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Preface

The goal of ISAS 2018 is to give the opportunity to researchers to present and
discuss their latest results about aggregation and structures, and to identify new
trends in this field. The topic is to be understood in a wide sense: aggregation
of structures and aggregation on structures.

The symposium is a follow up of ABLAT 2014 (Trabzon, Turkey), and of
ISAS 2016 (Luxembourg City, Luxembourg). During four days of the sympo-
sium (July 2-5, 2018), four invited speakers are presenting the state-of-the-art
in some particular topics related to lattice-based aggregation. Namely, Jean-Luc
Marichal from Luxembourg is opening the symposium presenting Associative
and Quasitrivial Operations on Finite Sets: Characterizations and Enumeration.
The next invited speaker Salvatore Greco from Catania, Italy and Portsmouth,
United Kingdom, is presenting The Bipolar Pawlak-Brouwer-Zadeh Lattice as
a Grammar for Reasoning on Data in Multiple Criteria Decision Aiding Using
Dominance-Based Rough Set Approach. The third invited speaker Irina Per-
filieva from Ostrava, Czech Republic, discusses Nonlocal Operators for Dimen-
sionality Reduction and Image Inpainting. Finally, Manuel Úbeda-Flores from
Almeŕıa, Spain, is dealing with Constructing Copulas with Given Diagonal and
Opposite Diagonal Sections.

From several submissions, after a carefull reviewing, the program commit-
tee has chosen 23 contributions for oral presentations. The prepared program
allows to follow all presentations and offers an opportunity for a fruitfull discus-
sions among the participants. We are gratefull to the organizing team from the
Valladolid University, in particular to José Luis Garćıa-Lapresta, for preparing
this nice event contributing to the development of the aggregation theory. Note
also that this event is an activity of the EUSFLAT working group AGOP, and
that the next related event AGOP 2019 will be organized in Olomouc, Czech
Republic, in July 2019.
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David Pérez-Román University of Valladolid, Spain

Program Commitee

Jamal Atif (FR) Erich Peter Klement (AUT)
Michal Baczynski (POL) Anna Kolesarova (SVK)
Gleb Beliakov (AUS) Carlos López-Molina (ESP)
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On Associative, Idempotent, Symmetric, and Nondecreasing Operations . 29

Jimmy Devillet and Bruno Teheux

A Mathematical Study of the Order Structure of Distributed Systems . . . 31

Asier Estevan

Poverty Trends in Europe: A Multivariate Dependence Analysis Based
on Copulas . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33
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Radomı́r Halaš, Radko Mesiar and Jozef Pócs
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The Bipolar Pawlak-Brouwer-Zadeh Lattice as a
Grammar for Reasoning on Data in Multiple

Criteria Decision Aiding Using
Dominance-Based Rough Set Approach

Salvatore Greco

Department of Economics and Business, University of Catania, Catania, Italy
Portsmouth Business School, University of Portsmouth, Portsmouth, United Kingdom

The Dominance-based Rough Set Approach (DRSA) (Greco et al. [6]) ex-
tends the classical Rough Set Theory proposed by Zdzis?aw Pawlak (Pawlak
[8,9]) in order to handle data expressed on ordered domains. DRSA has proved
to be a powerful model in decision aiding, permitting to handle preference infor-
mation supplied by the decision maker in purely qualitative and ordinal terms.
It has been successfully applied in many domains ranging from finance (Greco et
al. [5]) to environmental management (Boggia et al. [1]). In this talk we present
an algebraic model for DRSA that extends the Brouwer-Zadeh lattice (Catta-
neo [2], Cattaneo and Ciucci [3]) and the Pawlak-Brouwer-Zadeh lattice (Greco
et al. [7]) introduced for the classical indiscernibility-based rough set approach.
The new model permits to distinguish between two kinds of “imperfect” infor-
mation in case of ordered data, permitting a joint consideration of vagueness
due to imprecision typical of fuzzy sets, and ambiguity due to coarseness typical
of rough set theory. More precisely, in the context of DRSA applied to ordinal
classification with monotonicity constraints, vagueness is due to imprecision in
object classification - it appears when an expert is hesitant when classifying
the objects because her knowledge of the objects is not perfectly precise; am-
biguity is due to coarseness or granularity of the description of the objects by
the attributes - it appears when some attribute is missing in the description, or
when the considered attributes do not have sufficiently fine scales to avoid viola-
tion of indiscernibility or dominance principle. Joint consideration of vagueness
and ambiguity within DRSA shows once again a complementary character of
fuzzy sets and rough sets in dealing with distinct facets of imperfect knowledge
(Dubois and Prade [4]). To build the model we use the bipolar Brouwer-Zadeh
lattice to represent a basic vagueness, and to introduce dominance-based rough
approximation we define a new operator, called bipolar Pawlak operator. The
new model we obtain in this way is called bipolar Pawlak-Brouwer-Zadeh lattice.
Using a didactic example, we will show how the logic structure of the Pawlak-
Brouwer-Zadeh lattice can be used to aggregate evaluations of multiple experts
taking into account the available information.
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Associative and Quasitrivial Operations on
Finite Sets: Characterizations and Enumeration

Jean-Luc Marichal

Mathematics Research Unit, University of Luxembourg, Luxembourg

We investigate the class of binary associative and quasitrivial operations on
a given finite set. Here the quasitriviality property (also known as conservative-
ness) means that the operation always outputs one of its input values. We also
examine the special situations where the operations are commutative and non-
decreasing, in which cases the operations reduce to discrete uninorms (which are
discrete fuzzy connectives playing an important role in fuzzy logic).

Interestingly, associative and quasitrivial operations that are nondecreasing
are characterized in terms of total and weak orderings through the so-called
single-peakedness property introduced in social choice theory by Duncan Black.

We also address and solve a number of enumeration issues: we count the num-
ber of binary associative and quasitrivial operations on a given finite set as well
as the number of those operations that are commutative and/or nondecreasing.

References

1. Couceiro, M., Devillet, J., Marichal, J.-L.: Quasitrivial semigroups: characteriza-
tions and enumerations. Semigroup Forum, https://doi.org/10.1007/s00233-018-
9928-3 (2018).

5





Nonlocal Operators for Dimensionality
Reduction and Image Inpainting

Irina Perfilieva

Centre of Excellence IT4Innovations Division of the University of Ostrava, Institute
for Research and Applications of Fuzzy Modeling, Ostrava, Czech Republic

In this talk, we are focused on mathematics that is used for efficient repre-
sentation of a large data set. Using the notion of the Laplacian of a graph, we
consider a low-dimensional representation of the data set that optimally pre-
serves local neighborhood information. The representation map may be viewed
as a discrete approximation to a continuous map that naturally arises from the
geometry of the underlying manifold. Classical approaches to dimensionality
reduction include principal components analysis (PCA) and multidimensional
scaling.

In the fuzzy literature, the dimensionality reduction is hidden under the
notions and techniques of granulation, clustering and fuzzy partition. The results
are used in the form of collections of fuzzy sets and after that in fuzzy rule
databases. Actually, the main advantage of modeling with fuzzy IF-THEN rules
is in transforming a problem from an initial complex high dimensional data space
to the low dimensional space where fuzzy sets are new atomic units.

