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Abstract—The burst in media content and access to smart
phones has created an increasing demand for data. At the same
time, powering up mobile base stations contributes notably to
CO2 footprint. To address these issues, we need to design energy
efficient communication systems with higher data rates while
considering practical limitations. As a solution, we design an
optimal M -PSK directional modulation precoder with spatial
peak power minimization where the communicated symbol on
each receiving antenna is placed in the optimal location of
a predefined region. Such an approach allows less stringent
design and results in further energy efficiency. In this work, we
characterize the relaxed region, formulate the optimal symbol-
level precoder design problem, and transform it into a standard
form. The simulation results show that the relaxed design reduces
the consumed power while the symbol error rate increment at
the receiver due to the relaxed phase design is negligible.

Keywords—Directional modulation, energy efficiency, M-PSK
modulation, spatial peak power, symbol-level precoding

I. INTRODUCTION

The advent of mobile smart devices, e.g., smart phones
and tablets, and the boom of Internet content, has led to a
fast growth in users’ demand for data communication. Based
on Cisco’s white paper [1], it is predicted that the mobile
Internet traffic will increase eight folds from 2015 to 2020.
Therefore, it is necessary to effectively use the available
resources in order to address the increasing rate demand.
Other than time and frequency resources [2], [3], precoding
at the transmitter [4], [5] in order to use the spatial dimension
has shown a significant potential to improve the data rate
by reducing the interference and satisfying the quality of
service at the users. As another paradigm to combat the
interference, directional modulation [6]–[9] and constructive
interference [10]–[12] have been developed to communicate
multiple interference-limited or interference-free streams with
the receiver. In directional modulation, the antenna weights are
designed such that the phase and signal-to-noise ratio (SNR)
of the receiving signal on each antenna of the receiver are
respectively equivalent to the phase and SNR of a specific
desired symbol. In fact, in the directional modulation, the
modulation happens while the radio frequency (RF) signal
passes through the fading channel.
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In the architecture of the directional, the power of the
RF oscillator is equally divided among the RF chains [6]–
[9] and the power amplifier in each RF chain needs to
operate in a specific range to avoid nonlinear distortion of
the amplified signal [13]. To keep the amplifier in the linear
region, we need to consider an upper limit on the output
power of the amplifier in each RF chain. As a solution, we
can design a directional modulation transmitter with spatial
peak power minimization. To this end, the references [14],
[15] consider constant envelope precoding for a single-user
massive MIMO system and the authors in [16] consider a per-
antenna power minimization based on constructive interference
where there is a strict constraint on the phase of the received
symbols. In addition to the hardware considerations, the mobile
communications consume a large amount of energy which
is responsible for a considerable amount of environmental
pollution [17]. Reducing the energy consumed at the radio
access networks is not only environmental friendly, but also it
reduces the mobile communications cost. The works of [9]–
[11], [18], [19] consider a relaxed design approach to improve
the energy efficiency at the transmitter.

Based on the above descriptions, it is in the best interest
of both mobile operators and users to have a system which
jointly takes into account the increasing rate demand, hardware
limitation, and energy efficiency. A constant envelop design
such as [14], [15] results in non-convex problems and con-
servative designs. Also, the constructive interference approach
in [16] considers a fixed phase design for low peak power to
average ratio, which results in a stringent design. However,
there is no work on addressing a joint design considering
both amplifier distortion and energy efficiency. To address this,
we design an M -PSK directional modulation transmitter with
spatial peak power minimization while a relaxed region for
further energy efficiency of M -PSK symbol is considered. In
this relaxed design, the M -PSK symbol can be placed in the
optimal location of a defined region. This results in lower
power consumption while satisfying the SNR requirement at
the receiver.

The remainder of this paper is organized as follows.
In Section II, the signal model is introduced. The spatial
peak power minimization problems for the fixed and relaxed
designs are formulated into standard forms in Section III.
In Section IV, we present simulation results by comparing
the proposed method with the benchmark schemes and draw
conclusions in Section V.

Notation: Upper-case and lower-case bold-faced letters are
used to denote matrices and column vectors, respectively.

