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Introduction 
For most developing countries, the urban environment is 

getting larger and denser. Therefore, geotechnical engineers 
have to pay more attention to the effect of vibrations caused by 
different human activities. Unfortunately, most of the methods 
for vibration predictions currently used by practitioners are 
empirical. According to Hölscher and Waarts [1], the quality of 
the predictions made with current vibration prediction methods 
is disappointingly low). They concluded that, in order to make an 
accurate prediction of the soil surface vibration, it is unavoidable 
to perform calculations with the Finite Element Method (FEM). 
The disadvantages of the FEM are that it requires a special 
software package and it takes a long time for the modelling and 
performing the calculations. Therefore it would be very useful 
to have a simple analytical method for engineering purposes, 
which could be used to predict geotechnical vibrations close 
to the source without the need of special software and long 
calculations.

For the development of such a method to predict soil surface 
vibrations close to an oscillating circular foundation, data from 
recent vibration experiments [2] has been be used. 

Vibration Tests

The vibration tests were performed on a peaty site in the 
Netherlands. The top layer of the site is a thin clayey layer with 
a thickness varying between 0.2m and 0.5m. Below this layer, 
there is a peat layer of 4.5 m in thickness. The bulk density of 
this peat layer is ρ   = 0.98± 0.08 t/m3 [3]. From P- and S-wave 
velocity measurements ( pv  = 66.9 m/s, sv  = 17.4 m/s), the 
following elasticity parameters were defined: G = 303 kN/m2, ν 
= 0.464. A material damping ratio of ξ  =1% used for peat, as 
recommended by Coelho [4].

The vibration test setup is presented in Figure 1. The source 
of vibration is the shaker, which consists of two counter rotating 
electric vibrators, a stiff circular bottom plate and dead mass 
on top to ensure that the oscillating force is always lower than 
the weight of the system. The plate radius plr  = 0.2m and the 
thickness of 20mm makes it stiff enough to be treated as a rigid 
foundation. The vibration test was performed with a frequency f 
= 24 Hz. The distance between the edge of the oscillator and the 
geophones is 1,2,3,..m, see also Figure 2 & 3 and Table 1. Also a 
geophone is placed on top of the shaker.
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Figure 1: Vibration test setup: 1) Shaker; 2) Frequency inverter; 
3) Power generator; 4) Geophones; 5) Data acquisition box; 6) 
Laptop

Figure 2: Shaker test results: vertical vibration amplitudes at 
different distances from the source 3 Derivation of the method.

Figure 3: Comparison between the post-dicted and measured 
vibration amplitudes.

The measured displacement amplitudes were compared with 
both the FEM results and the analytical solution given by Barkan. 
For the calculations the site was treated as a homogeneous 
elastic half-space with previously determined properties. The 

measured amplitudes vs. FEM and analytical solutions are 
shown in Figure 2.

From Figure 2, it can be seen that the near-field zone, which 
is defined by Barkan [5] as an interception of his near- and far-
field solutions is rather short, only 0.73m. In addition, that the 
attenuation rate of the measured amplitudes is much higher just 
in the first meter. From this, it can be concluded that in the near-
field zone, the amplitude attenuation is much stronger, and in 
the far-field zone, the attenuation is not so strong anymore.

Here, the findings of the Wave Decomposition Technique 
[6] can also be recalled, where it was found, that a part of the 
dynamic displacement of the rigid plate could be explained by 
the elasto-static Boussinesq solution for a rigid plate.

In the vibration test on site, the amplitude of the vertically 
oscillating force can be calculated by knowing the eccentric 
moment eM  and the frequency  ,f  as follows: 

  ( ) ( )2 2
0 2 0.0832 2 24 1089eF M f kNπ π= ⋅ ⋅ = ⋅ ⋅ =  .

If this would be a static load on a rigid plate, according to the 
elasto-static solution of Boussinesq, the vertical displacement 
could be calculated as follows:
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Where: v  - Poisson’s ratio; 0F  - vertically oscillating force; 
plr  - radius of the shaker; E  - elasticity modulus of the medium.

Having a Poisson’s ratio  v = 0.464, a vertical force 0F  = 
1.89kN, a radius of the plate plr  = 0.2m and a modulus of elasticity 
E  =886kPa, the vertical static displacement of the rigid plate 
would be  ,v plateu  = 4185μm. This is 14.3 times higher, than the 
dynamic vibration amplitude of the plate, measured during the 
vibration test - 292μm (Figure 1). The factor 14.3 here comes 
from the soil-foundation interaction, which is similar to the 
behaviour of a mass-spring-dashpot system. The spring plays 
a static role and the wave propagation determines a dashpot 
(analogy of conductivity).

