer spin.

The spin j of the embedded sl(2) is related to the space-time spin as s = j + 1, and a
more close examination shows that the integer and the half-integer spin components are
bosonic and fermionic elements of osp(2N + 1|2N), respectively. With the help of the
results for N/ = 2 supergravity in [6], we can write down the contribution from higher

spin fields as

21 s—1
Zgange = H(Z(B ))2H21(w ) ’ (2.11)
=1 s=2
where
s " 1 s " n+1
Z;’zﬂm, z2 =T +q 2P (2.12)

are the partition functions of a bosonic field with spin s and a fermionic field with spin
s + 1/2, respectively.

One advantage of the Chern-Simons description is that we can easily read off the
classical asymptotic symmetry near the boundary of AdSs [9, 10, 11, 12]. The Chern-
Simons theory is a topological theory, and dynamical degrees of freedom exist only at
the boundary. The boundary degrees can be described by osp(2N + 1|2N) Wess-Zumino-
Novikov-Witten model, whose symmetry is the affine osp(2N + 1|2V) Lie superalgebra.
For the application to the AdS/CFT correspondence, we have to assign the boundary
conditions ensuring the bulk space being asymptotically AdS space. It was shown in
[10, 12] that this condition is the same as for the classical Hamiltonian reduction (see, for
instance, [8]). Thus the classical asymptotic symmetry of the A/ = 1 truncated theory
is obtained by the Hamiltonian reduction of affine osp(2N + 1|2N) Lie superalgebra in a
large N limit.

The matter sector consists of a single N/ = 1 hypermultiplet, having two complex

scalars with masses respectively
(MB? =—1+X, (MPYP=-1+(\-1), (2.13)
and two fermions with mass

(ME) = (A= 1)2. (2.14)



Also for the fermions we can choose two types of boundary conditions. We choose these
such that the boundary conformal dimensions simply become a real version of the N = 2
case [6] (see also [23])

(AT ALAR) = (2-X2-X1-)), (AL 3+A1+N). (2.15)

The one-loop partition function of the matter part is [6]

A 1—X 1
5 5 h h+5 (~h 27k
Zmatter = ZthperZhyQper ) Zhyper = Zscalzr(Zspinor) Zscalar (216>
where (note no square in the bosonic partition function)
o0 1 oo
h h 2 hA-l =h+ L+ JOEE S
Zscalar = H 1 — qh+lq—h+l/ ) (Zspinor) = H (1 +4q * q T2t )(1 +4q tar 4q - ) :
LI'=0 LI'=0

As in the bosonic case, it is convenient to define the supercharacter®
sca@(h) = Y [Id"*.  Ulh),;=(-1Y¢"% . (2.17)
TESTaby jET
Here STab, represents a Young supertableau of shape A. In the supertableau, a non-
negative integer is assigned to each box of the Young diagram A with rules specified in

figure 1. Then following [23], the partition function of the matter sector can be given as

2l = Y |schaU(R))]* . (2.18)
A
Therefore, the one-loop partition function of the A' = 1 truncated theory can be expressed

Z = Zouge Z |schy (U (hy)) sche(U(h_)? (2.19)

where h, = % and h_ = %

3 Holography for SO(2N)

It was proposed in [2] that a bosonic truncation of Prokushkin-Vasiliev theory [7] is
dual to a large N limit of Wy minimal model. A further consistent truncation is possible
in the gravity theory as discussed in section 2.1, and the dual CFT is conjectured to be

the WD minimal model with the coset description (1.1) [4, 5]. In order to compare with

This is a character of gl(co|co), considered in [23]. The bosonic one (2.7) is the character of gl(co)
which is the Lie algebra of infinite dimensional matrices. The generators may be given by (e;;)x,; = 6;.10, %
and only those with finite 7, j are considered. The supergroup gl(co|oo); is quite similar to gl(co)y, but

now e;; is bosonic for even i 4 j and fermionic for odd  + j.

7



the classical gravity theory, we need to take a large N limit while keeping the 't Hooft
coupling (1.2) finite, and this parameter is identified with A in (2.1). The equivalence of
the spectrum in this limit was shown in [5] by directly applying the method in [14]. In
this section, we will obtain the same result by making use of the different method in [23].
In the next section, we will use the same method to show the matching of the spectrum

in the A/ = 1 supersymmetric version of the duality.

3.1 The dual CFT

We would like to reproduce the gravity partition function (2.8) from the viewpoint of
the dual coset CFT (1.1)°

SO(2N )i, @ S0(2N), (3.1)
SO(2N )41 ’ '
whose central charge is
2N —1)(2N — 2
S PO i ) (3:2)

(k+2N —2)(k + 2N — 1)

We use the diagonal embedding of s0(2N )41 into S0(2N)x @ $0(2N )1, and the states of
the coset (3.1) are obtained by the decomposition

ARw=d=(\,w;Z)R=. (3.3)

The states are thus labeled by (A,w, =), which are the highest weights of the representa-
tions of S0(2N)g, S0(2N )1, S0(2N )k 1, respectively. Some basics of so(2/V) Lie algebra may
be found in appendix B. For So(2/N);, there are only four representations: The identity,

vector, spinor and cospinor representations. The selection rule is
A w—Z¢€ Qan (34)

where Qo is the root lattice of so(2/V). The congruence class of so(2N) is Zy for N =
2n + 1 or Zy X Zs for N = 2n with n € Z (see, e.g., [39]), and this equation uniquely
determines w given A and =, and we simply denote the states by (A;Z). Moreover, there
are field identifications (A;Z) ~ (AA; AZ) with an outer automorphism A of the affine
algebra S0(2N); and S0(2N )41 [40]. The conformal weight of the state (A;E) is given by

. CQN(A> CQN((U) CQN(E)
hoam = oN 2 TaN—1 kFroN—1 " (3.5)

where Con(A) is the quadratic Casimir of so(2N) and the integer n is the grade at which

= appears in A ® w.