However, despite of this obvious similarity, the dimensionality reduction in
the sense of machine learning is different. The essential difference is in the way
of representation. Instead of center-shape (clustering) or membership function
(fuzzy sets) representation, low-dimensional images are characterized in terms
of features (eigenvectors). Therefore, a cluster (granule) is characterized as a
collection of common features that are extracted from an initial data embedded
into a particular manifold. In this respect, the only fuzzy technique which is
similar to the machine-learning-based dimensionality reduction is the F-(fuzzy)
transform.

Functional F-transform components are solutions to a certain specification
of the dimensionality reduction problem. On the other hand, the F-transform
components closely correspond to nonlocal operators. Nonlocal operators appear
naturally in a wide range of applications, e.g., in the investigation of gravitational
or acoustic fields, image and signal processing. “Non-locality” means that any
point can interact directly with any other point in the image domain. Nonlocal
operators will be introduced using the gradient and divergence definitions on
graphs, because the graph representation is naturally associated with modeling
neighborhood relationships between the data elements.

In the talk, we establish a connection between a space with a fuzzy partition
and its graph representation, F-transform components and nonlocal operators.
In the application part, we consider the problem of image restoration and explain
how it can be properly formulated and solved in the language of F-transform
and using the technique of dimensionality reduction.
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Constructing Copulas with Given Diagonal and
Opposite Diagonal Sections

Manuel Úbeda-Flores

Departamento de Matemáticas, Universidad de Almeŕıa, Almeŕıa, Spain

Copulas, multivariate probability distribution functions with uniform uni-
variate margins on [0,1], are a special type of conjunctive aggregation functions.
Methods to construct copulas with some partial information have been proposed
in the literature. In this talk we review various methods for constructing bivari-
ate (and multivariate) copulas with given diagonal sections, from seminal works
to the most recent research on copulas with given diagonal and opposite diag-
onal sections. A generalization of copulas with given diagonal plane sections in
higher dimensions and other sections that generalize the diagonal and opposite
diagonal sections are of particular interest.

References

1. Fernández-Sánchez, J., Úbeda-Flores, M.: Copulas with given track and opposite
track sections: Solution to a problem on diagonals. Fuzzy Sets and Systems 308,
133–137 (2017).
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eling, to appear.
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First-Order Then-Aggregate Strategies to Solve
the Optimal Bucket Order Problem

Juan A. Aledo1,?, José A. Gámez2,? and Alejandro Rosete3,?

1 Departamento de Matemáticas, Universidad de Castilla-La Mancha, Albacete,
Spain

2 Departamento de Sistemas Informáticos, Universidad de Castilla-La Mancha,
Albacete, Spain

3 Universidad Tecnológica de La Habana José Antonio Echeverŕıa (Cujae), Marianao,
Havana, Cuba

The optimal bucket order problem (OBOP) is an aggregation distance-based
problem which consists in obtaining a consensus partial ranking from a matrix
of preferences/precedences. In this work we present a family of first-order then-
aggregate algorithms to deal with the OBOP. We carry out a wide experimental
study which shows not only the significant performance of the algorithms re-
garding accuracy, but also their scalability to handle high dimensional problem
instances.

1 Introduction

The term Rank aggregation shelters a series of problems whose aim is to provide
a consensus ranking from a dataset containing preference information about a set
of items [1]. Currently, rank aggregation is a very active field of research where
many disciplines converge: social sciences, mathematics and computer sciences,
among others.

In this work we focus on the optimal bucket order problem (OBOP), a distance-
based optimization problem introduced in [2]. In the OBOP, the input is a prece-
dence matrix which usually condenses the preferences regarding a set of items
expressed in a dataset. Then, the objective is to obtain a complete ranking with
ties, or equivalently, a bucket order matrix, that minimizes the L1 matrix distance
with respect to the input precedence matrix.

Since the OBOP is NP-hard [2], greedy heuristics are normally used to solve
it. In this sense, the bucket pivot algorithm (BPA) [2,3] is the standard option,
as long as some recently-presented improved BPA-methods [4]. In this setting,
LIAMP2

G can be considered the current state-of-the-art algorithm. Also evolution
strategies have been recently used to tackle the OBOP [5].

In [6,7] some Cluster-first sort-second strategies are considered to deal with
the OBOP. These approaches are based on the idea of first clustering the items
that are similar in terms of their precedences (i.e. constructing buckets), and
then sorting these buckets. Thus, while the pivot based strategies consider both

? Acknowledgements This work has been partially funded by the Spanish Research
Agency (AEI/MINECO) and FEDER (UE) through project TIN2016-77902-C3-1-P.
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tasks simultaneously (ordering and clustering), this approach decouples these
steps. The algorithms SortCC and PivotCC may be considered as the paradigm
in this setting.

In this work, we propose first-order then-aggregate (FOTA) strategies to solve
the OBOP. They consists in first sorting the items, and then clustering them in
buckets suitably in order to minimize the objective function. In our proposal, the
first phase (namely, sorting the items) is based on a Borda-inspired algorithm
[8].

We carry out a wide experimental study which shows not only the signif-
icant performance of the FOTA algorithms regarding accuracy, but also their
scalability to handle high dimensional problem instances.
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Extending Aggregation Functions for
Undefined Inputs

Libor Běhounek? and Martina Daňková?

CE IT4Innovations, IRAFM, University of Ostrava, Ostrava, Czech Republic

In practice, some inputs of aggregation functions [3] may happen to be un-
defined. We introduce several systematic ways of treating missing arguments in
aggregation functions, inspired by a similar treatment of missing degrees in fuzzy
partial logic [2,1]. Let us illustrate the problem on a toy example.

Example. Consider a teacher who wants to aggregate each student’s results
from several tests, graded on a numerical scale (say, 0–100 %). Depending on the
teacher’s policy, tests missed by a student can be:

(a) Ignored, i.e., the final grade is calculated just from the tests actually taken.

(b) Regarded as failed, i.e., the grade of 0 % is assigned to all missed tests.

(c) Strictly required for assigning the final grade, so the students who have not
taken all of the tests cannot yet obtain the final grade.

(d) Treated as in (c), but if the student has failed in one of the tests taken, the
final grade will be Fail in any case (i.e., passing all taken tests is required
for passing the final exam); etc.

Remark. In the setting of the Example, a rational policy should distinguish
between valid and invalid excuses for missing a test—e.g., using (a) in the case
of illness and (b) otherwise; for simplicity, though, we only consider missing
values of a single type and leave the treatment of multiple types of undefined
data for future work.

In order to handle undefined inputs in aggregation, we equip the set R of reals
(or generally, any set X of values) with an extra element ∗, intended to represent
missing data and to be understood as a NaN (‘not a number’) value added to R.
Given an aggregation function on R, we extend it to R∗ = R∪{∗} in several uni-
form ways, so that the extended function can accept ∗ as input or output values.
In the setting of the Example, the policies (a)–(d) respectively correspond to the
Sobociński, 0-fill, Bochvar, and Kleene extensions of the aggregation function.
(The names come from the corresponding three-valued logics; there are further
meaningful extensions omitted here for simplicity.) In the definition below, we
treat both finitary and infinitary aggregation functions jointly.