The superscripts (·)T , (·)∗, (·)H , and (·)† represent transpose,
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conjugate, Hermitian, and Moore-Penrose pseudo inverse oper-
ators, respectively. IN×N denotes an N by N identity matrix,
Ek has one unit-valued element on the k-th diagonal entry

with the rest of the elements being zero, Ẽk has two unit-
valued elements on the k-th and (Nt + k)-th diagonal entries
with the rest of the elements being zero, diag(a) denotes a
diagonal matrix where the elements of the vector a are its
diagonal entries, a ◦b is the element-wise Hadamard product,
0 is the all zero vector, ‖ · ‖ is the Frobenius norm, and | · |
represents the absolute value of a scalar. Re (·), Im (·), and
arg (·) represent the real part, imaginary part, and angle of a
complex number, respectively.

II. SIGNAL AND SYSTEM MODEL

Consider a single carrier transmitter with Nt antennas,
denoted by T , that functions using the directional modulation
concept and communicates with a receiver with Nr antennas,
denoted by R. The received signal, y, at the receiver can be
written as

y = Hw + n, (1)

where y is an Nr × 1 vector denoting the received signals by

R, H =
[
h1, ...,hn, ...,hNr

]T
is an Nr ×Nt matrix denoting

the channel from T to R, hn is an Nt × 1 vector containing
the channel coefficients from the transmitter antennas to the
n-th antenna of R, and w =

[
w1, ..., wn, ..., wNt

]
is the

transmit vector. The random variable n ∼ CN (0, σ2INr×Nr

)
denotes the additive white Gaussian noise at R where CN
denotes a complex and circularly symmetric random vari-
able. In the directional modulation, the elements of Hw =[
s
′

1, ..., s
′

n, ..., s
′

Nr

]T
are the induced M -PSK symbols on the

antennas of R where s
′

n is the induced M -PSK symbol on
the n-th antenna of R, s =

[
s1, ..., sn, ..., sNr

]
are the M -

PSK symbols to be communicated between T and R with

instantaneous unit energy, i.e., |sn|2 = 1. To detect the received
symbols, R can apply conventional detectors on each receiving
antenna.

If we show the instantaneous output signal in the n-th RF
chain as wn, the maximum output power among the RF chains
can be defined as

P spatial
max = max

k=1,...,Nt

wHEkw, (2)

which we refer to it as the spatial peak power. In the next
section, we aim to minimize the spatial peak power.

III. SPATIAL PEAK POWER MINIMIZATION FOR

DIRECTIONAL MODULATION

In this section, we formulate the fixed benchmark and re-
laxed designs with the goal of spatial peak power minimization
for a M -PSK directional modulation transmitter and design the
optimal symbol-level precoder for each case.

A. Peak Power Minimization: Fixed Design

In this section, we formulate and transform the M -PSK
precoder design problem that satisfies the exact required phase
and the minimum required SNR for the signal received on each
antenna of R, the induced desired symbol, while minimizing

the spatial peak power. Since a fixed phase is required at the
destination, increasing the required signal level at the receiver
results in a proportional increment in real and imaginary parts
of the received signal. Hence, we can break the SNR constraint
into two constraints on real and imaginary parts of the induced
M -PSK symbol, sn, as

Re
(
hT
nw

)
≥ √

γRe (sn) , Im
(
hT
nw

)
≥ √

γIm (sn) , (3)

where γ is the required signal power at the receiver defined
as γ = 10SNR/10. Putting down the SNR constraint as in (3)
helps us avoid a non-convex design. Since the phase of the
received signal is fixed, we only need to use either the real or
imaginary part in (3). Using (3), the design problem is cast as

min
w,t

wHEkw

s.t. arg
(
hT
nw

)
= arg (sn) , ∀n = 1, ..., Nr (4a)

Re (sn)Re
(
hT
nw

)
≥ √

γRe2 (sn) . ∀n = 1, ..., Nr (4b)