6We heard that in [34] the duality is refined so as to be applicable for finite N, k. It is pointed out
there that an Zs orbifold should be used instead of (1.1), but this difference disappears in the large N
limit, like we also found in (5.2). Further, this subtlety does not arise in the WBy case.
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We define the characters of S0(2N); and the branching function as
Ch?\N7k(Q7 eH) = trAqLoeH ) b?\],vék(q) = tI‘(A;E)qLO y (36)

where Lg is the zero mode of energy momentum tensor and H is the Casimir element of
so(2N). From the decomposition (3.3) we find

ChiN,k(q, ) ChZN 1 q’ Z b?Nk Ch2N Jk+1 (q, GH) . (37)

In addition to the chiral sector, the CFT has an anti-chiral sector. We consider the
charge-conjugated theory with the Hilbert space H = > (A; =) ® (A;Z). We should take
care of the field identification when the sum is taken. The partition function is then given

by the diagonal modular invariant

ZWk(g) = |g7 = Z|b2Nk )|? (3.8)

In order to compare with the classical gravity theory, we take a large N, k limit with
the 't Hooft parameter (1.2)

2N
TONfk-2
kept finite. Since representations of order N2 decouple in this limit, we keep those whose
conformal weights are of order N. With this criterion, the highest weights for the rep-
resentations that survive can be labeled by Young tableaux [5] (see also appendix B).
Moreover, representations are self-conjugate for the orthogonal Lie algebra. Denoting the
number of boxes in the i-th row by [/; and in the j-th column by ¢;, the quadratic Casimir

is expressed as (B.9)

Con(A) = |A| (N——) (Zz? Z ) (3.9)

We consider Young diagrams with only finitely many boxes in the large N limit, and
the above equation implies that Con(A) ~ N|A| where |A| is the number of boxes of the

corresponding Young diagram.

3.2 Comparison of partition functions

We would like to compute the branching function biNEk(q) in eq. (3.6) in the 't Hooft
limit. For ¢ having real part less than one, we can neglect ¢ and ¢*. Following [5] we first
study the large k behavior of the characters of $0(2N); and then compute the branching
function utilizing (3.7). For large k, the character becomes [8, 14, 23]

WV 2N (o H
ChiN,k(q’eH) ~ q chi” (e”)

[Lm (=g Tlaea,y (T = grecUD)]

(3.10)



where we have used the Weyl-Kac formula and A,y denotes the roots of so(2N). For
large k, the affine Weyl group reduces to the finite Weyl group as discussed in [14], which

leads to the character of the finite so(2N) Lie algebra ch3™ (ef!). The conformal dimension

is now
Con (D)
2N,k 2N
V= . A1
& k+2N —2 (3:11)
For large k we can reduce the relation (3.7) to
ch2N () ch?M(q, ™) = E aiN( ) chZY (e | (3.12)

with the help of (3.10). Here the k-independent function a3 (¢) is related to the branching

function as

p2Nk_p 2N kL o

baz'(q) =" "= aii(g) - (3.13)

As will be shown now, the function aﬁf;g(q) can be written as

= > N Eadhia ZN "azhi(q) (3.14)

with N /(\25N)H being the Clebsch-Gordan coefficients of so(2N). First notice that

ch?Mt(q, e Za q) chZY (ef) | (3.15)

which is obtained from (3.12) with A = 0. Then, we use

chi}™ (") chif" (" ZN&N* ch2" (") (3.16)

and the fact that the representations are now self-conjugate.
Next, we take the large N limit. As discussed in the previous subsection, the highest
weight representations can be labeled by Young diagrams with finitely many boxes in the

limit. In the next subsection, we will obtain

. 1
ao(q) = ]\}I_I}(l)o agy (q) = H H g (3.17)
=1 n=21
ao=(q) = ]\}Lnéo %N(C]) = ap,0(q) ChEt(U(%)) ; (3.18)

where the character is defined in (2.7). In the transposed expression =!, the rows and

columns are exchanged. Moreover, the conformal weight becomes

RV ~ yA| (3.19)
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Using these facts, the branching function in the 't Hooft limit can be found as
N =(q) = ¢ NEDag (g Z NL chye (U (3)) (3.20)

As in [5] (see above the eq. (3.34) of the paper) we assume that
Al + 2] = 11 (3.21)
which leads to
Ni = lim NEOT (3.22)

with NiL as the Clebsch-Gordan coefficient of gl(co),. Using the fact that the Clebsch-

Gordan coefficients are the same for the transposed representations, we can show

Z\bﬁ;E(Q) gaugeZIQ 2INEDehn (U(3)) chz (U ()

(3.23)
gauge Z |ChA‘ Ch—t(U(h ))|2 :

This reproduces the gravity partition function (2.8). It was argued in [14, 5] that a
large number of null states appear in the 't Hooft limit and the decoupling of these null
states is equivalent to the condition (3.21). This assumption is quite important for the
equivalence of the partition functions, so we would like to examine it more carefully as a

future problem.

3.3 Characters from free fermions

Here we would like to compute (3.17) and (3.18) using free fermions. It is well known
that S0(2N); can be expressed by 2N real free fermions ¥* with a = 1,2,...,2N. Thus
the task here is to decompose the left hand side of (3.15) by the characters of the zero

mode so(2N) Lie algebra. The space of free fermions is spanned by

ey
[T¢% .. (3.24)
J 2
j=1
where r; = 0,1,2,... and § is the vacuum. The branching function agz counts the

multiplicity when the representation = of so(2N) appears. The representation appears
for the first time when n, = |Z|. Following the argument below (2.49) of [23], the

branching function is found to be

chz(U(3)) (3.25)

11



when summing the possible modes r; while keeping n,, = |=| fixed. Notice here that the
modes r; can be interpreted as the entries of the Young tableau of the shape = since the
Fermi statistic explains the rules for the entries (see figure 1).

There is another contribution to the branching function agz with n, > |Z|, which
comes from multiplying with so(2N) invariants. From the classical invariant theory, we

can see that the so(2N) invariants are generated by [41]

oo 2N
My

[T v, wve, ) (3.26)

r,s=0 a=1
and additional invariants that have conformal dimension at least V. Note, that there are
also only relations between invariants for conformal dimension of that order due to the
first and second fundamental theorems of invariant theory for the vector representation
of the orthogonal group. Now that we are dealing with Majorana fermions, there are two
differences from (2.51) of [23]. Firstly, we should set r # s due to the Fermi statistic.
Secondly, we should set r > s since two fermions can be exchanged. In the large N limit,

we ignore the finite N effects and obtain

ano(q) = H Z gt = H 1 _ grts+l (3.27)
r>5=0 M, s=0 r>s=0 q =1 n= 2l

which is (3.17). By multiplying with (3.25), we obtain (3.18).