? Acknowledgments. The work is supported by projects 16–19170S of GA ČR and
LQ1602 of MŠMT ČR (NPU II).
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Definition. Let an operator
⊕

=
⋃
I∈J

⊕
I be given, where J is a class of index

sets I and
⊕

I : XI → X, for a fixed set X of values (often, X ⊆ R). If x̄ ∈ XI ,
we also write

⊕
I(x̄) as

⊕
i∈I xi. Let furthermore X∗ = X ∪ {∗}, where ∗ /∈ X.

Then we define the following X∗-extensions of
⊕

:

– The Bochvar extension
⊕B

i∈I xi =

{⊕
i∈I xi if (∀i ∈ I)(xi 6= ∗)

∗ otherwise.

– The Sobociński extension
⊕S

i∈I xi =

{⊕
i∈I,xi 6=∗ xi if (∃i ∈ I)(xi 6= ∗)

∗ otherwise.

– The Kleene extension
⊕K

i∈I xi =

{
o if (∃i ∈ I)(xi = o)⊕B

i∈I xi otherwise,

if o is the absorbing element of
⊕

, i.e., if
⊕

i∈I xi = o whenever xi = o for
some i ∈ I.

– The c̄-fill extension
⊕Fc̄

i∈I xi =
⊕

i∈I Fc̄(xi), where Fc̄(xi) =

{
xi if xi 6= ∗
ci if xi = ∗,

for c̄ ∈ XI . (Often, c̄ is a constant function, i.e., c̄ : I → {a} for a ∈ X.)

Examples. Useful extensions of well-known operators and aggregation functions
on X ⊆ R include, e.g., those of:

– Suprema and infima (
∨B

,
∧S

,
∨K

, etc.)
– Arithmetic, geometric, or harmonic means (AS, GK, HB, etc.), OWA, etc.

– Sums, products, integrals (
∑B

,
∏K

,
∫ S

, etc.), mean values, etc.

Various properties of aggregation functions (e.g., monotony, boundedness,
associativity, etc.) transfer to their X∗-extensions (in an appropriately modified
form). We will present samples of such results, both on particular functions (for

instance, the complete distributivity of
∨S

over
∧B

) and on general properties
(such as the preservation of associativity in Bochvar and Sobociński extensions,
modified min/max bounds of X∗-extensions of aggregation functions w.r.t. three
prominent orders on X∗, etc.). We will also tout several benefits of extending
functions to X∗ (such as the relaxation of definedness conditions, preservation of
covariant quantities, etc.) and discuss the applicability of the introduced notions
in several application areas.
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In classical logic, Sheffer stroke is one of the two operations that can be used
by itself, without any other logical operations, to constitute a logical formal
system. Despite its importance, this logical connective has only been recently
introduced in the fuzzy logic framework [2,1]. In particular, in [1], the authors
introduced fuzzy Sheffer stroke as follows.

Definition 1 (cf. [1, Definition 2.5]). A function D : [0, 1]2 → [0, 1] is called
a fuzzy Sheffer stroke operation (or fuzzy Sheffer stroke) if it satisfies, for
all x, y, z ∈ [0, 1], the following conditions:

(D1) D(x, z) ≥ D(y, z) for x ≤ y, i.e., D(·, z) is non-increasing,
(D2) D(x, y) ≥ D(x, z) for y ≤ z, i.e., D(x, ·) is non-increasing,
(D3) D(0, 1) = D(1, 0) = 1 and D(1, 1) = 0.

Several examples were presented and some preliminary results related to the
construction of other fuzzy logic connectives from fuzzy Sheffer strokes were stud-
ied. Especially important is the characterization of these operators the negation
of a conjunction as the following result shows.

Theorem 1 (cf. [1, Theorem 3.1]). Let D : [0, 1]2 → [0, 1] be a binary oper-
ation. Then the following statements are equivalent:

(i) D is a fuzzy Sheffer stroke.
(ii) There exist a fuzzy conjunction C and a strict fuzzy negation N such that

D(x, y) = N(C(x, y)) for all x, y ∈ [0, 1].

Moreover, in this case, C(x, y) = N−1(D(x, y)) for all x, y ∈ [0, 1].

? The authors acknowledge the partial support by the Spanish Grant TIN2016-75404-
P, AEI/FEDER, UE.

?? The author has been supported from statutory activity of the Institute of Mathe-
matics of the University of Silesia in Katowice.

? ? ? The authors were supported by the National Science Centre, Poland, under Grant
No. 2015/19/B/ST6/03259.
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The previous theorem provides a straightforward way to generate fuzzy Shef-
fer strokes from a fuzzy conjunction and a fuzzy negation. However, this con-
struction method is not particularly efficient to study the additional properties,
desirable for a particular application, of these operators since it is difficult to
relate the additional properties of the fuzzy conjunction to the ones of the fuzzy
Sheffer stroke through a fuzzy negation. Therefore, the goal of this paper is to
propose a direct construction method of fuzzy Sheffer strokes through the use of
two univalued functions.

Definition 2. Let f : [0, 1]→ [0,+∞] be a decreasing function with f(0) = +∞
and f(1) = 0, and let g : [0,+∞]→ [0, 1] be an increasing function with g(0) = 0
and g(+∞) = 1. The operator Df,g : [0, 1]2 → [0, 1] defined by

Df,g(x, y) = g(f(x) + f(y))

is called an (f, g)-Sheffer stroke. In this case, the pair of functions (f, g) is called
a pair of additive generators of Df,g.

Note that the additive generators of Df,g can be non-continuous functions. In
particular, the maximum fuzzy Sheffer stroke Dmax given by

Dmax(x, y) :=

{
0, if (x, y) = (1, 1),

1, otherwise,

is an (f, g)-Sheffer stroke generated from non-continuous additive generators.
It can be proved that some operators of this family have a strong relationship

with strict Archimedean t-norms. In fact, when a strict fuzzy negation N and a
continuous and strictly increasing function g are considered, then N−1 ◦Df,g is
a t-norm (which turns out to be strict Archimedean) if and only if f = g−1 ◦N .
In this case, the following interesting subfamily arises

Dg,N (x, y) = g
(
g−1(N(x)) + g−1(N(y))

)
, x, y ∈ [0, 1].

Several of the additional properties introduced in [1] are studied for this family
concluding that they are symmetric, they satisfy D(D(x, x), D(x, x)) = x in
some cases but they never satisfy D(1, x) = D(x, x) for all x ∈ [0, 1].
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In the fuzzy set theory we find aggregation problems: starting from fuzzy
subsets we can construct a new one following some criteria. If we consider fuzzy
sets on a finite universe with n elements, those fuzzy sets can be considered as
vectors in the n-dimensional unit cube, and thus we can consider aggregation
operators based on geometrical methods. For example we could look for Fermat
and Weber points.

Another geometrically based method could be inspired in experimental scien-
tists behavior analyzing graphical data in euclidean spaces. Various repetitions
of a single measure are expected to be close to each other, and at first sight they
are detected when various anomalies in measurement occurs (called outliers).
Generally outliers have to be removed from analysis because they lead to wrong
results. The aggregation process proposed identifies points with more data in
their neighborhood by taking into account some kind of distance obtained max-
imizing a quotient of ”points in neighborhood” per ”neighborhood size” (which
captures the initial idea). This aggregation has interesting attributes as ignoring
outliers or distinguishing when source of data are different enough.