The constraint (3), will not satisfy the signal level requirement
if Re

(
hT
nw

)
< 0. To address this issue, both sides of (4b)

are multiplied by Re (sn). This does not affect the inequality
since Re

(
hT
nw

)
and Re (sn) have the same sign at the

optimal point. By introducing t as an auxiliary variable, we
can transform (4) into a more familiar form as

min
w,t

t

s.t. wHEkw ≤ t, ∀ k = 1, ..., Nt (5a)

arg
(
hT
nw

)
= arg (sn) , ∀n = 1, ..., Nr (5b)

Re (sn)Re
(
hT
nw

)
≥ √

γRe2 (sn) .∀n = 1, ..., Nr (5c)

We can write the phase constraint in (5b) in the linear from as
αnRe

(
hT
nw

)
− Im

(
hT
nw

)
= 0 and stack the constraints sets

in (5b) and (5c) to get

min
w,t

t

s.t. wHEkw ≤ t, (6a)

ARe (Hw)− Im (Hw) = 0, (6b)

Re (S)Re (Hw) ≥ √
γ sr, (6c)

where S = diag (s), s is an Nr × 1 vector containing the
M -PSK symbols to be communicated, sr = Re (s) ◦ Re (s),

A = diag (α), α =
[
α1, ..., αn, ..., αNr

]T
, and αn =

tan (arg (sn)) = Im (sn)/Re (sn). To remove the real and
imaginary parts from (6), we can use the results of [9] as

Re
(
H̃w

)
= H1w̃, Im

(
H̃w

)
= H2w̃, (7)

where w̃ =
[
Re

(
wT

)
, Im

(
wT

)]T
, H1 =[

Re
(
H̃
)
,−Im

(
H̃
)]

, H2 =
[
Im

(
H̃
)
,Re

(
H̃
)]

, and

‖w̃‖2 = ‖w‖2. Using (7), (6) transforms into

min
w̃,t

t

s.t. w̃T Ẽkw̃ ≤ t, (8a)

(AH1−H2) w̃ = 0, (8b)

Re (S)H1w̃ ≥ √
γsr. (8c)

Similar as in [9], we can put w in the null space of
AHU1

−HU2
. If the SVD of AH1 −H2 is given by UΣVH ,
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Fig. 1. Characterization of the relaxed region for M -PSK modulation.

the orthonormal basis for the null space of AH1 −H2 are the

last 2Nt − r
′

columns of the matrix V with r
′

being the rank
of AH1 −H2 [20]. Using this, we can write w̃ as w̃ = Vλ

where

V =
[
vr′+1

, ...,v2Nt

]
, λ =

[
λ1, ..., λ2Nt−r′

]
. (9)

By replacing w̃ with Vλ, (8) reduces into

min
λ,t

t

s.t. λ̃
T
Bλ̃ ≤ t,

Cλ ≥ a, (10)

where B = VT ẼiV, C = Re (S)H1V, and a =
√
γsr. The

design in (10) is a linear program with quadratic and linear
constraints which can be solved via standard approaches.

B. Energy Efficient Peak Power Minimization: Relaxed Design

In this part, we design the optimal spatial peak power
minimization precoder for directional modulation transmitter
by letting the phase of the received signal on each antenna of
R vary in a defined region, shown by check board pattern in
Fig. 1. This results in a less stringent design compared to [14]–
[16] and consequently reduces the power consumption at the
transmitter.

To do so, first, we characterize the relaxed phase region in
which the phase of the receiving signal on each antenna of R
can vary. For an easy design, we characterize the relaxed region
on the real axis, as shown in Fig. 1, and then rotate the other
symbols into this region and apply the defined constraints on
them. In M -PSK, each symbol has a detection region within
π
M degrees from each direction. Also, considering that we want
to satisfy a specific signal level,

√
γ, for each induced symbol

at the receiver, we need to consider the relaxed region outside
the circle of Fig. 1. One way to satisfy the required SNR
and leaving enough distance to the boundaries of the detection
region is drawing lines y1 and y2 parallel with the detection
region boundary so that these lines pass through the signal
level threshold,

√
γ, as illustrated in Fig. 1.