4 N =1 supersymmetric holography

In [6] we have proposed the untruncated N' = 2 supersymmetric version of the duality
in [2], and the equivalence of the spectrum has been shown in [23]. The aim of this paper
is to conjecture an N = 1 version of the duality and show that the one-loop partition
functions agree. The gravity theory considered is the N/ = 1 truncation of the N' = 2
higher spin supergravity discussed in subsection 2.2 (see also appendix A). We propose
that the dual CFT is given by the super coset model (1.3)

SO(2N + 1)), ® S0(2N),

YT (4.1)

Moreover, we take a large N, k limit while keeping the 't Hooft parameter (1.4) finite, and
identify the parameter with A appearing in the masses (2.13) and (2.14). Geometrically,
the quotient by the right action of SO(2N) is a sphere

SO(2N + 1)

2N __
5= SO(2N)

(4.2)

Our coset, however, is a quotient by the adjoint action of SO(2N). Introducing 2N
fermions, given by s0(2N); factor, the model has N' = (1, 1) supersymmetry. This model

12



should have the symmetry obtained by the Drinfeld-Sokolov reduction of osp(2N + 1|2N)
and this should be studied as a next step. In the following we will show that the gravity
partition function is reproduced by the 't Hooft limit of the N' = (1, 1) super coset (4.1).

4.1 The dual CFT

We would like to compute the torus partition function of the coset model (4.1) in the
't Hooft limit and compare it with the gravity partition function. The central charge of

the coset model is given by

_K@N+UN  N@N-1)  (h+DNEN-1) 3Nk 43
T k1N -1 IN — 1 E+o2N—1  k+2N—1" '

The states are labeled as in the bosonic case. Namely, we use A,w,= as the highest

weights of representations of SO(2N + 1)k, $0(2N)1, S0(2N)i, see appendix B for some

basics of the orthogonal Lie algebras. The selection rule is now given by
AMMdw—-=c¢ Q2N+1 (44)

where oy is the root lattice of so(2N + 1). For the identification of so(2N + 1) and
so(2N) weights, see again appendix B. Since the fermions in the gravity theory satisfy
the anti-periodic boundary condition along the space-like circle, we have to use the same
boundary condition for the fermionic states. We set w = NS, where NS means the sum
of the identity representation (w = 0) and the vector representation (w = 2). With this
w, the selection rule reduces to Ay = Zy_1 + Zn5 mod 2 with the notation in appendix
B. The states are thus labeled by (A; =) with the field identification taken into account,”
and the conformal weights are

L o) = Con@)] + Y (4.5)

k+2N —1 4

Here C(A) is the quadratic Casimir of so(M) and and the integer n is the grade at which

hiaz)

= appears in (A, w).
We use the embedding SO(2N) < SO(2N + 1) as

v

o(v) = (é 0) € SO@N +1) . (4.6)

Then we embed s0(2N )1 diagonally into S0(2N ) ® S0(2N);. The states of the coset is
obtained by the decomposition

A®NS = @=(A\E)QE. (4.7)

"The field identification can be read off from the phases of character modular transformations [40], and
it may be written as (A,w;Z) ~ (AA,w + 2; AZ). Here A is the Zy outer automorphism of S0(2N + 1).
The group of outer automorphisms of S0(2N) is Z4 or Zs X Zs depending on whether N is odd or even.
We set A to be one of the four that exchanges Zp and Z; (and possibly others), where the affine Dynkin
labels are represented as [E¢; Z1,..., 2]
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The branching function of the coset model (4.1) can be defined as in the bosonic case

chy" (g, 1(v) ehyg (g, v) = Y sbis"(q) ch2 (g, ) (4.8)

Here the character of the 2N free fermions in the NS-sector is

ch3y (g, v) Hle (14 60" 3) (4.9)

n=0 =1

where v is an SO(N, N) matrix with eigenvalues (v;, v;). We consider the Hilbert space
spanned as H = Y (A;Z) ® (A; Z) and the partition function is

Z2Nk q 24| Zle2Nk 2 (41())
[A;E]

Note that this is not the diagonal modular invariant in the usual sense, since we now take
the sum of the identity and the vector representations for S6(2/N); in the numerator of
(4.1) in both the chiral and anti-chiral part.

In order to compare the CFT partition function with the supergravity partition func-

tion, we have to take a large N, k limit with the 't Hooft parameter (1.4)

2N
= 4.11
A k+2N —1 ( )

kept finite. Now the states of the ' = (1, 1) super coset model (4.1) are labeled by (A; =),
where A, = are the highest weights of so(2N + 1) and so(2/N), respectively. As mentioned
in the bosonic case, the highest weight representations for so(2N) can be labeled by
Young diagrams with finitely many boxes in the limit, and the quadratic Casimir becomes
Con(Z) ~ N|Z| where |Z] is the number of boxes of Young diagram denoted by the same
letter =. The case of so(2N + 1) is also studied in appendix B and the same conclusions
are obtained in this case. Namely, the highest weights are described by Young diagrams
in the limit, which implies that the states of the super coset (4.1) are labeled by sets of
two Young diagrams (A; Z). The quadratic Casimir is (B.15)

Coni1(A) = |AIN + = (ZP Zc), (4.12)

where the number of boxes in the i-th row is /; and the number in the j-th column is ¢;.
In the large N limit, this behaves as Coni1(A) ~ N|AJ.

We end this subsection by noting that the most fundamental states in the coset, which
we believe to generate the remaining states under fusion in the 't Hooft limit, are (v, 0;0)
together with its fermionic partner (v, v;0), and (0,0;v) also together with its fermionic

partner (0,v;v). Here v denotes the vector representation with only the first Dynkin label
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non-zero and equal to one. Using the equation for the conformal weights (4.5) we get

1 1
hiwo0) = 5N, Rvo)y = =(1+A),
( ’070) 2 ( ) 70) 2( + )
1 1
ho.viw) = 5(1 - A) h0,00) = 5(2 - ), (4.13)
where in the last case we had to use n = 1 in (4.5) since we start from the trivial

representation in the numerator of the coset. This fits perfectly with the calculated
conformal dimensions from the bulk side (2.15). We will thus have two supermultiplets
in the CFT generated from (v,0;0) ® (v,0;0) and (0,v;v) ® (0,v;v), respectively.