We could consider another geometrical method inspired in the non-parametric
asset allocation model denoted Entropy Pooling introduced by Meucci [10], which
combines an arbitrary market model with completely general views on this mar-
ket, in order to produce a a posterior distribution. For this, the views are inter-
preted as statements that deform the prior distribution so that the minimum of
unnecessary structure is imposed, measuring this discrepancy through the en-
tropy. If there are more than one investor expressing views, with different levels
of confidence, we can aggregate all of them using the opinion pooling technique.
Based on this idea, we could reinterpret it from a geometrical point of view
giving us an aggregation method for fuzzy sets on a finite universe, that can
be considered as vectors in the n-dimensional unit cube, and so they can play
the role of vectors of probabilities representing the market model. Considering
the views, which can be easily translated into geometrical conditions in the unit
cube, we could combine them through the entropy pooling technique in order
to obtain a new vector in the n-dimensional unit cube and so a new finite fuzzy
set.

Considering the last method of aggregation, it inspires us the inverse prob-
lem, which may be little known. That is, given the result of a fuzzy aggregation
and knowing that such an aggregation has been obtained following certain cri-
teria, it is about trying to obtain information about which were the original sets

19



that gave rise to such aggregation. Roughly speaking, we will call this concept
disaggregation.
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wise aggregation of maps: Its structural functional equation and some applications
to social choice theory. Fuzzy Sets and Systems 325, 137–151 (2017).
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A General Approach to Aggregation Operators

Marta Cardin

Department of Economics, Ca’ Foscari University of Venice, Venice, Italy

The aim of this paper is to propose a general unified framework for defining
aggregation operators. Our framework is abstract and algebraic in nature and
in this framework we generalize some results in [2], [3], [5] and [12].

We consider convex structures where the notion considered here (see [13]) is
not restricted to the context of vector spaces. The basic idea of our approach
is to describe the space of alternatives in terms of a betweeness relation. We
can prove that lattices, median spaces and interval spaces are convex spaces and
also that to every property spaces (see [2], [3] and [12]) is associated a convex
structure.

We then focus on aggregation operators f : XA → X where X is convexity
space and A is a nonempty set. We consider operators that are component-
wise compatible with the structure of convexity space of X. Moreover we study
compatible aggregation operators that satisfy properties of monotonicity and
independence and we consider aggregation operators that are based on decisive
subsets of A.

We propose also a particular version of Arrow’s theorem thus considering a
link between aggregation theory and social choice theory.
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9. Halaš, R., Mesiar, R., Pócs, J.: Congruences and the discrete Sugeno integrals on
bounded distributive lattices. Infor Sciences 367, 443-448 (2016).

10. Leclerc, B., Monjardet, B.: Aggregation and residuation. Order 30, 261-268 (2013).
11. Monjardet, B.: Arrowian characterization of latticial federation consensus func-

tions. Math. Social Sciences, 20, 51-71 (1990).
12. Nehring, K., Puppe, C.: Abstract arrowian aggregation. J Econ Theory 145, 467–

494 (2010).
13. van de Vel, M.L.J.: Theory of Convex Structures. North-Holland Mathematical

Library, vol. 50, Elsevier, 1993.

22



Some Results on Internal and Locally Internal
Uninorms on Bounded Lattices
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Uninorms as a generalization of triangular norms (t-norms, for short) and
triangular conorms (t-conorms, for short) leave the freedom for the neutral ele-
ment to be an arbitrary element from a bounded lattice rather than at one or
zero in that case of t-norms and t-conorms. In this contribution, we introduce
the concept of internal uninorm on an arbitrary bounded lattice L. We investi-
gate some properties of these operators and the relationship of them with locally
internal uninorms. We show that an internal uninorm need not always exist on
an arbitrary bounded lattice. Furthermore, based on the Zermelo’s well-ordering
theorem, we propose two construction methods to obtain internal uninorms on
a bounded lattice L with some additional constraints.
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11. Karaçal, F., Mesiar, R.: Uninorms on bounded lattices. Fuzzy Sets Syst. 261, 33–43
(2015).

12. Klement, E.P., Mesiar, R., Pap, E.: Triangular Norms. Kluwer Acad. Publ., 2000.
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23



14. Yager, R.R., Rybalov, A.: Uninorms aggregation operators. Fuzzy Sets Syst. 80,
111–120 (1996).

15. Zermelo, E.: Beweis, dass jede Menge wohlgeordnet werden kann (Aus einem an
Herrn Hilbert gerichteten Briefe). Mathematische Annalen 59, 514–516 (1904)
translated in van Heijenoort 139–141 (1967).

24



F-transform with Undefined Inputs

Martina Daňková?
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Undefined real values, as a source of various bugs, are present in everyday
practise and can be treated similarly as undefined truth values in a partial fuzzy
logic [2,1]. The connectives of a partial fuzzy logic handle undefined truth values
represented by a dummy value ∗ that stands aside the scale for truth values L.
Extensions to undefined truth values that was applied to connectives of fuzzy
logic can be carried for an arbitrary binary function in the following manner.

Definition 1. Let X 6= ∅, ∗ 6∈ X, a ∈ X, and o : X2 → X. We define operations
oB and oS, moreover, if a is an absorbing element of o then we define oK, from
(X ∪ {∗})2 to X ∪ {∗} as follows:

oB y ∗

x o(x, y) ∗
∗ ∗ ∗

oS y ∗

x o(x, y) x

∗ y ∗

oK a y ∗

a a a a

x a o(x, y) ∗
∗ a ∗ ∗

(1)

where x, y 6= ∗ in the case of oB, oS and x, y 6∈ {a, ∗} in the case of oK.
We call oB the Bochvar-extension of o, oS the Sobociński-extension of o and

oK the Kleene-extension of o to undefined value represented by ∗.

– ∗ represents not a number NaN.
– These extensions are motivated by classical three valued logics.
– A generalization of extensions to n-ary functions is straightforward.
– They are applicable to aggregation operators.
– Our choice of an extension should be due to a required behaviour.

Let us demonstrate how the above introduced extensions work on Fuzzy
Transform technique that use weighted arithmetic mean to compute transforma-
tion components. Recall a discrete fuzzy transform from [3], where X 6= ∅ ⊂ R
and a continuous function f : X → R is given only at some non-empty finite set of
points D 6= ∅ ⊂ X. Select basic functions A1, . . . , An (where Ai : X → [0, 1] and
fulfill some additional requirements) and define a (direct discrete) F-transform
of f as a vector Fn[f ] = (F1, . . . , Fn), where the k-th component Fk is equal to

Fk =
∑
d∈D

f(d)Ak(d)
/∑
d∈D

Ak(d), k = 1, . . . , n.

? Acknowledgments. The work is supported by grant No. 16–19170S ‘Fuzzy partial
logic’ of the Czech Science Foundation and the programme NPU II, project LQ1602
‘IT4I XS’ of the MŠMT ČR.
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The inverse discrete F-transform of f with respect to (F1, . . . , Fn) andA1, . . . , An
is a function fF,n : X → R such that

fF,n(x) =
n∑
k=1

FkAk(x), x ∈ X.

