DEFORMATIONS OF PRE-SYMPLECTIC STRUCTURES
AND THE KOSZUL L.-ALGEBRA

FLORIAN SCHATZ AND MARCO ZAMBON

ABSTRACT. We study the deformation theory of pre-symplectic structures, i.e. closed two-forms
of fixed rank. The main result is a parametrization of nearby deformations of a given pre-
symplectic structure in terms of an Loo-algebra, which we call the Koszul Loo-algebra. This
Loo-algebra is a cousin of the Koszul dg Lie algebra associated to a Poisson manifold, and its
proper geometric understanding relies on Dirac geometry. In addition, we show that a quotient
of the Koszul Lss-algebra is isomorphic to the L.-algebra which controls the deformations of
the underlying characteristic foliation. Finally, we show that the infinitesimal deformations of
pre-symplectic structures and of foliations are both obstructed.
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INTRODUCTION

This paper studies the deformation theory of pre-symplectic structures of a fixed rank. Recall
that a 2-form 7 on a manifold M is called pre-symplectic if

i) it is closed, and
ii) the kernel of the vector bundle map nf : TM — T*M, v — (v, -) has constant rank.

Pre-symplectic structures arise naturally on certain submanifolds of symplectic manifolds (as
in the Dirac theory of constraints in mechanics) and as pullbacks of symplectic forms along
submersions. We denote by Pre—Symk(M ) the set of all pre-symplectic structures on M, whose
rank equals k. We informally think of Pre-SymF* (M) as some kind of space. Our main goal in
this paper is to construct local parametrizations (‘charts’) for this space.

It is evident that in order to achieve this, we will need to take care simultaneously of the
closedness condition and the rank condition. It is not hard to deal with each of these two
conditions separately:

i) closedness is the condition of lying in the kernel of a linear differential operator, the de
Rham differential d : Q2(M) — Q3(M),

ii) fibrewise, the rank condition cuts out a (non-linear) fibre-subbundle of A2T*M — M,
for which one can construct explicit trivializations.

However, there is a certain tension between the two conditions: The de Rham differential is in
no obvious way compatible with the rank condition. Similarly, if one uses in ii) a naive triviali-
zation for the rank condition, one loses control over the closedness condition.

We therefore need a construction which addresses the closedness condition and the rank
condition on equal footing. Our solution for this problem originates from Dirac geometry, in
which one encodes geometric structures on M as subbundles of the generalized tangent bundle
TM :=TM @& T*M. The generalized tangent bundle comes with two important structures: 1)
a symmetric non-degenerate inner product (-, -), encoding the natural pairing between T'M and
T*M and 2) a certain bilinear bracket [-,-] on I'(TM), called the Dorfman bracket. An almost
Dirac structure L C TM is a vector subbundle, whose fibres are Lagrangian with respect to
(-,-). If in addition I'(L) is closed under the Dorfman bracket, L is a Dirac structure.

Let us briefly sketch why Dirac geometry is relevant to the deformation theory of pre-symplectic
structures: Using auxiliary data, namely the choice of a complement of ker(nﬁ) in TM, we con-
struct two injections
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0*(M)
Pz
{almost Dirac structures on M }.
/
0*(M)

The transformation F':= & 1® , is well-defined for sufficiently small two-forms and, crucially, it
behaves well both with respect to the closedness and the rank condition! Indeed, if the restriction
of a (sufficiently small) 2-form S to the kernel of n vanishes, then n + F(5) has the same rank
as 1, and vice versa (see Theorem. [2.6). Moreover, closedness of F'(3) is equivalent to ®z(3)
being integrable, i.e. Dirac. By the general deformation theory of Dirac structures, which was
developed in [12] 5], the integrability of ® () translates into an explicit equation on g of the
form

1) 48+ 318,817 + <[8.68.87 = 0.

Here d is the de Rham differential, [-,-]z and [, -, ]z is a bilinear, respectively trilinear, map
from Q(M) to itself. As the notation indicates, [-,-]z and [-,-,-]z depend on Z, a bivector field
on M, which is obtained by partially inverting n (after restriction to the chosen complement of
ker(n?)). In a more technical language, d, [, -]z and [, -, -]z equip Q(M) with the structure of an
Loo-algebra (after a degree shift), Equation is known as the corresponding Maurer-Cartan
equation, and its solutions are called Maurer-Cartan elements.

To complete our construction, we prove — see Theorem [3.17] — that

Qhor(‘l\4) = {ﬁ € Q(M) ’5|ker(nﬁ) = 0}

is closed under d, [-,-]z and [,-,]z, and hence inherits the structure of an L..-algebra. The
corresponding Maurer-Cartan equation incorporates both the closedness and the rank condition

which define Pre-Sym*(M). Summing up our discussion, our main result is the construction of
the following map (see Theorem [3.19)):

Theorem. There is an injective map

(2) {small Maurer-Cartan elements of (Quer(M),d,[-,"]2,[,-,-]z)} — Pre-Sym*(M)

which bijects onto a (C°-)neighborhood of 1.