4.2 Comparison of partition functions

In order to compare the CFT partition function with its gravity dual, we have to take

the 't Hooft limit. For large k, the leading terms of the characters are

hiN+1,kCh?\N+1 (ez(H)>

Ch2N+1,/€(q’ 6z(H)) ~ _ q | (414>
! T [0 = ") Tlacnyy,, (1 — e2@@gn)]
2N k1 th "
Ch12\N7kH<q, el) ~ g™ chi(e”) (4.15)

[ [0 = ") Tlaea,, (1 — e2gn)]
as in (3.10), where Ayy,1 and Agy denote the root systems of so(2N + 1) and so(2N),

respectively. As before, the Lie algebra characters appear in the limit. The conformal

dimensions are now

Cong1(N) Can(A)
h2N+1 & Coang pENEL 2NV 4.1
 k+2N-1" A k+2N —1 (410

Defining the leading term for large k as

h2N+1,k_th,k+l IN

sbae (q) ~ ¢" = sayz(q), (4.17)

we have k-independent relations

chN (o(v Z sa3(q) chZ (v) . (4.18)

The roots in Agnq include +e; (j = 1,... N) in the orthogonal basis in addition to those

in Agy, and from this fact we have

oo N _ 1
(1+vig"2)(1 4 04" 2)
. 4.19
q’ T]l:[og 1 — v, qn+1 1— ﬁiqn-l-l) ( )
Setting A = 0 in (4.18), we obtain
g = 3 sad¥(q) chZ¥(v) (4.20)
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If we use the decomposition

ch2VH(, Z RN en2N (v (4.21)
and (3.16), then we find

saXll = Z RN NENZ Z REINGY 502X (q) . (4.22)

Now we take the 't Hooft limit. In the limit, the highest weights of so(2N + 1) and

so(2N) are expressed by Young diagrams. In the next subsection, we will find

sun) = g s = [T T[] TITTavary. iz

=1 n=2[ s=1n=s

sapz(q) = hm sagz(q) = sapo(q) schz: (U(L)) (4.24)

—00

where the supercharacter is defined in (2.17). The conformal dimensions are

A A
pANTLE 1AL, hENRFL Bl (4.25)

As in [5], we assume the decoupling of null states in the 't Hooft limit, which means that

only the terms with
@] + 2] = |¥] (4.26)
contribute to the fusion rules. In the large N limit, the coefficients stabilize as

lim NS = NY . lim R = Ry= (4.27)

N—o0 N—oo

where Ng= are the Clebsch-Gordan coefficients of gl(co),. Just like the u(M) case dis-
cussed in [23], the restriction functions for the so(M) case become Rye = Nfl Az as shown
n [42]. Here |A/Z]| represents the Young diagram with a single row and with |A| — |Z]
number of boxes. Then egs. (3.57) and (3.59) of [23]

schy schz = Z Nj=schy | schp(U(0)) = Z Razschze(U(3)) (4.28)

which were proven in appendix A of that paper, lead to

sbﬁ;: = %W =D ZRA¢N¢~ sag(q )SCh\w(u(%))
— sag(q) scha (U(h)) schee (U(B_)) - (4.29)

Combining the anti-chiral part, we have
> Istiz(@) = gaugez [scha U (hy)) sche: U(h-))I” (4.30)
NG

which reproduces the supergravity result (2.19).
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4.3 Characters from free bosons and fermions

Let us now derive (4.23) and (4.24) using free bosons and fermions. The character
(4.19) is that of 2N real fermions ¥* (a = 1,2,...,2N) and 2N real bosons J¢ (¢ =
1,2...,2N). The Fock space is spanned by

Ny ngy
e 179, (4.31)
j=1 7 2i=1

where 75, ¢, Tun over non-negative integers.

From (4.20), we can see that the branching function sapz counts the multiplicity
when the representation = of so(2N) appears. The representation appears for the first
time when |=| = ny + ny. Following the argument above (3.69) of [23], the branching

function is found to be
SChEt(U(%)) (4.32)

when summing over the possible modes and ny, n; while keeping the sum ny +n; = |Z|

fixed. We also need to consider the so(2V) invariant states

11 Zwar,was,, ) 11 ZJL R T Zw LT )P (4.33)
r,s=0 a=1 t,u=0 a=1 ru=0 a=1

Here we should set K, ¢ non-zero only for r > s and L;, non-zero only for t > u. We also
set P, = 0,1 for all r,u since they are fermionic operators. Invariant states can be con-
structed using Weyl’s fundamental theorems of invariant theory for the orthogonal group
[41]. Invariants that are not polynomials of the above states appear only for conformal
dimensions larger than N, and also non-trivial relations between invariant states appear
for the first time at that order of conformal dimension. In the large N limit, we can ignore
these finite N effects and obtain

sap.o(q) = ﬁ iq(ﬂrsﬂ)lf ﬁ iq(t-ﬁ-u-i-Z)L ﬁ iq(T+U+%)P
r>s=0 K=0 t>u=0 L=0 r,u=0 P=0
00 1 00 1 00 _
= —n I i L ara™
r>s=0 t>u=0 r,u=0
2 00 o0
H H { } I+ (4.34)
=1 n=2l s=1n=s

as in (4.23). By multiplication with (4.32), we get (4.24).
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5 Symmetries of the dual conformal field theory

The symmetry algebra of the coset

S0(2N +1);, & $0(2N ),
S/E)<2N)k+1 ’

(5.1)

is the commutant subalgebra Com(S0(2N)j41,80(2N + 1), @ s0(2N)1) of S0(2N + 1), @
S0(2N); that commutes with S0(2N )i, 1. Here, by s0(2NV); we mean rank 2N free fermions
Fon. Since they transform in the 2N-dimensional vector (standard) representation of
so(2N), they contain a homomorphic image of S6(2N); as subalgebra. In addition, as we
will see, the coset algebra is too large as it also contains additional fields with spin of
order N. In order to get rid of these additional fields, one needs an orbifold projection
by improper orthogonal transformations. At finite IV, the candidate coset for the N’ =1
super W-algebra is thus

S/E)(2N + 1)k @D .FQN)

om( 02N )enr

(5.2)

but since the additional fields appear at conformal dimension at least IV, these are invisible
in the large N limit, in other words, the spin content for the coset and its orbifold is the

same for large N.

5.1 The dimension 3/2,2,2, 5/2 fields of the coset algebra

Before we discuss the complete coset algebra, we will explicitly compute the fields of
lowest conformal dimension. For this we need some preparation, we write so(2N + 1) =
so(2N) & m, where m carries the standard representation of so(2N). We denote the
currents of S0(2N + 1); that belong to m with the Roman indices J,J7,... and those
associated to so(2N) with Greek indices J*, J?,.... In addition, the fermions of $0(2N),
also transform in the standard representation and we denote them by % 47, .... Then,

the operator products expansions are

k6., aBy v
s (w)

(z-w)?  (z-w)

J*(2) I (w) ~

PP w)

P w) ~ T

: (5.3)

kéi,j fijaJo‘(w)
(z—w)* (z—w)
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We also need the operator product with normal ordered products of currents. Denote by

(J*JP)(2) the normal ordered product of two currents, then we e.g. have

k fop N kba sV (W) + koo P (w) + fO5° fO7¢ J¢(w)