At this point, it will be assumed that the attenuation of the 
vertical dynamic displacement amplitudes near the oscillating 
plate (in the near-field) has the same attenuation as a half-space 
surface deformed by a vertically loaded rigid plate under static 
conditions. For the static case, the soil surface displacements 
near the rigid plate can be calculated by using a solution from 
the theory of elasticity:

,
2( ) arcsin pl
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r
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         (2)

 
Where:  r - the distance from the centre of the rigid plate to the 
point of interest.

For the dynamic case, the dynamic vertical amplitude of 
an oscillating rigid plate should be used instead of the vertical 
static displacement. The dynamic amplitude of the plate can be 
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calculated by Lysmer’s method [7]. By using this, the vertical 
displacement amplitudes in the near-field are given by:

, ,
2ˆ ˆ( ) arcsin pl

v nf v plate

r
u r u

rπ
 

=  
 

             (3)

The start of the far-field will be taken approximately equal 
to the length of the R-wave ( ffr  = rλ  ). In the far-field, mostly the 
Rayleigh waves dominate. Therefore, the attenuation law of the 
amplitudes is known to be proportional to 0.5r−  . By taking the 
material damping into account, according to the law suggested 
by Bornitz [8], the far-field amplitudes will be:

( )
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Where: ( ),v nf ffu r

 - is the start of the far-field; ( ),v nf ffu r

 - 
vertical amplitude from the near-field estimation; mk  - empirical 
absorption coefficient for material damping.

If Lysmer’s solution is used for the dynamic plate displacement 
amplitude, Boussinesq’s elasto-static solution is used for the 
amplitudes in the near-field and the R-wave attenuation law 
together with the material damping law suggested by Bornitz 
[8], are used for the far-field, the vertical vibration amplitudes 
can be calculated as follows:
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Where: k   - spring coefficient for Lysmer’s analogue; B  - 
Lysmer’s modified dimensionless mass ratio; 0a  - dimensionless 
frequency ratio.

The spring coefficient of Lysmer’s mechanical analogue can 
be calculated as follows:

4
1
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k

ν
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−
       (6)

Where: G  - the shear modulus of the soil; Lysmer’s modified 
dimensionless mass ratio is defined as:
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Where: vibm    - the mass of the vibrating foundation; ρ  - the 
density of the medium.

The dimensionless frequency ratio can be found as follows:

0
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Where:  ω - the angular frequency; sv  - the shear wave 
velocity.

Comparison with the field measurements
This approach was used for the post-diction of the measured 

amplitudes on site. A value of the absorption coefficient mk  = 
0.09 m-1 is used for the far-field. This corresponds to a material 
damping ratio of  ξ = 1%. A comparison between the amplitudes 
of the post-diction and the measurements can be seen in Figure 
3.

Predicted versus measured displacement amplitude ratios 
(P/M) have been compared with both the Barkan-Bornitz far-
field solution and with FEM calculations, see in Table 1. This 
table shows that this simple method predicts just as accurate the 
amplitudes of vibration for the shaker test as the FEM.

Table 1: Comparison between the predicted and measured surface 
vibration amplitudes.

Distance (m)

Predicted/Measured Ratio

Barkan-
Bornitz FF FEM Developed 

Method

(ξ = 1 %) (ξ = 1 %) (ξ = 1 %)

1.2 4.2 0.6 0.7

2.2 6.6 0.9 1

3.2 8.7 1 1.3

4.2 31.4 4.5 4.2

5.2 36.5 5.5 4.5

6.2 48.9 7.2 5.5

Comparison with FEM calculations
The proposed prediction method gives results which are 

very close to the measurements. Besides, this method has also 
been validated by using FEM, for different frequencies f  and 
different modified mass ratios B. This will be described below.

FE model

In order to model the vibration test numerically, Plaxis 2D 
software was used. The geometry of the FE model is shown in 
Figure 4.