Since [+, -]z is defined by the same formula as the classical Koszul bracket for a Poisson bivector
field, c.f. [9], we refer to (Qnor(M),d, [, -]z, [+, ]z) as the Koszul Loo-algebra of (M,n).

The properties of the parametrization can be established without reference to Dirac ge-
ometry, and we made an effort to provide two proofs for each statement: a direct, elementary
(but sometimes ad hoc) one, and a more conceptual one which relies on Dirac geometry.

The parametrizations of Dirac structures constructed in [12], [5] depend on auxiliary data,
and therefore the resulting L..-algebras do too. In their recent preprint, cf. [6], M. Gualtieri,
M. Matviichuk and G. Scott establish a general framework to control the effects of changing these
auxiliary data, and they exhibit explicit canonical Ly,-isomorphisms between the resulting L.o-
algebras. This framework is a natural habitat for the transformation F', which compares the
two parametrizations ¢y and P .
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Pre-symplectic structures have a rich geometry. One interesting feature is that each pre-
symplectic structure 7 induces a foliation on the underlying manifold, called the characteristic
foliation of n, which is given by the kernel of n. This yields a map

p : Pre-Sym* (M) — {foliations on M}.

We use the local parametrization to construct an algebraic model of this map. To be more
precise, we show that a certain quotient of the Koszul L..-algebra of (M, n) is isomorphic to
the L,-algebra whose Maurer-Cartan equation encodes the deformations of the characteristic
foliation, see Theorem [4.10]

We finish the paper addressing the obstructedness problem: can every first order deformation
be extended to a smooth curve of deformations? We show that the answer to this question is
negative, both for deformations of pre-symplectic structures and of foliations. We do so by exhi-
biting counterexamples on the 4-dimensional torus, using the explicit form of the L..,-algebras
constructed previously.

Let us mention two important issues which we plan to address in a follow-up paper:

e Geometric vs. algebraic equivalences: Isotopies act via pullback on the space Pre-Symk(M )
of all pre-symplectic structures of fixed rank. This gives rise to an equivalence relation
on Pre-Sym*(M). On the other hand, the Koszul Lo.-algebra of (M,7) comes with the
notion of gauge-equivalence on the set of Maurer-Cartan elements. We will show that
these two notions of equivalence correspond to each other under the map , assuming
M is compact. We resolved a problem of this type in our previous work [17].

e Relation to coisotropic submanifolds: One of our motivations to develop the deformation
theory of pre-symplectic structures is the relationship to coisotropic submanifolds, see
[13, 16, 17, 11]. A submanifold M of a symplectic manifold (X,w) is coisotropic if
the symplectic orthogonal to T'M inside T'X|ps is contained in T'M. This condition
guarantees that w|ys is pre-symplectic and, in fact, every pre-symplectic form can be
obtained this way. This hints at a tight relationship between the deformation theory of
coisotropic submanifolds and the deformation theory of pre-symplectic structures. We
will show in forthcoming work that this is indeed the case. On the geometric level,
we extend previous work by Ruan, cf. [I5]. On the algebraic level, we prove that the
Koszul Le,-algebra of (M, n) is homotopy equivalent — or quasi-isomorphic — to the dg Lie
algebra that controls the simultaneous deformations of pairs consisting of a symplectic
structure and a coisotropic submanifold, see [2, [5].

Structure of the paper:

Section [I] sets the stage by introducing the relevant deformation problem, and by establishing
basic geometric and algebraic facts related to pre-symplectic structures. In Section [I.3] we discuss
the toy-example of symplectic structures in the framework which we generalize to arbitrary pre-
symplectic structures in the rest of the paper. In Section [I.4] we outline why Dirac geometry
provides an effective way to describe the deformation problem.

Section [2] is devoted to the rank condition. We discuss in detail special submanifold charts
for the space of skew-symmetric bilinear forms of a fixed rank, explain their Dirac-geometric
meaning, and relate them to a more standard construction which makes use of Grassmannians.

Section 3| is the heart of the paper. Here, we construct the Koszul L..-algebra associated to a
pre-symplectic structure 7, and prove that its Maurer-Cartan equation encodes the deformations
of 7 inside the space of pre-symplectic structures of fixed rank. We located the proofs concerning
Lo-algebras in Subsection [3.2] and the discussion of the Dirac geometry underlying our approach
in Subsection Subsection [3.5] illustrates our approach with three examples.



DEFORMATIONS OF PRE-SYMPLECTIC STRUCTURES AND THE KOSZUL L., ALGEBRA 5

Section {4 links the deformation theory of pre-symplectic structures to the deformation theory
of their characteristic foliations. On the algebraic level, this relationship is quite straightforward:
we show that the L.-algebra, which encodes the deformations of the foliation underlying 7, arises
as a quotient of the Koszul L.-algebra by an L..-ideal.