J(2)(JP T ~
R I) ~ s B +
(5.4)
[T (w) + [0 (TP %) (w)
(z —w) '
With the help of this formula, we compute
i\ Te Jo 2N —1)J(w) | [ (ST (w) + (J*T)(w))
P ~ Sl " ,
@ i i 4J(w)
PRI ) ~ Z (55)
, - 2k + 2N —1)J° ag((Ji g« JoJi
) e PN D) P w) + () w)
(z —w)? (z —w)
The fermionic fields are denoted by 9® with operator product expansion
Y () ~ (5.6
(z—w)’
and the corresponding currents are
et 1 iy, i, ]
jo = = (5.7)
Moreover )¢ are primaries in the standard representation for these currents
. : feII (w)
@ ¢ ~ 5.8
P ~ T (53)
Let v = 2k 4+ 4N — 2, then the Virasoro field of the coset algebra is
T = Tgeni, T Termion — Tso@N)
1 (5.9)
= (') = 2(J%5%) + (2% = 3)Therion)

The coset symmetry algebra is the algebra that commutes with the K* = J“ 4 7, this is

2 K]
G = \E(M). (5.10)

certainly true for
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The fields G and T obey the operator product algebra of the N' = 1 super Virasoro
algebra, that is

c/2 2T (w) N T (w)

Cowi  Gow? —w)

N 3G(w)/2 L 0G (w)

(z—w)?  (z—w)’ (5.11)

2¢/3 2T (w)
Cowp  —w)

G(2)G(w) ~

Next, there is an additional dimension two field that commutes with both 7% and J¢,
hence also with K, and this is the Virasoro field T of the coset

SO(2N + 1)y

= 5.12
SO(2N)g (5.12)
Explicitly, in terms of currents, it reads
T = Toen+1), — Tsen),
5.13
= L)~ e () o
v vy =2) '
This field is not a Virasoro primary, but the following linear combination

Wy = 6T, 6= N g)@ktaN—1)—aN+2)  (5.14)

V(v —2)
is. This statement is a straightforward computation using the above operator product

expansions. The dimension 5/2 partner G5/, of W5 can be computed as

Gsa(w)
G(z)Wa(w) ~ m,
Gy = = (BRATDU) = WO +af (I F)) + (2 1)),
_ 12kN _ v
(5.15)
The operator product of W5 with itself does not generate new fields, and it is
—B)2%c/2  2(c—2B)W- +28(c—B)T
Wa(2)Wa(w) ~ (CZEZ — 20;4/ + (€ ) QEZ})_ w)? e=f) (w)+
(5.16)

, (0= 20)0Wa(w) + Be = £)OT(w)

(2 —w)

)
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where ¢, is the central charge of the bosonic coset (5.12). The computation of further
operator products becomes very complicated, but in a large £ limit they simplify just as
explained in section 6.5 of [33] for the case of the N' = 2 coset. We find

i Wa(2)Gyalu) ~ —G(N Q_Glf;? . 2N23G<(@:>_+wf)v205/2<w>

_ NT28QG(QU) + %8G5/2(’W> + G7/2(w) + %A7/2(w) — 12?[2 B7/2(w)

(2 —w)

(5.17)

Here G'7/5 is a fermionic primary field of conformal dimension 7/2, and A7/, and By, are
dimension 7/2 descendents that together with G'7/2,0G5/5 and 0?G form an orthogonal
basis of dimension 7/2 fields. The precise form of these fields in the large k limit is

5N 3NZ_,  9NZ . . 122
5 (G) + =-0°G = = (JP4) — AN(WaG) +

3N
G7/2 = 7(9(?5/2 + (TG) ,

N

3N 3
Azjp = §(W2G) + 1—08G5/2, Bz = (TG) — §@2G.

(5.18)
We believe that the fields G, T, W, already generate the full symmetry algebra under

iterated operator products.

5.2 The field content of the coset algebra

We now consider the field content of the coset algebra. Note, that the following
analysis is in many respects similar to the one of last section, in particular, it relies on
the classical invariant theory.

The generic field content of a coset algebra can under certain circumstances be com-
puted using classical invariant theory [43]. The coset, we are interested in, is of this

favourable type. As mentioned before, the coset algebra is the commutant subalgebra
COHl(S?)(QN)]H_l, S/(\)(QN + 1)l<; D .FQN) . (519)

The algebra s0(2N + 1), @ Fop is generated as a conformal field theory by the fields J*
generating the S0(2NN); subalgebra of s0(2N + 1)y, the fields J* which are primaries in the
vector representation of S0(2N);, and the fermions ¢*. An alternative set of generators is
K, J" and ¢", where the fields K* generate the S0(2N);, 1 subalgebra of the commutant
problem. Note that J? as well as 9" are primaries in the vector representation of K.
In such a situation, it was argued that the fields of the commutant subalgebra are those
that can be identified with the SO(2/N) invariant products of the vector representation as
follows. Let

p(J,0J,...,0"J, 00, ...,0") (5.20)
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be a normally ordered polynomial in J, ¢ and their derivatives that is invariant under the
natural action of SO(2N). Then

p(J,DJ, ..., D" J, Dy, ..., D) (5.21)

is a generator of the coset algebra, and all generators are of such a form. Here, the
covariant derivative is

DI' = oI' + Lf“ﬂ‘(ﬁﬁ) . I'e{J vyt (5.22)

kE+1

We are thus left with determining all invariants in the vector representation. Weyl’s first
fundamental theorem for the orthogonal group [41] tells us that all such invariants are ex-
pressible in terms of the basic invariants which are traces of two vectors and determinants
of matrices whose columns are 2N vectors. Clearly, the determinants have spin at least
N and thus they are invisible in the large N limit. Also, note that the determinants are
improper invariants, this means they change sign under transformations by orthogonal
matrices with determinant minus one. The traces are proper invariants and all proper

invariants can be expressed in terms of traces [41]. We have three types of traces

Apmy = D"ID™J B = DW'D™,  Clm = D'JJD™'.  (5.23)
The spins are

AlAgm) =n+m+2, ABum) =n+m+1, ACum) =n+m+ g (5.24)

Now, if there were no relations between products of the fields, then we can count that the
algebra we found has a generating set of fields whose bosonic fields have spin 2,2, 4,4, 6,6, ...
while the fermionic generators have spin 3/2,5/2,7/2; .... Note, that these fields are multi-
plets of the N' = 1 super algebra as (3/2,2),(2,5/2),(7/2,4), . ... The second fundamental
theorem of invariant theory for the orthogonal group [41] states that all relations between
invariants either involve a determinant of a matrix whose columns are vectors or they are
determinants of (2N — 1) x (2N — 1) matrices whose entries are traces. All these relations
concern invariants whose spin is at least N which implies that the spin content of the
coset algebra agrees with the proposed higher spin supergravity in the large N limit.
We would like to remark, that the due to the determinants, the coset algebra at
finite N is larger than the N = 1 super W-algebra. In [44] it has been proposed in an
analogous situation to consider an orbifold in order to obtain a smaller coset algebra. It is
certainly possible that the invariant subalgebra, invariant under all improper orthogonal
transformations, is the N' = 1 super W-algebra. As mentioned before, this is an issue
which becomes invisible in the large N limit and is thus of minor importance for the

present purpose.
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6 Conclusion and outlook