After defining the boundaries of the relaxed region, we
extend it to other symbols. As the first step to define the
relaxed region for the symbol sn, we need to multiply it by
e−iϕn so that it rotates into the defined relaxed region of Fig. 1
shown by the check board pattern. The terms Re

(
hT
nw

)
and

Im
(
hT
nw

)
are equivalent to x and y in the 2D plane of Fig. 1,

therefore, the relaxed region of symbol sn can be defined using
the following two inequalities:

b1Re
(
hT
nwe−iϕn

)
+ a1 ≤ Im

(
hT
nwe−iϕn

)
,

Im
(
hT
nwe−iϕn

)
≤ b2Re

(
hT
nwe−iϕn

)
+ a2. (11)

The parameters of lines y1 and y2 can be defined as

b1 = − tan
( π

M

)
, b2 = tan

( π

M

)
,

a1 = −b1
√
γ, a2 = −b2

√
γ. (12)

Using the defined relaxed region in (11), the relaxed optimal
precoder design problem is defined as

min
w,t

t

s.t. wHEkw ≤ t, ∀ k = 1, ..., Nt (13a)

Im
(
hT
nwe−iϕn

)
≥ b1 Re

(
hT
nwe−iϕn

)
+ a1, (13b)

Im
(
hT
nwe−iϕn

)
≤ b2 Re

(
hT
nwe−iϕn

)
+ a2, (13c)

where a similar approach the same as getting from (5)
to (6) is used to get to (13). The constraint (13a) limits the
instantaneous power transmitted from each RF chain. The
constraints (13b) and (13c) enforce the induced symbol to
be within the relaxed region while satisfying the minimum
required SNR at the receiver. As the first step to simplify (13),
we absorb the desired symbol phase e−iϕn into the channel to
get

min
w,t

t

s.t. wHEkw ≤ t, (14a)

Im
(
h̃T
nw

)
≥ b1Re

(
h̃T
nw

)
+ a1, (14b)

Im
(
h̃T
nw

)
≤ b2Re

(
h̃T
nw

)
+ a2, (14c)

where h̃T
n = hT

ne
−iϕn . Then, we can stack the constraint

in (14b) and (14c) to get

min
w,t

t

s.t. wHEkw ≤ t, (15a)

Im
(
H̃w

)
≥ b1Re

(
H̃w

)
+ a11, (15b)

Im
(
H̃w

)
≤ b2Re

(
H̃w

)
+ a21, (15c)

where H̃ =
[
h̃1, ..., h̃n, ..., h̃Nr

]T
and 1 is an Nr × 1 vector

containing unit-valued elements. Using derivation in (7), we
can remove the real and imaginary parts of (15) to get

min
w̃,t

t

s.t. w̃T Ẽkw̃ ≤ t, (16a)

Dw̃ ≥ d, (16b)
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Fig. 2. Average consumed power with respect to Nt for the proposed and
benchmark schemes with SNR = 10 dB, Nr = 10, and M = 16.
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Fig. 3. Average maximum power among the RF chains with respect to Nt for
the proposed and the benchmark schemes when SNR = 10 dB, Nr = 10,
and M = 16.

where

D =

[
H̃2 − b1H̃1

H̃2 − b2H̃1

]
, d =

[
a11
−a21

]
. (17)

The spatial peak power minimization relaxed design in (16) has
a linear objective with linear and quadratic constraints which
is a convex optimization problem and can be solved using
standard methods. To have feasible design problem in both (10)
and (16), we assume that Nt ≥ Nr.

IV. SIMULATION RESULTS

In this part, we present simulations to evaluate the perfor-
mance of the designed directional modulation transmitter. The
examined performance metrics include average transmitter’s
total power consumption, average spatial peak power, and
average symbol error rate (SER) at the receiver. The average
of the mentioned metrics is carried out over multiple designed
precoders for various data and channel realizations. In all
simulations, channels are considered to be quasi static block
Rayleigh fading ones generated using i.i.d. complex Gaussian
random variables with distribution CN (0, 1) and remain fixed

0 5 10 15

10
-3

10
-2

10
-1

10
0

Fig. 4. Average symbol error rate with respect to the required SNR at the
receiver for spatial peak power minimization precoder designs with fixed and
relaxed phase constraint when Nt = Nr = 10.