Indeed, f is total on D and partial on X. Therefore, it can be considered
undefined on X \D. This fact can be formalized by extension of real-line by a
dummy element ∗ (represents undefinability) to R∗ = R∪{∗} and f to f∗ : X →
R∗ as follows:

f∗(x) =

{
f(x), x ∈ D;
∗, otherwise.

Now, we can introduce F∗-transform components for f∗ as

F ∗k =
∑

S
x∈X

(f∗(x)·BAk(x))
/
B

∑
x∈X

(Ak(x) · χD(x)), k = 1, . . . , n,

where χD denotes characteristic function of D.
The inverse discrete F∗-transform of f∗ with respect to (F ∗1 , . . . , F

∗
n) and

A1, . . . , An is a function f∗F,n : X → R∗ such that

f∗F,n(x) =
n∑

B
k=1

(F ∗k ·K Ak(x)).

This definition of F∗-transform that operates on ∗-extended reals allows us to
fill in “small” gaps in the given data D by means of real values given by inverse
F∗-transform while “big” gaps remain undefined, i.e., inverse F∗-transform takes
value ∗ there. Further, we will study analogous properties as given in [3].
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A common method for the aggregation of real numbers is based on the min-
imization of a so-called penalty function [1]. Formally, a penalty function is a
function P : [a, b]× [a, b]n → R (for a closed and bounded subinterval [a, b] of the
real line) where P (y; x) represents the disagreement of a consensus element y
with a list of elements x. In a penalty-based aggregation problem, the aggregate
of a list of elements x is then considered to be (one among) the minimizer(s) of
P (·; x). Typical examples of penalty-based aggregation functions are the median
(with P (y; x) =

∑n
i=1 |xi− y|) and the mean (with P (y; x) =

∑n
i=1(xi− y)2). If

minimal conditions are imposed on the penalty function ((i) P (y; x) ≥ 0 and (ii)
P (y; x) = 0 if and only if x = (y, . . . , y)), penalty-based aggregation amounts
to idempotent aggregation. However, in order to add some desirable semantics,
additional conditions (e.g., (iii) quasi-convexity and lower semi-continuity for a
fixed x; or (iii’) P (y; x) ≤ P (y; x′) if x′i ≤ xi ≤ y or y ≤ xi ≤ x′i for any i) have
been imposed on the penalty function [2].

Outside the framework of real numbers, aggregation on many different struc-
tures has been performed in a similar manner without a proper definition of a
penalty function. For instance, the method of Kemeny [3] for the aggregation of
rankings is based on the penalty P (y; x) =

∑n
i=1K(y, xi), where K denotes the

Kendall distance function between rankings [4]. Similarly, the median procedure
for the aggregation of binary relations [5,6] is defined by the penalty P (y; x) =∑n
i=1 δ(y, xi), where δ denotes the symmetric difference distance function be-

tween binary relations. For the aggregation of relations, the closest strings [7] are
those that minimize the penalty P (y; x) = maxni=1H(y, xi), where H denotes
the Hamming distance function between strings (of the same length) [8], and
median strings [9] are those that minimize the penalty P (y; x) =

∑n
i=1 L(y, xi),

where L denotes the Levenshtein distance function between strings [10].

In this presentation, we will discuss how, when moving from real numbers
to other structures, properties of type (i), (ii) and (iii’) naturally appear in
the associated penalty functions, whereas this is not the case for properties of
type (iii) [11]. This is similar to the case of the mode for the aggregation of
real numbers, which satisfies properties (i), (ii) and (iii’), but fails to satisfy
property (iii).
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On Associative, Idempotent, Symmetric, and
Nondecreasing Operations
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The study of aggregation functions defined on finite ordinal scales (i.e., fi-
nite chains) encounters an increasing interest since the last decades (see, e.g.,
[1,2,3,5,7,9,10,11,12,13,14,15,16]). Among these functions, discrete t-norms, t-
conorms, uninorms, and nullnorms are binary operations that play an important
role in fuzzy logic. In particular, these operations share the properties of being
associative, symmetric, and nondecreasing (in each variable).

It is known that the class of associative, idempotent, and symmetric binary
operations is in one-to-one correspondence with the class of partial orders of
semilattices (see, e.g., [6]). We provide a full description of the class of associa-
tive, idempotent, symmetric, and nondecreasing binary operations defined on
a finite chain in terms of properties of the Hasse diagram of the corresponding
semilattice. In particular, given an operation belonging to the latter class, we pro-
vide a recursive construction of the corresponding semilattice. We also provide
an associativity test for idempotent, symmetric, and nondecreasing operations.
Moreover, the enumeration of the class of associative, idempotent, symmetric,
and nondecreasing operations leads to a new occurrence of the Catalan numbers
and provides another construction of this sequence.
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In the present talk we propose a mathematical definition of a ‘distributed
system’. Through this new definition we achieve a mathematical structure made
by means of orderings: the processes are represented through total preorders
and the communications are characterized by means of biorders. This new defi-
nition let us compare some problems related to this field (computer science) with
some others related to economics and decision theory, in particular, questions
associated to the numerical representability of the order structure.

The concept of ‘near-finite partial orders’ is introduced as a finite family of
chains with a finite communication between them. The representability of this
kind of structure is studied, achieving a construction method for a Richter-Peleg
multi-utility representation by means of utilities and random structures.

Some other aspects and techniques for the study of distributed systems are
also included, in particular, how to aggregate new processes to distributed sys-
tems with some kind of network topologies.

1 Introduction

In this work we use the concept of biorder in order to mathematically formalize
the order structure of a distributed system. This study was started in [5] for the
particular case of distributed systems of two processes.

Since each process consists of a sequence of events, each process is a totally
ordered set, and the communication through messages between the processes
can be mathematically formalized by means of biorders.

In order to formalize completely the concept of distributed system, a fur-
ther study is done, but now linking biorders between n totally preordered sets
through different network topologies. The present work tries to provide some
mathematical tools to study these structures in computing, physics or decision
theory.
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Fig. 1. Illustration of a distributed system with three processes, taken from the paper
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There is a widespread agreement that poverty is a multimensional phe-
nomenon involving not only low incomes, but also deprivations in other dimen-
sions like education, health or labour. In this multidimensional setting, analysing
the dependence between dimensions becomes an important issue since higher de-
pendence means higher concentration of deprivations and this could make over-
all poverty worse; see, for instance, [1], [2] and [3]. In spite of its relevance, the
problem of measuring the dependence between dimensions of poverty has been
scarcely addressed in the literature and this is the scope of this paper.

We look at multidimensional poverty in Europe by focusing on the AROPE
(At Risk Of Poverty or social Exclusion) rate. We select this indicator because it
is the headline indicator to monitor and implement effective poverty-reduction
policies in the framework of the Europe 2020 Strategy. We propose measuring the
multivariate dependence among the three dimensions included in the AROPE
rate (income, material needs and work intensity) using copula-based methods.

The copula function is an aggregate function whose arguments come from
mapping the original variables into its ranks in the interval [0,1]. Hence, the
copula approach focuses on the positions of the individuals across dimensions,
rather than on the specific values that those dimensions attain for such indi-
viduals. The advantage of this approach is that it enables the decomposition
of the joint distribution function of all dimensions into its univariate marginals
and the dependence structure captured by the copula. Moreover, copulas allow
building scaled-free measures of dependence that capture other types of depen-
dence beyond linear correlation. Furthermore, in a multivariate setting, neither
the concept of concordance nor the generalization of the bivariate coefficients
of concordance is unique. For instance, in the trivariate case, there are more
than eight copula-based generalizations of the well-known bivariate Spearman’s
rho coefficient. In particular, we apply four of these coefficients, namely those
proposed by [5,6], which are based on average orthant dependence concepts, as
well as the coefficient proposed by [4] for the trivariate case.