In this work, we propose that the NV = 1 truncation of Prokushkin and Vasiliev’s
N = 2 higher spin supergravity on AdSs3 [7] is dual to a limit of a family of conformal
field theories given by the N' = (1,1) super cosets

S0(2N + 1), ® S0(2N);

= 6.1
SO(2N ) a1 (6:1)
We need to take the large N limit with 't Hooft parameter
2N
A= —— 6.2
2N +k—1 (6:2)

kept finite. We have supported this conjecture by showing that the supergravity and the
CFT partition functions match, i.e. the spectrum is the same on both sides. Further,
we also studied the symmetry of the super coset model, especially we provided explicit
formulae for the fields of dimension 3/2,2,2 and 5/2.

It often happens that seemingly very different cosets possess the same symmetry al-
gebra. We would like to remark that there are other cosets whose spin content of the
symmetry algebra seems to coincide with the one of the coset of the present work. For

example consider
0sp(1]2N), & By

SP(2N)k—1/2

Here By denotes rank N [v-ghosts which contain as a subalgebra a homomorphic image

(6.3)

of sp(2IV)_1/2. The central charge of this coset is

3NE
S A L 4
¢ k+N+1/2 (64)

This means that only for some negative levels k, we get a positive central charge. The
spin content of this coset can be studied as in the last section and with the help of Weyl’s
fundamental theorems of invariant theory for the symplectic group [41]. Indeed in the
large N limit, the spin content of this coset coincides with the spin content of the coset
algebra studied in last section. More cosets are constructed as follows. Let Sy p be
the algebra generated by 2M free real fermions and P 3v ghosts, then Sy p contains a
homomorphic image of 6sp(2M|2P); as subalgebra. The symmetry algebra of the cosets

GSp(2M + 112P)), & Srjp
D(2M 2P

(6.5)

can be studied as before in the large £ limit and again seems to have the same spin
content. Conformal field theories of supercosets are usually not unitary and hence we
expect a tentative dual higher spin supergravity to be less interesting.

Further work is needed to obtain a better understanding of the duality. In order to

compare the partition functions, we assumed that some states in the CF'T decouple from
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the others in the large N limit. It is thus necessary to examine whether this assumption
is true or not. Also, it would be desirable to show that the asymptotic symmetry of the
N = 1 supergravity can be reproduced by the 't Hooft limit of the A" = (1, 1) super coset,
in particular one should also study the Hamiltonian reduction of the 6sp(2N + 1|2N);
affine Lie algebra. Furthermore, like in the cases of the other holographies on AdSs,
important checks of the duality would be to calculate and compare correlators, and to
consider the RG-flow.
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A N =1 truncation of Prokushkin-Vasiliev theory

The field equations of higher spin gravity theory by Prokushkin and Vasiliev can be ex-
pressed in terms of generating functions (W, B, S,) [7]. Here W, is a space-time one-form
including the higher spin gauge fields, B is a zero-form including matter fields, and S, is an
auxiliary field. The generating functions depend on the parameters (zo,Ya; ¢ 2, K, plz,)
where z,, are the space-time coordinates. The spinor index a takes values 1,2. The

generating functions are expanded as

1

o0
BCDE B C,.D, E - n
Az, y51012, k, plo) = Z Z Ag TR 1} 5 2% .22 yﬁl...yﬁ )
B,C,D,E=0 m,n=0

The Grassmann parity 7 = 0,1 is determined by the number of spinor indices as

7-‘-(I/VOM ~~~~~ m, 8155 ,Bn) = %(1 - (_1)|m+n‘) ) W(Bal ~~~~~ QB0 5n) = %(1 - <_1)|m+n|> )

T(Sar,emamifrpa) = 3(1 = (1)) (A1)

Moreover, we define a map o by

O—[A(Za Y; ¢1,27 k? p)] = Arev(_iz7 iy; %,2, ka P) (A2)

where the order of all generating elements is reversed in A*Y. As shown in [7] the following

transformation is a symmetry of the field equations

W) = ="Wo(W,),  n(B)=i"(B)o(B),  n(Sa) =""o(Sa) . (A3)
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We can thus consistently truncate the fields to those invariant under this transformation,
and this gives us the A/ = 1 supersymmetric theory.

We consider vacuum solutions with B = v. In [7] they obtained three types of vacuum
solution for S,, but we chose S'y" in eq. (6.6) of that paper. The vacuum solution
W = Wy depends only on (§a; 1, k). Here g, = g™ is defined in eq. (6.11) of [7], but

all we need is that they obey the following fundamental commutator

[Uas Ug| = 2i€0 5(1 + vk) , {Ua, k} =0 . (A.4)

Explicit forms of S7)y" and 5™ will not be used, but the following properties are important

olSTy = —iSI . ol =i (A5)

a0

In particular, S2'(" is invariant under the action of 7 defined in eq. (A.3). Defining A, A

as

_1+¢1A_1—¢1A

Wa =
0 9 9 3

(A.6)

the field equations for A, A are given by those of the Chern-Simons theory for the algebra
generated by (7, k). This algebra was called shs[A] algebra in [6] where A = (1 —v)/2. If
we consider the sub-sector with even number of g, and k = 1, then shs[)\] is reduced to

its bosonic sub-algebra hs[\]. The generators of shs[A] may be given by [33]

-\ s—1 -\ s—1
VOt = (%) S5 V- = (%) Sk, VO =kt (A7)
with s = 2,3, ... for bosonic generators and s = 3/2,5/2, ... for fermionic generators. Here
Sy is the symmetric product of g,s, where 2s — 2 is the number of g, and 2m = N; — N,
with NNV being the number of ;5. For the bosonic generators, even s generators are
invariant under the action of (A.3), and for the fermionic generators, ViE generators
with s =2nF1/2 (n =1,2,...) survive.