Section [5| shows that the infinitesimal deformations of pre-symplectic structures as well as
foliations are obstructed, using properties of the L,-algebras obtained in Section [3| and

Acknowledgements: We thank Marco Gualtieri and Mykola Matviichuck for discussions about
their work [6] (joint with G. Scott) and Donald Youmans for correcting an inaccuracy in a pre-
vious version of this paper. F.S. thanks Ruggero Bandiera for his generous help concerning
Koszul brackets, and especially for the discussions leading to the proof of Proposition M.Z.
acknowledges partial support by Pesquisador Visitante Especial grant 88881.030367,/2013-01
(CAPES/Brazil), by IAP Dygest (Belgium), the long term structural funding — Methusalem
grant of the Flemish Government.

Convention: Let V' be a Z-graded vector space, that is we have a decomposition V' = @, ., Vi.
For r € Z, we denote by V[r] the Z-graded vector space whose component in degree k is Vi,

1. PRE-SYMPLECTIC STRUCTURES AND THEIR DEFORMATIONS

1.1. Deformations of pre-symplectic structures. In this section we set up the deforma-
tion problem which we study in this article. Throughout the discussion, M denotes a smooth
manifold.

Definition 1.1. A 2-form n on M is called pre-symplectic if

(1) n is closed and

(2) the vector bundle map n* : TM — T*M,v — 1,n = n(v,-) has constant rank.
In the following, we refer to the rank of n* as the rank of 7.

Definition 1.2. A pre-symplectic manifold is a pair (M,n) consisting of a manifold M and a
pre-symplectic form n on M.

We denote the space of all pre-symplectic structures on M by Pre-Sym(M) and the space of
all pre-symplectic structures of rank k by Pre—Symk(M).

Remark 1.3. Given a pre-symplectic manifold (M, n), the fibrewise kernels of nf assemble into
a vector subbundle of T'M, which we denote by K:

K = ker(nf).

Since 7 is closed, K is involutive, hence gives rise to a foliation of M. Recall that associated
to any foliation, one has the corresponding foliated de Rham complex, which we denote by
Q(K) := (I'(AK™),dK). Restriction of ordinary differential forms on M to sections of K yields
a surjective chain map r : Q(M) — Q(K). We denote the kernel of r by Qy,o,(M). It coincides
with the multiplicative ideal in Q(M) generated by all the section of the annihilator K° C T*M
of K. We have the following exact sequence of complexes

(3) 00— Qor(M) QM) "= Q(K) —=0.
We denote the cohomology of Qo (M) by Hpor(M), and the cohomology of Q(K) by H(K).

We next compute the formal tangent space to Pre—Symk(M ) at a pre-symplectic form 7.

Lemma 1.4. Let (nt)icpo,) be a one-parameter family of pre-symplectic forms on M of fized
rank k with ng = n. Then %\tzont is a closed 2-form which lies in Q2 (M).

hor
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Proof. That %]tzont is closed is straight-forward.

Concerning the second claim, let X and Y be two arbitrary smooth sections of K. Since
(K¢ = ker(ng))te[oys) assemble into a smooth vector bundle K over M x [0,¢), we can find
smooth extensions of X and Y to sections of K. Denote these extensions by X; and Y;. By
definition, we have

0 = n:(Xy, Y2)

for all t € [0, ¢). Differentiation with respect to ¢ yields

d d d d
= —|— XY — =0 X, Y X, —|i=Y;) = | —|— X.Y).
0 <dt|t_o77t>( : )+77(dt|t_o £ Y) +n( ’dt't_o 1) <dt|t—077t>( ,Y)
O]

Remark 1.5. Lemmall.4 tells us that we have the following identification of the formal tangent
space to Pre-Sym*(M) at n:

T, (Pre—Symk(M)> >~ o € Q*(M) closed, r(a) = 0} = Z*(Qnor(M)).

Definition 1.6. The group of isotopies Diffo(M) of M acts on Pre—Symk(M) from the right via
n-f=fn.

We call two pre-symplectic structures n and 7 isotopic if they lie in the same orbit of this
action, and then write n ~ 7. Given an isotopy f: of M and a pre-symplectic structure n, we
say that the one-parameter family of pre-symplectic structures n - f is generated by f:.

Furthermore, we denote the set of orbits by Pre-Sym*(M)/Diffo(M).

Here is a slight reformulation of the equivalence relation ~ of pre-symplectic structures given
by isotopies:

Proposition 1.7. Suppose M is compact. Two pre-symplectic structures n and 71 on M are iso-
topic, if and only if there is a smooth one-parameter family of pre-symplectic structures (Ut)te[o,l}
joining them, such that the variation dn/dt equals dfB;, with By a section of (ker(m:))°.