We first review the definitions and main properties of these coefficients. Then,
we apply these coefficients to measure how the dependence between the three
dimensions included in the AROPE rate has evolved in the 28 EU countries
over the period 2008 until 2014. The data we use comes from the EU-Statistics
on Income and Living Conditions (EU-SILC) survey, which is the EU reference
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source for comparative statistics on income distribution and social inclusion at
the European level.

Our results show variations between EU countries, but in most of them we
observe that, regardless of the coefficient considered, there has been a general
increase in the multivariate dependence between poverty dimensions over the pe-
riod analysed. Noticeably, the highest increase corresponds to Greece and Spain.
Moreover, in general, the maximal dependence of poverty is found in the lower
orthant over all the years considered. These results suggest that small (high)
values of the three poverty dimensions tend to occur together, and this simul-
taneous concentration of small (large) values of income, no material privations
and work intensity, is more likely to occur in 2014 than in 2008. Therefore, it
seems that, after the crisis, most EU countries have become more polarized.
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There is considerable agreement that social welfare is a multidimensional
concept and several attributes have to be taken into consideration to evaluate
the actual level of welfare in a society. The literature on this topic has grown
considerably (see for instance Chakravarty [1] for a comprehensive survey on
the subject). However, most of the papers in this multidimensional approach
focus on dimensions that are measured in a ratio-scale, such as income, life
expectancy or unemployment rate. In contrast, many relevant welfare attributes
cannot be represented in a quantitative scale. Examples are access to a number of
goods or services, such as water, electricity or the Internet, that are represented
by dichotomous variables. And still others, such as health status, happiness,
personal security, environmental quality, or level of education, that are usually
measured in ordered qualitative scales. In this contribution we consider a two-
step procedure for aggregate dimensions of well-being regardless of the nature of
the attribute. Once each dimension is normalized (the normalization procedure
depends on the kind of attribute), we first aggregate across dimensions for each
individual and, subsequently, we aggregate across individuals.

Ordinal proximity measures. The notion of ordinal proximity measure was intro-
duced by Garćıa-Lapresta and Pérez-Román [2]. Consider an ordered qualitative
scale (OQS) L = {l1, . . . , lg} such that l1 < · · · < lg and g ≥ 3, whose elements
are linguistic terms, and a linear order ∆ = {δ1, . . . , δh}, with δ1 � · · · � δh.
The elements of ∆ are not numbers, but different degrees of proximity, being δ1
and δh the maximum and minimum degrees, respectively.

Definition ([2]). An ordinal proximity measure (OPM) on L with values in ∆ is
a mapping π : L2 −→ ∆, where π(lr, ls) = πrs means the degree of proximity
between lr and ls, satisfying the following conditions:

1. Exhaustiveness: For every δ ∈ ∆, there exist lr, ls ∈ L such that δ = πrs.
2. Symmetry : πsr = πrs, for all r, s ∈ {1, . . . , g}.
3. Maximum proximity : πrs = δ1 ⇔ r = s, for all r, s ∈ {1, . . . , g}.
4. Monotonicity : πrs � πrt and πst � πrt, for all r, s, t ∈ {1, . . . , g} such that
r < s < t.

Consider a society composed of n individuals, I = {1, . . . , n}, is evaluated
under q well-being dimensions (attributes or criteria). These dimensions could
be measured on quantitative or qualitative scales, depending on their nature.
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Quantitative assessments. If dimension d ∈ {1, . . . , q} is measured in a quanti-
tative scale (e.g. {0, 1}, an interval [a, b] or R), let ud : I −→ R be the function
that assigns the corresponding numerical assessment to each individual i ∈ I
regarding dimension d, ud(i) ∈ R.

In order to all the numerical assessments belong to the unit interval, different
normalization procedures have been considered in the literature. We consider
three different situations.

1. If the dimension is represented by a {0, 1}-dichotomous variable, no normal-
ization procedure is needed.

2. If the dimension is measured in an interval [a, b] (for instance [0, 100], if
the dimension is measured in percentages), then we denote by m = a and
M = b the two extremes of the interval.

3. In the rest of the cases, since the population is finite, it is always possible to
find two real numbers m < M such that m ≤ minud ≤ maxud ≤M .

It is possible to generate an index uid ∈ [0, 1] that is an affine transformation
of ud(i): uid = α·ud(i)+β, with α > 0 and β ∈ R. The normalization procedure
we propose in cases 2 and 3 is the following:

uid =
ud(i)−m
M −m

.

Qualitative assessments. If dimension d ∈ {1, . . . , q} is measured with an OQS
Ld = {l1, . . . , lgd} equipped with an OPM πd : (Ld)2 −→ ∆d = {δ1, . . . , δhd

},
let ud : I −→ Ld be the mapping that assigns the corresponding qualitative
assessment to each individual i ∈ I regarding dimension d, ud(i) ∈ Ld. In order
to the qualitative assessment ud(i) be transformed to a numerical value within
the unit interval, we consider

uid =
ρ
(
πd(ud(i), l1)

)
− ρ
(
πd(ud(i), lgd)

)
+ hd − 1

2(hd − 1)
,

where ρ(δr) = r.

Aggregation. Let A : [0, 1]q → [0, 1] and B : [0, 1]n → [0, 1] be two aggregation
functions. The overall assessment of individual i ∈ I is ui = A(ui1, . . . , uiq). In
turn, uI = B(u1, . . . , un) is the overall assessment of society I (see Seth [3]).
Given two societies I and J , they can be ranked through the following weak
order on the set of all possible societies: I � J ⇔ uI ≥ uJ .
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Aggregation functions on bounded posets are defined as monotone operations
fulfilling the boundary conditions. Given a bounded poset (P,≤, 0, 1), it can be
easily seen that any projection operator on P is an aggregation function and
that the set of all aggregation functions is closed with respect to composition of
functions. Hence, from an algebraic point of view, aggregation functions corre-
spond to 0,1 monotone clone. It is the well-known fact that the aggregation clone
on any finite lattice is finitely generated, contrary to the case of finite bounded
posets, where this need not be true in general. Some generating sets for the ag-
gregation clone were studied in [2,3], and in [1] for the idempotent aggregation
clone respectively.

The aim of this contribution is to provide some general method for finding
certain generating set of the aggregation clone. Specifically, we show a sufficient
condition for a system of aggregation functions to be included in a generating set
containing also the lattice operations and certain unary functions capturing the
order structure of the underlying lattice. Based on these results, with respect to
constraints imposed on the arities of generating functions, we also present some
upper bounds for the minimal cardinality of generating sets.
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The major contribution in aggregation theory have delt with some real in-
terval scales and they were summarized in many monographs, see e.g. [4].