We may define a different basis for the bosonic generators as

-\ s—1
(x _ (¢ N
o (3) st as

Without the A = 1 truncation, USS'" generate hs[\] while U™ generate hs[1 — A]. It is
known that the infinite dimensional Lie algebra hs[A] can be truncated at A = £n with
integer n and the reduced algebra becomes sl(n) [45]. In the same way, the even spin sub-
algebra of hs[)\] is reduced at A = +n to sp(n) for even n and so(n) for odd n (see, e.g.,
[5]). Thus, the N' = 1 truncation of shs[A] can be reduced at A = 2N +1 to a superalgebra
whose bosonic sub-algebra is given by so(2N + 1) @ sp(2N). Notice that (V#LZH, V,~(3/2)+)
with m = 0,£1 and r = £1/2 are the generators of the osp(1]|2) sub-algebra. In terms
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of the superprincipal embedding of osp(1/|2), the generators of osp(2N + 1|2N) can be

decomposed by the representation of osp(1|2). The action of Vfi//?Jr produces fermionic

generators from bosonic ones in the same representation of osp(1]|2). This implies that
the N/ =1 truncation of shs[A] can be reduced to the osp(2N + 1|2N) superalgebra since
the bosonic sub-algebra of osp(2N + 1|2N) is so(2N + 1) @ sp(2N). In other words, the
symmetry for the massless gauge sector of the N' = 1 truncated theory is given by an
analytic continuation of osp(2N+1|2N) with A = 14+2N. Or put differently, when \ takes
integer values, the Z, automorphism 7 defined in (A.3) becomes the Z, automorphism
acting on supermatrices by a combination of (minus) supertransposition and conjugation
with a special matrix and this defines osp(2/N +1|2N) in terms of gl(2N +1|2N), see [38].

The small perturbation by matter fields can be obtained by setting B = v+C. Studying
the dynamical parts of C, we can read off the matter content. The N = 1 truncation
of the matter fields is discussed around eq. (10.8) in [7], and it is given by an N =1

hypermultiplet with two complex scalars having masses
(MEY? =—-1+X,  (MEY?=-1+(\—-1), (A.9)
and two fermions with mass

(M) =(A=3)". (A.10)

B Orthogonal Lie algebras

Some basics of so(2NV) and so(2N + 1) Lie algebra are summarized.

B.1 so(2N) Lie algebra

It will be convenient to introduce an orthogonal basis e; (i =1,2,...N) with e; - e; =
d;5. In this basis, the roots of the so(2N) Lie algebra are of the form +e; £e; (i # j) and

the simple roots are
O = €; — €41 (221,,N—1), ay =en_1+en . (Bl)

The fundamental weights are
M=) e(i=1...,N-2),
1=1

AN—1 :%(61+€2+"'+GN—1_6N) ) (B.2)

)\N:%(€1+62+"'+6N71+6N)7
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and the Weyl vector is

- Z \ = Z(N —i)e; . (B.3)

We consider a representation with the highest weight

N

A=A, (B.4)

=1

where the coefficients are the Dynkin labels A; > 0. In the orthogonal basis, the highest
weight can be expressed as

N
A= le; . (B.5)
=1

with
N-2
L= M+ 3Ayva+Ay) (i=1,...N-2), (B.6)
I=i
In-1 = %(AN—1 +An) , In = %(AN 1 —An) .

In this basis, the quadratic Casimir is computed as

Con(A) = LA - (A +2p) = Zl2+Zl (B.7)

As shown in [5], the quadratic Casimir for the representation with Ay_; # 0 and/or
An # 0 1is of order N? and these representations will be neglected. In other words, we set
An_1 = Ay = 0. Then the highest weight is labeled by a Young tableau with [; boxes in
the i-th row. Notice that now [; > [;11 and Iy_; = [y = 0. Denoting the number of boxes
in the j-th column by c¢;, we have (see (A.9) of [14])

Z il = Z AR |A| (B.8)

where the total number of boxes is denoted by |A|. The quadratic Casimir is now

Con(A) = |A| (N——) (Zz? Zc), (B.9)

and thus Con(A) ~ NJ|A| in the large N limit.
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B.2 so(2N + 1) Lie algebra

We use the orthogonal basis e; (i =1,..., N) as in the so(2/V) case. The roots of the
so(2N + 1) Lie algebra are +e; in addition to +e; £e; (i # j) with ¢,7 =1,..., N. The

simple roots are
a;=e —e (i=1,...,N—=1), ay =en , (B.10)

and the fundamental weights are

i N
N=>e(i=1...,N=1), Ay=3) ea. (B.11)
=1 =1
The Weyl vector is now
N
p=> (N+35—ie. (B.12)
i=1

The Dynkin labels A; > 0 are the coefficients of the highest weight

N N
A=) AN =) Le; (B.13)
=1 =1

N-1
L= M+iAy(=1,...N-1), Iy=3iAy. (B.14)
=i

The quadratic Casimir for the highest weight representation is

N N
Con1(A) =3 B4+> LIN+L—i). (B.15)
=1

i=1

It is easy to see that all the elements of the inverse of Cartan matrix Cy; L=\ Aj are

non-negative. Thus we have
) , a  a?
Coni1(A) > Conyr(AW) = N2 1tE (B.16)

where AZ(.S) =0fori=1,...,N—1and Ag\s,) = a. This implies that Con1(A) is of order
N? for representations with Ay # 0 as in the so(2N) case, so we again set Ay = 0. The
highest weight representation is now labeled by a Young tableau with [; boxes in the i-th
row. We denote the number of boxes in the j-th column by ¢;, The quadratic Casimir is

now

N-1
1
Cuval) = v+ (-3 317
i=1 j

which again leads to Caony1(A) ~ NJA| for large N.

28



References

1]

2]

[10]

[13]

[14]

I. R. Klebanov and A. M. Polyakov, AdS dual of the critical O(N) vector model,
Phys. Lett. B 550 (2002) 213 [hep-th/0210114].

M. R. Gaberdiel and R. Gopakumar, An AdSs dual for minimal model CFTs, Phys.
Rev. D 83 (2011) 066007 [arXiv:1011.2986 [hep-th]].

M. R. Gaberdiel and R. Gopakumar, Minimal model holography, arXiv:1207.6697
[hep-th].

C. Ahn, The large N ’t Hooft limit of coset minimal models, JHEP 1110 (2011) 125
[arXiv:1106.0351 [hep-th]].

M. R. Gaberdiel and C. Vollenweider, Minimal model holography for SO(2N), JHEP
1108 (2011) 104 [arXiv:1106.2634 |[hep-th]].

T. Creutzig, Y. Hikida and P. B. Ronne, Higher spin AdSs supergravity and its dual
CFT, JHEP 1202 (2012) 109 [arXiv:1111.2139 [hep-th]].

S. F. Prokushkin and M. A. Vasiliev, Higher spin gauge interactions for massive
matter fields in 3-D AdS space-time, Nucl. Phys. B 545 (1999) 385 [hep-th/9806236].