Proof. Assume that n and 7 are isotopic via f;. Then the smooth one-parameter family n; :=
(ft)*n satisfies the requirements of the proposition since

d
%Ut - ﬁXtT]t = dLthh

and vx,n; lies in (ker(n;))°. Here X is the time-dependent vector field associated to the isotopy.

One the other hand, if we are given a family 7; and §; as specified in the proposition, we can
apply Moser’s trick. In more detail, we make the Ansatz

d
o) = ged(exne + Br),

for g; the isotopy generated by X;. Now we can find a one-parameter family of vector fields X}
such that

d * *
0:$wm0:%ww%+

LX: Mt + Bt - 07

since (; lies in the image of 77%t . Observe that the kernel of n, t € [0, 1], forms a vector bundle
over M x [0,1] and we can choose a complementary subbundle to it inside the pull back of T'M.
Requiring that X; takes values in this subbundle uniquely determines the one-parameter family
X; (this shows in particular that X; can be chosen in a smooth manner). Since M is compact,
(Xt)efo,1) will integrate to an isotopy (gi)ecpo,1)- Setting f; := gt_1 yields the desired isotopy
satisfying n: = fi'n. O
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Definition 1.8. The moduli space of pre-symplectic structures of rank k on M is the set of
equivalence classes Pre-Sym¥ (M) /Diffo(M).

Remark 1.9. Let us determine the formal tangent space to Pre-Sym*(M)/Diffo(M) at the
equivalence class of 1. By Lemma the tangent space of Pre—Symk(M ) at n can be identified
with the closed 2-forms on M whose restriction to K = ker(n) is zero. On the other hand, the
equivalence class of 7 is infinitesimally modelled by dj for § € I'(K°). As the quotient of these
two vector spaces, and hence as the candidate for Ty, (Pre—Symk (M)/Diffg(M)), we therefore
find H2, (M).

hor

1.2. Bivector fields induced by pre-symplectic forms. For later use, we present basic
results on the geometry of bivector fields that arise from pre-symplectic forms, after one makes
a choice of complement to the kernel. For any bivector field Z, we denote by #: T*M — TM
the map & — 1eZ = Z(&,-). The Koszul bracket of 1-forms associated to Z is

(4) €1, 82z = tye, d€o — tpe,dE1 + d(Z, &1 N &2).

In case Z is Poisson, these two pieces of data make T M into a Lie algebroid. In general, there
is an induced bracket on smooth functions given by {f, g}z = (#df)(g). In the following, we will
make repeated use of the fact that the Koszul bracket has the following derivation property:

(€1, f&2)z = fl&1, &)z + Z(&1, df )62

where ¢1, & € QY (M) and f € C®°(M).
We start with a lemma about general bivector fields, which in the Poisson case reduces to the
fact that f is bracket-preserving:

Lemma 1.10. For any bivector field Z on M, and for all £1,& € QY (M) we have

(5) (861, o] = H[&1, &2]7z — %L&L&l [Z, Z].

Proof. By the derivation property of the Koszul bracket, we may assume that &; is exact for
i = 1,2. We have ([§df1,8df>], dfs) = [tdf1,8df2](f3) = {f1.{f2, fs}} — {f2,{f1, f3}}, using in
the first equality the definition of the Lie bracket as a commutator. Further (f[df1,df2]z, dfs3) =
(Bd{ f1, fo},dfs) = {{f1, f2}, f3}. Now use the well-known fact that %[Z, Z] applied to dfi Adfa A
dfs equals the Jacobiator {{f1, fo}, f3}} + c.p. a

Remark 1.11. Let Z be a constant rank bivector field, and denote by G the image of ff. Since G°
is the kernel of f, it is straightforward to check that [£1,&2]7 = 0 for all &,& € T'(K*). Lemma
1.10| immediately implies that, for any splitting TM = K @ G, we have [Z,Z] € T(A3G) @
N'A*Ge K).

Let n € Q%(M) is be a pre-symplectic structure on M, and denote its kernel by K. Let us fix
a complementary subbundle G, so TM = K @& G. Define Z to be the bivector field on M de-
termined by Z* = —(n|’é)_1. Clearly Z is a constant rank bivector field, and the image of Z* is G.

Together with Remark the following Lemma implies that [Z, Z] € T(A%2G @ K).
Lemma 1.12. [Z, Z] has no component in A3G.