Only recently more abstract scales were considered, in particular lattice
(poset) scales. For information sciences, and in particular for subjective decision
problems, typical scales deal with bounded (distributive) lattices. Not going into
details, among different papers dealing with aggregation functions acting on lat-
tices, we recall e.g. the seminal papers [2,3], our recent papers [6,7], or the papers
on nullnorms and uninorms on bounded lattices etc.

Particular classes of aggregation functions can be seen as special clones, rang-
ing from the smallest one (all projections) to the biggest one (all aggregation
functions of a considered lattice L). One special case is related to the class of
all idempotent aggregation functions on L, and its subclass of idempotent lat-
tice polynomials (i.e., Sugeno integrals, see [2,3]). Note that in the case of real
intervals, idempotent aggregation functions are just monotone means, and they
are indispensable in several domains related to unanimous decision making.

Possible complexity of the above mentioned clones can be reduced when
we look at their generating sets, i.e., subsets of aggregation functions from the
considered clone such that their compositions generate all members of this clone.
This problem was discussed for idempotent lattice polynomials on a bounded
distributive lattice L in [2,3], see also [5], and for all idempotent aggregation
functions on a bounded lattice L in [1]. Note that the generating set introduced
in [1] has contained also quite artificial ternary aggregation functions and it was
far from to be minimal.
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In out talk:

– we shall present the improvement of our earlier results concerning the gener-
ating sets of idempotent aggregation functions on lattices, where only binary
generating idempotent aggregation functions will occur

– we shall discuss the minimality problems of introduced generating sets
– we shall present a binary generating set of the class of all Sugeno integrals

on L.
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Continuity and Divisibility of Monotone Binary
Operations on Bounded Posets
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At the the 3rd International Symposium on Fuzzy Sets – Uncertainty Mod-
elling 2017 in Rzeszów we have started discussing a relationship between null-
norms and t-operators. An extended version of this contribution is to be pre-
sented at IPMU 2018 in Cádiz. Now, we proceed in this discussion by comparing
the notions of divisibility and continuity of monotone operations on bounded
posets.

Casasnovas and Mayor [1] introduced the notion of a divisible t-norm and t-
conorm. For reader’s convinience we repeat that definition. We will assume that
(P,≤P , 0, 1) is a bounded partially ordered set (poset) with the least element 0
and the greatest element 1.

Definition 1. A t-norm T : P 2 → P (t-conorm S : P 2 → P ) is divisible if for
all x ∈ P and all y ≤P x there exists z ∈ P such that T (x, z) = y (S(y, z) = x).

The notion of divisibility can be generalized for arbitrary commutative mono-
tone (increasing) binary operation ⊕ : P 2 → P in the following way

Definition 2. A binary commutative operation ⊕ : P 2 → P is divisible if for
all x ∈ P , all y ∈ [x⊕ 0, x⊕ 1] there exists z ∈ P such that y = x⊕ z.

We see that the notion of divisibility is based only on the partial order ≤P .
On every poset P we can consider sequential convergence. This convergence
generates a topology on P , so we get a sequential continuity. Of course, also in
this case the partial order ≤P plays a crucial role. However, the two notions –
divisibility and continuity – are not identical. Our intention is to compare them.
We will be looking for conditions under which divisibility implies continuity, and
under which continuity implies divisibility.
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Funda Karaçal1, Ümit Ertuğrul1 and M. Nesibe Kesicioğlu2
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In this work, we investigate the topology of TC∗
U,A

obtained from the C∗U,A
topological closure operator. It is also shown that this topological operator is
an algebraic closure operator and TC∗

U,A
topological space is Alexandroff Topo-

logical space. In addition, it is shown that TC∗
U,A

is quasi-Hausdorff space but
not Hausdorff space. Moreover, some features of order obtained from topological
closure operator C∗U,A.
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A topology given by means of the closure operators of the function families
{fi}i∈I is studied. The function families obtained from uninorms is a special case
for the defined topology. Especially, in this paper, some properties of the topology
is investigated according to the case of uninorms. It is shown that the topology
is a quasi-Hausdorff space but not a primal topology. Also, the minimal sets
of the topology are determined. The periodic points in the topology is deeply
investigated. In this sense, some relationships between the periodic and fixed
points are presented.
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An Alexandroff Topology Obtained from
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In this paper we obtained an Alexandroff topology and provided some related
results, and have given a hint of possible application. Many mathematical sys-
tems are lattices and topological spaces at the same time. It is natural to wonder
whether the topology in bounded lattices is definable in terms of uninorms. In
this paper, the answer to this question is researched, and the presence of such a
topology is observed. It is observed that this topology provides the condition of
Alexandroff topology. It is shown that this topology can not be metrizable except
for the discret metric case. We present an equivalence on the class of uninorms
on a bounded lattice based on equality of the topologies induced by uninorms.
It is obtained that the set of Alexandroff topologies based on uninorms of the
same form has uncountable cardinality.
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8. Ertuğrul, Ü., Karaçal, F., Mesiar, R.: Modified ordinal sums of triangular norms

and triangular conorms on bounded lattices. International Journal of Intelligent
Systems 30, 807–817 (2015).

9. Echi, O.: The category of flows of set and top. Topology Appl. 159, 2357–2366
(2012).

10. Fodor, J., Yager, R., Rybalov, A.: Structure of uninorms. Internat. J. Uncertain.
Fuzziness Knowledge-Based Systems 5, 411–427 (1997).

11. Gang, L., Hua-Wen, L.: On properties of uninorms locally internal on the boundary.
Fuzzy Sets and Systems 332, 116–128 (2018).

12. Grabisch, M., Marichal, J.-L., Mesiar, R., Pap, E.: Aggregation Functions. Cam-
bridge University Press, 2009.
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Some Properties of the Equivalence Relations
Induced by the U-partial Orders

M. Nesibe Kesicioğlu1, Ümit Ertuğrul2 and Funda Karaçal2

1 Recep Tayyip Erdogan University, Department of Mathematics, Rize, Turkey
2 Karadeniz Technical University, Department of Mathematics, Trabzon, Turkey

In this paper, we discuss the equivalences of uninorms on a bounded lattice by
means of the equality of the U-partial orders. We determine some relationships
between the orders induced by t-norms and their N-dual t-conorms. Also, we
present the relations between the equivalence of them. We show that there exists
a closely connection between the sets of incomparable elements w.r.t. the orders
induced by them. We determine a relationship between the equivalence of two
uninorms and the equivalence of their underlying t-norms and t-conorms. We
give a necessary and sufficient condition for the equivalence of a uninorm and
its conjugate. We investigate the relations between the sets consisting of all
incomparable elements w.r.t. the U-partial order and the orders induced by its
underlying t-norm and t-conorm.
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An n-ary Generalization of the Concept of
Distance

Gergely Kiss, Jean-Luc Marichal and Bruno Teheux

Mathematics Research Unit, University of Luxembourg

Generalizations of the concept of distance in which n ≥ 3 elements are con-
sidered have been investigated by several authors (see [1, Chapter 3] and the
references therein). The general idea is to provide some functions that measure
a degree of dispersion among n points. In this talk, we consider the class of
n-distances, which are defined as follows.