Figure 4: Geometry of the FE model for vibration test.
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For the soil medium, a linear elastic material model was 
used with the following properties: E  = 1000kN/m2,  = 0.25, 
and a unit weight  = 20kN/m3. The shaker was modelled by a 
plate element with a very high stiffness to satisfy the rigid 
foundation assumption. Different plate weights were used in 
different calculations in order to correspond to the required 
modified mass ratio B . The calculations were performed with 
four different modified mass ratios B  = 0.5, 1.0, 2.0 and 5.0 
and for ten different frequencies ranging from 2 to 15Hz. The 
corresponding dimensionless frequencies 0a  are listed in Table 
2.
Table 2: Frequencies used for the FEM calculations.

f [Hz] ω [rad/s] rpl [m] a0[-]

2 12.57 0.2 0.179

3 18.85 0.2 0.269

4 25.13 0.2 0.359

5 31.42 0.2 0.449

6 37.7 0.2 0.538

7 43.98 0.2 0.628

8 50.27 0.2 0.718

10 62.83 0.2 0.897

12 75.4 0.2 1.077

15 94.25 0.2 1.346

Four different modified mass ratios Band ten different 
frequencies f  result in 40 displacement amplitude versus 
distance plots. The vibrations were calculated at nine different 
surface points (from 1m to 9m away from the centre of the plate).  

Results

The FEM results of the surface vibration serve as validation 
of the developed method. It should be noted that in these FEM 
calculations, unlike the ones of the post-diction, the material 
damping is not used. Therefore, for the comparison of the 
developed prediction method discussed here, the Bornitz 
exponential part is not used either. Another difference ffr  is the 
size of the near-field. In the post-diction the distance , where the 
near-field ends and the far-field begins, was assumed to be equal 
to the length of Rayleigh waves: ff rr λ= . However analysing the 
FE modelling results it was noticed that the results have a better 
match by using half the distance, so 0.5ff rr λ= .

In order to compare the results between the developed 
model and FEM calculations, their errors will be expressed in a 
percentage, calculated as follows:

,

,

ˆ
1 100%

ˆ
y m

error
y FEM

u
u

∆ = − ⋅          (7)

Where: ,ˆy mu  and ,ˆy FEMu  - vibration displacement amplitudes 
calculated by the developed method and by FEM, respectively.

In order to show all results separately, one would need 40 
plots in total. Therefore the average errors of all 40 calculations 
are presented in Table 3, and the maximum errors in Table 4. The 

biggest average error of the 9 calculation points on the surface 
is 24.1%, which is fora dimensionless frequency a0 = 1.077 and a 
modified mass ratio B   = 0.5.

Table 3: Average error in percentage.

              B

a0
0.5 1 2 5

0.179 4.9 4.7 4.8 5

0.269 5 5.8 5.5 6.7

0.359 4.3 5 6.2 10.9

0.449 5.6 6.7 8.3 4.9

0.538 4.7 5.2 6.1 13.7

0.628 5.5 6.1 5.3 9.8

0.718 5.9 6.2 3.7 9.2

0.897 8.3 7.5 5.6 5.3

1.077 14.3 9.5 6.6 4.7

1.346 8 4.7 6 5.5

Table 4: Maximum error in percentage.

                   B

a0
0.5 1 2 5

0.179 10.6 10 11.5 10.7

0.269 10 10.5 9.6 13.3

0.359 9.7 10.9 13.9 19.1

0.449 12.8 13.6 15.3 9.8

0.538 9.6 10.8 11.9 22

0.628 11 14.4 10.8 19.1

0.718 13 14.6 7.7 15.9

0.897 19.9 18.7 12.6 13.2

1.077 24.1 20.3 24.1 14.4

1.346 22.3 11.9 12.7 14.4

Two representative plots were selected, in Figure 5 the 
results can be seen for the modified mass ratio B   = 0.5, with 
frequency  f = 12 Hz and in Figure 6 for B   = 5 and  f = 5 Hz.

Figure 5 : Comparison between developed method and FEM for 
B = 0.5, a0 = 1.077.
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Figure 6 : Comparison between developed method and FEM for 
B = 5, a0 = 0.449.

Conclusion
For engineering purposes, a simple analytical vibration 

prediction method is developed to estimate the vibration 
amplitudes next to a harmonically oscillating rigid circular 
plate on an elastic half-space. This analytical method bridges 
two extremes-a pure mathematical approach, which requires 
knowledge of complex analysis and an empirical approach.

This solution consists of three parts: 1) the analytical Lysmer 
method for the plate displacement amplitude 2) the shape of the 

vertical surface displacements of the elasto-static Boussinesq 
solution in the near-field and 3) the R-wave attenuation law r-0.5 

with the exponential material damping law ( )( )exp m ffk r r −   in the 
far-field. It can be assumed, that the near-field ends at a distance, 
which is about a half to one length of the R-wave. 

This approach gives accurate predictions, in comparison to 
both the field measurements and FEM calculations.
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