Proof. Working locally, we may assume that we have a surjective submersion p: M — M/K
where M /K is the quotient of M by the foliation integrating K. By pre-symplectic reduction,
there is a unique symplectic form 2 on M/K such that

P =n.
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Denote by II the Poisson bivector field on M/K determined by ITf = —(Qf)~!. Under the
decomposition TM = K @ G, the only component of 7 is 1| 2¢ € T'(A2G*), whose negative
inverse is Z € I'(A?G). By the above equation, Z projects to II under p. Consequently, the
trivector field [Z, Z] projects onto [II,II] = 0, finishing the proof. O

We wish to understand the Lie bracket of vector fields Z%¢ where ¢ is a 1-form. Clearly
K* = G° is the kernel of Z%. Hence it is sufficient to assume that ¢ be a section of G*.

Lemma 1.13. For all &1,& € T'(G*), Equation expresses [Zﬁ&,Zﬂ{g] in terms of the de-
composition TM = G & K. In particular,
Z*E1, &)z = pro([Z2%61, Z°63)).

Proof. The first term on the right-hand side of Equation (5)) lies in G = image(Z*). Since
[Z,Z]) € T(A3TM) has no component in A3G by Lemma the last term on the right-hand
side of Equation lies in K. O

We finish with:
Lemma 1.14. I'(G*) is closed under the Koszul bracket.

Proof. 1t suffices to show that the Koszul bracket of any elements from a frame for G* = K° lies
again in I'(K°). We use the same notation as in the proof of Lemma If we pick a system
of coordinates yi,...,y, on M/K (we work locally), the 1-forms d(p*y1),...,d(p*y,) constitute
a frame of K°. We have

[dp*y:), d(p"y;)lz = d({Z, d(p"y:) A d(p™y;))) = dp”™ (L yi A yj))
and this is clearly an element of I'(K°). O

1.3. The Koszul bracket and deformations of symplectic structures. In this subsection
we describe how the deformations of symplectic structures, once the Poisson geometry point
of view is taken, can be described by means of the Koszul bracket. This approach will be
generalized to arbitrary pre-symplectic structures in Section [3] relying on some linear algebra
developed in Section [2| see in particular Remark Of course, the nearby deformations of a
symplectic structure w can also be described as w + « for a small 2-forms satisfying da = 0, but
this straightforward description does not extend to the pre-symplectic case.

Let m be a Poisson bivector field on M. There is a unique extension of the Koszul bracket
[-,]= — defined on 1-forms by formula 4| - to all differential forms which satisfies

e graded skew-symmetry, i.e.
[Oé, ,8]71- = 7(71)(|a|_1)(|m_1)[ﬁ7 a]?r)
e Leibniz rule for d, i.e.
d([a7 /B]W) - [da7 B]W + (_1)|a|71 [047 d/B]TH
e derivation property with respect to the wedge product A:
[0, B AN = [, Bl Ay + (1) 1DPIB A o, 4],
We recall the following algebraic facts:

Lemma 1.15. Let 7w be any Poisson structure on a manifold M.

(a) The following is a strict morphism of dg Lie algebras:
L= prts (M), d, [ ]e) = (XM, = [, ], [, ).
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(b) The target dg Lie algebra X™ (M) governs the deformations of the Poisson structure
w: Poisson structures nearby w are given by bivector fields m — 7, where T satisfies the
Maurer-Cartan equation

—[7r,7~r]+%[~,7~r]:0.

Proof. (a) Recall that the anchor of the cotangent Lie algebroid m#: T*M — TM is a Lie
algebroid morphism. Hence the pullback A(7#)*: Q(M) — X™1 (M) relates the Lie algebroid
differential d (the de Rham differential) to d, := [r,:]. Since (7*)* = —xf, it follows that
A7t maps d to —d,. Further, since 7* is a Lie algebroid morphism, Ar? preserves (Schouten)
brackets.

(b) This follows from [ — 7,7 — 7] = —2[m, 7] + [T, 7. O

Suppose that 7 is invertible, and denote by w the corresponding symplectic structure, deter-
mined by —w? = (7#)~1. Denote by Z, the tubular neighborhood of M C A*T*M consisting of
those bilinear forms § such that idzs + 7%3% is invertible. The following lemma takes the point
of view of Poisson geometry to describe the symplectic structures nearby w, in the sense that
instead of deforming w directly, it deforms 7. Diagrammatically:

inversion .
{Poisson structures near 7}

|

{small § s.t. dB + 3[8, Blx = 0} <> {small 7 s.t. —[r, 7] + 1[7,7] = 0}

{symplectic forms near w}

Lemma 1.16. Let w be a symplectic structure on M with corresponding Poisson structure .
There is a bijection between

e 2-forms 3 € T'(Z,) such that the equation df3 + 3[3,8]x = 0 holds.
e symplectic forms nearby w (in the C° sense).
The bijection maps ( to the symplectic form with sharp map w? + Bt (idras + Fﬁﬂﬁ)_l.
Proof. It is well-known that under the correspondence between non-degenerate 2-forms and non-
degenerate bivector fields, the closeness of the 2-form w corresponds to the Poisson condition
for 7. By Lemma (b), the Poisson structures nearby 7 are given by m — 7 where 7 satisfies
the Maurer-Cartan equation of the dg Lie algebra X (Af).
Since 7 is non-degenerate, the map [ is an isomorphism between differential forms and mul-

tivector fields. The 2-form f := I~1(7) satisfies the Maurer-Cartan equation df + %[6, Blr=0
by Lemma [I.15 (a). Notice that m# — # = m — I8 has sharp map