Definition 1. Let X be a nonempty set and n ≥ 2. A map d : Xn → [0,+∞[ is
an n-distance on X if it satisfies

(i) d(x1, . . . , xn) = 0 if and only if x1 = · · · = xn,
(ii) d(x1, . . . , xn) = d(xπ(1), . . . , xπ(n)) for all x1, . . . , xn ∈ X and all π ∈ Sn,
(ii) d(x1, . . . , xn) ≤

∑n
i=1 d(x1, . . . , xn)zi for all x1, . . . , xn, z ∈ X,

where we denote by d(x1, . . . , xn)zi the function obtained from d(x1, . . . , xn) by
setting its ith variable to z

For an n-distance d : Xn → [0,+∞[, the set of the reals K of ]0, 1] for which
the condition

d(x1, . . . , xn) ≤ K
n∑
i=1

d(x1, . . . , xn)zi , x1, . . . , xn, z ∈ X,

holds has an infimum K∗, called the best constant associated with d. The purpose
of the talk is to provide natural examples of n-distances based on the Fermat
point and geometric constructions, and to provide their best constants. We will
also provide examples of n-distances that are not the n-ary part of multidistances
as defined in [2].

The results presented in this talk can be found in [3].
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New Approaches for Defining OWA Operators
on Partially Ordered Sets
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Our aim in this work is to study two definitions of OWA operators on par-
tially ordered sets, (P,�), closed under convex combination. Notice that, since
� is a partial order, there might exist incomparable elements in P and, gener-
ally, it is not possible to find a decreasing permutation of a given input vector
(x1, . . . , xn) ∈ Pn. This key step has led us to study several approaches for
extending aggregation functions based on arrangements of data (such as OWA
operators, but also Choquet or Sugeno integrals) to partially ordered sets.

Specifically, we focus on OWA operators defined by means of increasing fuzzy
quantfiers Q : [0, 1] → [0, 1]. We recall that an OWA operator (defined on the
usual unit interval [0, 1]) with respect to Q is a mapping OWAQ : [0, 1]n → [0, 1]
given by

OWAQ(x1, . . . , xn) =
n∑
i=1

wix(i)

where x(1) ≥ · · · ≥ x(n) and wi = Q(i/n)−Q((i− 1)/n) for every i ∈ {1, . . . , n}.

First approach: admissible permutations

The first approach consists in calculating the set of admissible permutations (see
[1]) of a given input vector.

Definition 1. Let (x1, . . . , xn) ∈ Pn. A (decreasing) permutation σ : {1, . . . , n} →
{1, . . . , n} is said to be an admissible permutation with respect to the partial order
� if:

(i) for every xi ≺ xj, we have that σ−1(j) < σ−1(i) and
(ii) for each xi, the set {σ−1(j)|j ∈ {1, . . . , n} with xi = xj} is an interval in N.

The definition of OWA operators based on admissible permutations is done in
two steps. First, given (x1, . . . , xn) ∈ Pn, we calculate the set of admissible per-
mutations, namely σ1, . . . , σp : {1, . . . , n} → {1, . . . , n} (notice that p may vary

? Acknowledgement This work has been partially supported by Spanish Research
Project TIN2016-77356-P (AEI/FEDER, UE) and by grant APVV-14-0013.
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between 1 and n!). For each individual admissible permutation σj , we calculate

OWA
σj

Q =
n∑
i=1

wixσj(i)

with wi = Q(i/n) − Q((i − 1)/n). Second, the OWA operator with respect to
every admissible permutation is given by

OWAQ(x1, . . . , xn) =
1

p

p∑
j=1

OWA
σj

Q (x1, . . . , xn).

Second approach: sets L and U

Given (x1, . . . , xn) ∈ Pn, consider the following sets (see [2]) that represent the
ordinal structure of the input vector:

L(i) = {r ∈ {1, . . . , n}|xr ≺ xi} ,
U(i) = {r ∈ {1, . . . , n}|xi ≺ xr} .

For defining OWA operators based on the sets L and U we first construct a set
of intermediate weights given by

vi =
Q((n− |L(i)|)/n)−Q(|U(i)|/n)

n− |L(i)| − |U(i)|

for every i ∈ {1, . . . , n}. Then, the OWA operator is defined as

OWAQ(x1, . . . , xn) =

∑
i=1 vixi∑n
i=1 vi

.

In this work we will discuss some properties of both approaches and we will
analyze similarities and differences among them. We will show some examples
to illustrate these properties.
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Joint Aggregation of Rankings and Ordinal
labels: A Case Study in Food Science

Raúl Pérez-Fernández, Marc Sader and Bernard De Baets

KERMIT, Department of Data Analysis and Mathematical Modelling, Ghent
University, Ghent, Belgium

The assessment of food quality is one of the most prominent problems in food
science. A classical approach to this problem starts by asking several panellists
to assign a label on a given ordinal scale to a food sample, subsequently using
some aggregation method for combining the labels expressed by all the panel-
lists. Typical examples of such aggregation method are the mode, the median
and the mean, the latter being meaningful only in case the given ordinal scale is
an interval scale. Note that the latter setting is not the standard in food science
(e.g., see the use of hedonic scales [1,3,2,5]), often rendering the use of the mean
senseless.

Unfortunately, an appropriate use of a given ordinal scale by a panellist
requires exhaustive training, especially when assessing a non-subjective charac-
teristic such as the degree of spoilage of a given food sample. Since this training
is expensive and time-consuming, it is quite common to collect datasets with a
small number of observations and, thus, it is often difficult to extract meaningful
conclusions. Contrarily, in an era in which consumer preferences are daily mon-
itored, some additional information might be available or easily gathered. For
instance, invoking a huge number of untrained panellists is way less expensive
than training a few panellists. Obviously, there is a trade-off between the cost
and the quality of a gathered dataset. However, although an untrained panellist
might not be able to appropriately use a given ordinal scale, the panellist might
intrinsically be able to rank different food samples. Conceptually, it is easier to
state which of two samples is more spoiled than to assess the degree of spoilage
of both samples.

For the aforementioned reasons, datasets in which a reduced number of
trained panellists assign a label on a given ordinal scale to different food sam-
ples and untrained panellists rank these same food samples are often available
in the field of food science. Shamefully, the rich nature of these datasets is of-
ten disregarded and techniques for aggregating the labels and the rankings are
most of the times performed independently. In this presentation, we will dis-
cuss how both types of data can be dealt with jointly and illustrate this with a
real-life experiment concerning the freshness of different samples of raw Atlantic
salmon [4].
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A Computationally Expedient Social-Choice
Related Property for Group Decision-Making

Yeawon Yoo and Adolfo R. Escobedo
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University, Tempe, USA

We introduce a computationally expedient social-choice related property for
group decision-making, called the Generalized Condorcet Criterion, which can
be regarded as a natural extension of the well-known Condorcet criterion [1] and
the Extended Condorcet criterion [3]. Unlike its parent properties, the gener-
alized Condorcet criterion is adequate for complete rankings with ties as well
as for incomplete rankings. This new property can also provide computational
advantages when solving large size problems. Namely, it allows us to simplify the
solution process for certain types of instances of the NP-hard Kemeny ranking
aggregation problem via a combinatorial branch and bound algorithm. To test
the practical implications of this property, we sample complete rankings with
and without ties from the Mallows statistical distribution of rank data [2] to
generate instances with differing degrees of collective cohesion.
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Induráin, E., 19

Jin, L., 53

Kalina, M., 41
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