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Projections

Definition.

The projection operations wy: X?> — X and m: X? — X are respectively
defined by

7T2(X7y) = Y X7)/GX
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Enumeration of associative and quasitrivial operations

ke N

q(k): number of associative and quasitrivial operations on
{1,...,k} (OEIS : A292932)

For any integers 0 < m < k the Stirling number of the second kind
{ k1 is defined as

- a5 ()

i=0
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Theorem (C.,D.,Marichal, 2019)

We have the closed-form expression
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Enumeration of associative and quasitrivial operations

Theorem (C.,D.,Marichal, 2019)

We have the closed-form expression

22' Z( 1)'"( ){k _m}(i—i-m)!, k > 0.

i=0 m=0

q(0) =1, q(1) =1, q(2) = 4, q(3) = 20, q(4) =138, ...



Operations on {1,2, 3}
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Definition
F: X" — X is said to be
@ quasitrivial if

F(x1,.-y%n) € {x1,..., %} X1,y Xp € X

@ associative if

F(xi,. .. Xi—1, F(Xi, - s Xign—1)s Xins - - - s Xon—1)
= F(X17 < Xiy F(Xi+13 cee 7Xi+n);Xi+n+la v 7X2n71)
forall x;,...,xop_1€Xandall1<i<n-—1.

Example. F(x,y,z) = x+y + z (mod 2).
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Reducibility

Definition
F: X" — X and G: X? — X associative operations.

F is said to be reducible to G if

F(x1,...,xn) = G(x1, G(x2, G(..., G(Xp-1,X%n).-.)))

Example.
F(x,y,z) =x+y + z (mod 2)

G(x,y)=x+y (mod2) and G'(x,y)=x+y+1 (mod 2)
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Theorem (Ackerman 2011, Dudek and Mukhin 2006)

Every quasitrivial n-ary semigroup is reducible to a semigroup.

But the binary reduction is not necessarily quasitrivial nor unique.

Example.
F(x,y,z) =x+y+z (mod 2)

G(x,y) =x+y (mod 2) G'(x,y) =x+y+1(mod 2)
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Neutral elements

Definition

e € X is said to be a neutral element for F if

F(x,e,...,e) = F(e,x,e,...,e)=...=F(e,...,e,x) = x,
for all x € X
Example. F(x1,...,%xn) = > 11X (mod n—1)

Proposition

Every quasitrivial n-ary semigroup has at most two neutral elements.
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Uniqueness of a reduction

Proposition

Every quasitrivial n-ary semigroup has at most two neutral elements.

Theorem
F: X" — X associative and quasitrivial. TFAE
(i) Any binary reduction of F is idempotent

)
(ii)
1)
)

Any binary reduction of F is quasitrivial
(iii

(iv) F has at most one neutral element

F has at most one binary reduction

\,



Characterization of quasitrivial n-ary semigroups

Theorem
Let F: X" — X.

F is associative, quasitrivial, and has at most one neutral element

)

3 a binary reduction G: X2 — X of F and =Z¢ such that

G|A 5 = max=< - |A><By ifA;éB, VA BEX/ ~c
* T1|axB or m2|axg, if A=B, 7
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Enumeration of quasitrivial n-ary semigroups

22' Z( 1)’”( >{k _m}(i—i-m)!, k > 0.

q"(k): number of associative and quasitrivial n-ary operations
that have at most one neutral element on {1,..., k}

q"(k) = q(k), k> 0.




Final remarks

In http://orbilu.uni.lu/handle/10993 /39337

@ Characterization of the class of quasitrivial n-ary semigroups that have
exactly two neutral elements

@ New integer sequences (http://www.oeis.org)

o Number of quasitrivial n-ary semigroups that have no neutral
element: A308352

e Number of quasitrivial n-ary semigroups that have exactly two
neutral elements: A308354

o Number of quasitrivial n-ary semigroups: A308362 & A292932
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