(6) (idras + 78wt T*M — T M,

so it is non-degenerate iff 8 € I'(Z;). Hence we obtain a bijection between 2-forms § as in the
statement on one side, and symplectic forms corresponding to m — I3 on the other side.
The latter can be described as follows: the sharp map is

—[(r =187 = (@) dra + 7FFH)
= WH((idry + %) — 8% (idgar + w65~
wh + BH(idras + 7B

where in the first equality we used @ O
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1.4. The point of view of Dirac geometry. Let n be a pre-symplectic form on M, with
kernel K. The natural way to parametrize deformations of 7 is by 2-forms « such that 7 + «
is again pre-symplectic, but this parametrization has a serious flaw: the space of such a’s does
not have a natural vector space structure, due to the constant rank condition. Taking the point
of view of Dirac geometry, the above approach to parametrize the deformations of 1 amounts to
deforming the Dirac structure graph(n) using {0} & T*M as a complementH

A better way to parametrize the deformations of 7 in terms of Dirac geometry works as follows:
Let us first choose a complement G to K. Then G @ K* is a complement of graph(n): for every
v € TM we have ,n € K° = G*, so requiring that it lies in K* implies ¢,7 = 0. This means
that v € K, so requiring that it lies in G implies v = 0.
We can now use G @ K* — instead of {0} & T*M — to parametrize deformations of the Dirac
structure graph(n). This has the advantage of linearizing the constant rank condition, see
Proposition below. When 7 is symplectic, the new complement is just T'M, hence we are
deforming 7 by viewing it as a Poisson structure, just as in Section [1.3

We start by giving an alternative characterization of G ® K*. Let t, be the orthogonal
transformation of TM @ T*M given by (v,£) — (v,& + nf(v)).

Lemma 1.17. Denote by Z € T(A*G) the bivector field such that Z* is the inverse of —(n|a)*.
Then
G & K* = t,(graph(Z2)).

Proof. t,(graph(2)) = {(Z*¢,€|k) : € € T*M} = G ® K*. O

Lagrangian subbundles nearby graph(n) can be written, for some 3 € I'(A%((graph(n))*), as
the graph of the map

graph(n) 2 (graph(n))* = G © K*.

We denote this graph as ®ggx (B). Moreover, let 8 € Q?(M) be the 2-form corresponding to
f under the isomorphism graph(n) = TM,v + 1,7 — v and denote by ®z(5) the graph of the
map T'M — T*M = graph(Z) induced by S.

Lemma 1.18. t_,, maps Pgar=(B) to Pz(B).

Proof. t_, preserves the pairing on TM &T* M, clearly maps graph(n) to TM, and maps G® K*
to t,(graph(Z)) by Lemma [1.17 Therefore the statement follows by functoriality. O

Since t_,, is actually an automorphism of the standard Courant algebroid T'M @ T™ M, des-
cribing the deformations of graph(n) as a Dirac structure using the complement G ©& K* is
tantamount to describing the deformations of TM using the complement graph(Z). The lat-
ter deformation problem is easier to handle, and is the one we address in Subsections [2.2] and [3.4]

Now we explain why the choice of G® K™ is a good one to describe pre-symplectic deformations.

Lemma 1.19. For any B € T'(A?((graph(n))*), the rank of

(7) Paex+(8) NTM
equals the rank of
(8) {ve K:u,peG}.

1We refer the reader to Appendix [C| for the basics of Dirac geometry.



DEFORMATIONS OF PRE-SYMPLECTIC STRUCTURES AND THE KOSZUL L., ALGEBRA 11

Proof. Applying the transformation t_z o t_, to ®ger+(3), we obtain t_z(®z(3)) = graph(B)
by Lemma Applying it to TM we obtain {(v + Zfi,n, —t,n) |v €V} = K ® G*.
Hence applying the transformation to we obtain

graph(8) N (K ® G7),
which is isomorphic to . O

Recall that the vector space Q2 (M) of horizontal 2-forms was defined in Subsection to

be the kernel of the restriction map r3 (M) — Q?(K). Since is the kernel of the two-form
whose graph is ®ag i+ (5), we immediately obtain:

Proposition 1.20. Given 3 € T'(A2((graph(n))*), we consider the two-form on M whose graph

is Poar+(B). Its kernel has rank equal to rank(K) iff 8 is a horizontal 2 form.