Fig. 5. the distribution of the noise-free communicated symbols in the relaxed
spatial peak power minimization design for Nt = Nr = 500 and 16-PSK
modulation.

during an interval of Nr M -PSK symbols that are commu-
nicated with the receiver. Also, the noise is generated using
i.i.d. complex Gaussian random variables with distribution
CN (0, σ2). As the benchmark schemes, we consider the work
in [9], which studies fixed and relaxed precoder designs with
total transmit power minimization.

In the first scenario, we quantify the power consumption
at the transmitter for fixed and relaxed designs with total and
spatial peak power minimization criteria in Fig. 2. As we
see, the relaxed design reduces the consumed power at the
transmitter for a long range of Nt. This biggest differences
between fixed and relaxed designs are 1.28 dB and 0.84 dB for
total and spatial power minimization problems, respectively,
for Nt = Nr = 10. As Nt grows bigger than Nr, the
system degrees of freedom increases and the power consump-
tion difference between fixed and relaxed designs decreases.
Interestingly, we see that the spatial peak power minimization
design with relaxed phase consumes less power at Nt = 10
compared to the fixed design with total power minimization
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objective. This illustrates that even with hardware limitation,
the spatial peak power minimization design, the relaxed design
can results in an more energy efficient transmitter compared
to the fixed design.

For the next scenario, we present the average spatial peak
power for fixed and relaxed designs with total and spatial
peak power minimization objectives. As we see in Fig. 3, the
spatial peak power minimization with relaxed design results in
a considerably less spatial peak power compared to the fixed
design for a long range of Nt. For example, for Nt = Nr = 10,
the relaxed design results in 1.4 dB less average spatial peak
power compared to the fixed design. As Nt increases, the
difference between the average spatial peak power of the fixed
and relaxed designs decreases as Furthermore, as Nt increases,
the difference between the maximum output results in less
maximum output power among the RF chains.

The distribution of the communicated symbols at the re-
ceiver is shown in Fig. 5. As we see, the optimal precoder
design results in many symbols going well above the required
SNR, the dashed circle, at the receiver. Hence, by using lower
power, it is possible to get lower SER thanks to optimizing
the locations of the symbols.

As the last scenario, we derive the SER at the receiver for
fixed and relaxed cases of spatial peak power minimization
designs. SER with respect to SNR is shown in Fig. 4 for 8-
PSK and 16-PSK modulations. We observe that the SER of
fixed and relaxed designs are close to each other in relatively
low SNR regime and the distance between them increases
for relatively high SNR regime. In addition, the SER of the
relaxed and fixed designs for 8-PSK modulation are closer
compared to those of 16-PSK modulation. The reason is that
the symbol detection region shrinks as the modulation order
increases and the relaxed design is more likely to create an
error. By comparing Figs. 2 and 4 for SNR = 10 dB and
16-PSK modulation, we see that the power saving for a range
of Nt is worthy of the loss in SER, especially for Nt = Nr.

V. CONCLUSIONS

In this work we designed the optimal symbol-level precoder
for a relaxed phase M -PSK directional modulation transmitter
by minimizing the maximum transmitted power among the
RF chains. In contrast to the state of the art, we let the
communicated symbols to vary in a predefined relaxed region
instead of considering them to be fixed in a point. The
simulations demonstrated that relaxing the phase results in
less power consumption at the transmitter, especially for close
number of transmit and receiver antennas. Interestingly, it was
observed that the relaxed spatial peak power minimization
design consumes less power than the fixed design with transmit
power minimization objective for equal number of transmit
and receive antennas. The results showed that relaxed design
results in a less maximum transmitted power among the RF
chains compared to the fixed design. While the relaxed design
reduces the total power consumption and spatial peak power
notably, the SER increment due to relaxed design is negligible
compared to the power reduction, especially for close values of
transmit and receive number of antennas. The power reduction
and SER improvement in directional modulation are derived
at the expense of designing the precoder for communication
of each group of the symbols.
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