P. Bouwknegt and K. Schoutens, W symmetry in conformal field theory, Phys. Rept.
223 (1993) 183 [hep-th/9210010].

M. Henneaux and S. -J. Rey, Nonlinear W, as asymptotic symmetry of
three-dimensional higher spin anti-de Sitter gravity, JHEP 1012 (2010) 007
[arXiv:1008.4579 [hep-th]].

A. Campoleoni, S. Fredenhagen, S. Pfenninger and S. Theisen, Asymptotic symme-
tries of three-dimensional gravity coupled to higher-spin fields, JHEP 1011 (2010)
007 [arXiv:1008.4744 [hep-th]].

M. R. Gaberdiel and T. Hartman, Symmetries of holographic minimal models, JHEP
1105 (2011) 031 [arXiv:1101.2910 [hep-th]].

A. Campoleoni, S. Fredenhagen and S. Pfenninger, Asymptotic W -symmetries
in  three-dimensional higher-spin  gauge theories, JHEP 1109 (2011) 113
[arXiv:1107.0290 [hep-th]].

M. R. Gaberdiel and R. Gopakumar, Triality in minimal model holography, JHEP
1207 (2012) 127 [arXiv:1205.2472 [hep-th]].

M. R. Gaberdiel, R. Gopakumar, T. Hartman and S. Raju, Partition functions of
holographic minimal models, JHEP 1108 (2011) 077 [arXiv:1106.1897 [hep-th]].

29



[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[20]

[27]

28]

[29]

C. -M. Chang and X. Yin, Higher spin gravity with matter in AdSs and its CFT dual,
arXiv:1106.2580 [hep-th].

K. Papadodimas and S. Raju, Correlation functions in holographic minimal models,
Nucl. Phys. B 856 (2012) 607 [arXiv:1108.3077 [hep-th]].

C. Ahn, The coset spin-4 casimir operator and its three-point functions with scalars,
JHEP 1202 (2012) 027 [arXiv:1111.0091 [hep-th]].

M. Ammon, P. Kraus and E. Perlmutter, Scalar fields and three-point functions in
D = 3 higher spin gravity, JHEP 1207 (2012) 113 [arXiv:1111.3926 [hep-th]].

C. -M. Chang and X. Yin, Correlators in Wy minimal model revisited,
arXiv:1112.5459 [hep-th].

C. Ahn, The primary spin-4 Casimir operators in the holographic SO(N) coset min-
imal models, JHEP 1205 (2012) 040 [arXiv:1202.0074 [hep-th]].

Y. Kazama and H. Suzuki, New N' = 2 superconformal field theories and superstring
compactification, Nucl. Phys. B 321 (1989) 232.

Y. Kazama and H. Suzuki, Characterization of N' = 2 superconformal models gener-
ated by coset space method, Phys. Lett. B 216 (1989) 112.

C. Candu and M. R. Gaberdiel, Supersymmetric holography on AdSs, arXiv:1203.1939
[hep-th].

M. Henneaux, G. Lucena Gomez, J. Park and S. -J. Rey, Super- W, asymptotic
symmetry of higher-spin AdSs supergravity, JHEP 1206 (2012) 037 [arXiv:1203.5152
[hep-th]].

K. Hanaki and C. Peng, Symmetries of holographic super-minimal models,
arXiv:1203.5768 [hep-th].

C. Ahn, The large N 't Hooft limit of Kazama-Suzuki Model, arXiv:1206.0054 [hep-
th].

C. Candu and M. R. Gaberdiel, Duality in N = 2 minimal model holography,
arXiv:1207.6646 [hep-th].

S. Fredenhagen, C. Restuccia and R. Sun, The limit of N' = (2,2) superconformal
minimal models, arXiv:1204.0446 [hep-th].

C. Ahn, The operator product expansion of the lowest higher spin current at finite
N, arXiv:1208.0058 [hep-th].

30



[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

[43]

[44]

H. S. Tan, Ezxploring three-dimensional higher-spin dupergravity based on sl(N|N —1)
Chern-Simons theories, arXiv:1208.2277 [hep-th].

S. Datta and J. R. David, Supersymmetry of classical solutions in Chern-Simons

higher spin supergravity, arXiv:1208.3921 [hep-th].

S. Fredenhagen and C. Restuccia, The geometry of the limit of N = 2 minimal
models, arXiv:1208.6136 [hep-th].

T. Creutzig, Y. Hikida and P. B. Ronne, Three point functions in higher spin AdSs
supergravity, JHEP 1301 (2013) 171 arXiv:1211.2237 [hep-th].

C. Candu, M. R. Gaberdiel, M. Kelm and C. Vollenweider, Fven spin minimal model
holography, arXiv:1211.3113 [hep-th].

S. Giombi, A. Maloney and X. Yin, One-loop partition functions of 3D gravity, JHEP
0808 (2008) 007 [arXiv:0804.1773 [hep-th]].

J. R. David, M. R. Gaberdiel and R. Gopakumar, The heat kernel on AdSs and its
applications, JHEP 1004 (2010) 125 [arXiv:0911.5085 [hep-th]].

M. R. Gaberdiel, R. Gopakumar and A. Saha, Quantum W -symmetry in AdSs, JHEP
1102 (2011) 004 [arXiv:1009.6087 [hep-th]].

L. Frappat, E. Ragoucy and P. Sorba, W algebras and superalgebras from constrained
WZW models: A group theoretical classification, Commun. Math. Phys. 157 (1993)
499 [hep-th/9207102].

P. Di Francesco, P. Mathieu and D. Senechal, Conformal field theory, Springer (1997).

D. Gepner, Field identification in coset conformal field theories, Phys. Lett. B 222
(1989) 207.

H. Weyl, The classical groups: Their invariants and representations, Princeton Uni-
versity Press (1939).

R. C. King, Branching rules for classical Lie groups using tensor and spinor methods,
J. Phys. A 8 (1975) 429.

J. de Boer, L. Feher and A. Honecker, A class of W algebras with infinitely generated
classical limit, Nucl. Phys. B 420 (1994) 409 [hep-th/9312049].

R. Blumenhagen, W. Eholzer, A. Honecker, K. Hornfeck and R. Hubel, Coset realiza-
tion of unifying W algebras, Int. J. Mod. Phys. A 10 (1995) 2367 [hep-th/9406203].

31



[45] E. S. Fradkin and V. Y. .Linetsky, Supersymmetric Racah basis, family of infinite
dimensional superalgebras, SU(co + 1joo) and related 2-D models, Mod. Phys. Lett.
A 6 (1991) 617.

32