2. PARAMETRIZING SKEW-SYMMETRIC BILINEAR FORMS

In this section, we discuss the rank condition on pre-symplectic structures. Since we postpone
the discussion of integrability to Section [3.3] everything boils down to linear algebra. In Section
[2.1] we introduce a certain local parametrization of skew-symmetric bilinear forms, which is
inspired by Dirac geometry. The link to Dirac geometry is explained in Section Another,
more standard, parametrization is discussed in Section and related to the parametrization
from Section 2.1]

2.1. A parametrization inspired by Dirac geometry. Let V' be a finite-dimensional, real
vector space. Fix Z € A2V a bivector, which can be encoded by the linear map

Z8VE SV, EeeZ = Z(E,).

Definition 2.1. We denote by Iy the open neighborhood of 0 C A?V* consisting of those
elements 3 for which the map id + Z!8%: V — V is invertible.
We consider the map F: Z; — A?V* determined by

(9) (F(B))* = B(id + Z*p%) .

This map is clearly non-linear, and it is smooth. A Dirac-geometric interpretation of the defini-
tion of F' will be given in Section [2.2]

Remark 2.2. (i) We have ker(8) = ker(F(8)). The inclusion “C” follows directly from
Equation @, using the fact that id + Z#3* preserves ker(3). Further, since id + Z#4¥ is
an isomorphism, the dimensions of ker(3) and ker(F'(3)) are the same.

(ii) F: Zz — A?V* bijects onto Z_z, with inverse o — of(id — Z#a#)~1. Indeed

id — ZHF(B))* =id — Z*B%(id + Z*%) ™1 = (id + Z*p%) 71,
showing that
(F(B))H(id — ZHF(B)) " = 6%

F' is a diffeomorphism from Zy to Z_z, which keeps the origin fixed. We now use this trans-
formation to construct submanifold charts for the space of skew-symmetric bilinear forms on V'
of some fixed rank.

Definition 2.3. The rank of an element n € A2°V* is the rank of the linear map n* : V. — V*.
We denote the space of 2-forms on V. of rank k by (A2V*)g.
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Assume from now on that 7 € A?V* is of rank k. We fix a subspace G C V, which is
complementary to the kernel K = ker(nﬁ). Let r : A2V* — A2K* be the restriction map; we
have the natural identification ker(r) = A2G* @ (G* ® K*). Since the restriction of 1 to G is
non-degenerate, there is a unique element Z € A2G C A?V determined by the requirement that

ZV.G* =G, £ Z=Z(,)
equals —(77|ﬁG)_1.
Definition 2.4. The Dirac exponential map exp, of n (and for fized G) is the mapping
exp,: Iz — AV* B+ F(B).

Remark 2.5. When 7 is non-degenerate, the construction of a nearby symplectic form out of
a small 2-form S carried out in Subsection agrees with expn(ﬁ), the image of 8 under the
Dirac exponential map. This is clear from Lemma and Equation @, and further gives a
justification for Definition

The following theorem asserts that exp, is a submanifold chart for (A2V*)p C A2V,

Theorem 2.6.

(i) Let B € Iz. Then exp,(B) lies in (AN2V). if, and only if, B lies in ker(r) = (K* @ G*) @

A2G*.
(ii) Let 8 = (p,0) € Iz N ((K* © G*) & A°G*). Then exp, (f) is the unique skew-symmetric
bilinear form on V with the following properties:
e its restriction to G equals (n+ F(0))|x2¢
e its kernel is the graph of the map Ziut = —(77\%)_1#ﬁ K — G.
(iii) The Dirac exponential map exp, : Lz — N2V* restricts to a diffeomorphism
;N (K*© G @ NG =5 {if € (N V)l —neT_z)
onto an open neighborhood of n in (A2V*);.
To prove the theorem we need a technical lemma.
Lemma 2.7. For any 8 € Iz we have
ker(exp, (83)) = image of the restriction of id + Zﬁﬁg to ker(fk) C K.
Here we use the notation
B = Br 4 Bm + Ba € N’K* @ (K* ® G*) @ N*G*.
Proof. For all w € V we have
w € ker(exp,(8)) << nfw = —g4id + Z° %) " tw
— nﬂ(id + Zﬁﬁﬁ)v = —py, where v := (id + Zﬁﬁﬁ)_lw,

(10) — nfv=—ntZ8p — ghu.
The endomorphism 7#Z* has kernel K and equals —idg on G, hence with respect to the decompo-

0 0
sition V = K @ G, the endomorphism —nfZ%5% reads < # §
(Bm)|K BG

f f
on the right-hand side of Equation reads — ( B 6< (B "6)‘(; ) and, in particular, takes va-

> , and the endomorphism

lues in K*. In contrast, the endomorphism 7! on the left-hand side of Equation takes
values in G*. Hence both sides have to vanish, and Equation is equivalent to the condition
v € ker(Br) ={v € K : 1,/x = 0}, where we used ker(n) = K. O
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Proof of Theorem|2.6. We use the decomposition of 8 as in Lemma
(i) By Lemma expn(ﬁ) lies in (A2V)y iff B = 0.
(ii) For any 8 € Zz, Lemma implies that the second property on the kernel of exp, (8) is
satisfied, so we only have to prove the first property. Since Z? has image G and kernel K, the
map id + Z%3% sends G isomorphically into itself, and its restriction to G equals (idg + Z ﬁﬁé).

Hence
(F(B)le = #d + Z86%) o = B(ide + Z°6%) .
Composing with the projection V* = K* ® G* — G* we obtain ,Bg(idg + Zﬁﬂé)_lz G — G*, so
F(B)(Y1,Y2) = F(Bg)(Y1,Y2) for all Y1,Ys € G. This holds for any 8 € Iz, in particular also
when fx = 0.
(iii) One checks that under the canonical isomorphism between T;,((A?V*)g) and (K* ® G*) &
A2G*, the differential of

exp, : Iz N ((K*® G*) & A’G*) — (N*V)y,
at n is the identity. O

Remark 2.8. We notice that the construction of exp, can be readily extended to the case of
vector bundles. In particular, given a pre-symplectic manifold (M, n), the choice of a comple-
mentary subbundle G to the kernel K of 7 yields a fibrewise map

exp, : (K* @ G*) @ (AN2G*) — N*T*M
Py ( ;

which maps the zero section to 7, and an open neighborhood thereof into the space of 2-forms
of rank equal to that of . As a consequence, we can parametrize deformations of 7 inside
Pre-Sym" (M) by sections (y,0) € T(K* ® G*) @ T(A2G*) = Q2 (M) which are sufficiently close
to the zero section, and which satisfy

d((expy)«(p, o)) = 0,

with d the de Rham differential. In Section [3.3]we will show that the latter integrability condition
can be rephrased in terms of an L.[1]-algebra structure on Q(M)[2].

2.2. Dirac-geometric interpretation of Subsection Using Dirac linear algebra, we
explain and re-prove some results obtained in Subsection These explanations are natural in
view of the Dirac geometric approach to deformations we outlined in Subsection [1.4

Let V be a finite-dimensional, real vector space. We denote by V the direct sum V & V*,
endowed with the canonical symmetric non-degenerate pairing (-, -) (see Appendix [C|).

We fix a bivector Z € A?V. In formula @D, page we defined a map F: Iy, — A2V*
given by (F(B))* = BH(id 4+ Z#p%)~!, where Ty C A2V* consists of those elements 3 for which
id+Z16%: V — V is invertible. The following lemma provides a geometric explanation of formula
@D. Recall that a linear subspace L C V is called Lagrangian if it is maximally isotropic with
respect to (-, ).

Lemma 2.9. Fiz Z € \2V.

(i) Taking graphs with respect to the decompositions V.=V @ V* resp. V=V @ graph(Z),
yields bijections

~

g : A2V* = {Lagrangian subspaces of V transverse to V*}
a = {(v,wa)|ve Vi,

Dy NV S {Lagrangian subspaces of V transverse to graph(Z)}
B = {(w+ZwB),wh) |ve VY]
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(ii) Given B € A2V*, the Lagrangian subspace ®z(f3) is transverse to V* C V if, and only
if, (id + Z*B%): V. = V is invertible.
(iii) The map
F=0;'0o®y: Iy — NV*
is well-defined and explicitly given by
(F(8)F = p*(id + Z°p%) 7.
Notice that by its very definition, the map F' is characterized by the property that

(11) graph(F(3)) = ®z(8)
for all B € Zz. In other words, F(f) is obtained taking the graph of § w.r.t. the splitting
V =V & graph(Z).

Proof. (i) According to Remark any Lagrangian subspace transverse to V* is the graph of a
skew-symmetric linear map V' — V*, and therefore can be written as {(v, ,) | v € V'} for some
a € A2V*. Similarly, graph(Z) is transverse to V and the induced isomorphism graph(Z) = V*
is just (Z4(€),€) — €. Hence any Lagrangian subspace transverse to graph(Z) can be written
as {(v,0) + (Z%(1,B),1,8) | v € V} for some € A2V*.

(ii) The expression for ®z(3) in (i) shows that ®z(3)NV* = {(0,1,8) | v € V,v+Z%(1,8) = 0}.
This intersection is trivial iff ker (id + Z#3%) C ker(f%). In turn, this condition is equivalent to
(id + Z!6%) being injective, and thus invertible.

(iii) Finally, if id + Z#3% is invertible, ®z(3) is transverse to V* by item (ii). By item (i) the
element &5 (®z(B)) is well-defined. In concrete terms, we have to find o € A2V* such that for
all v € V, there is w € V for which

(v + ZF*(v), B (v) = (w, & (w))

holds. Equivalently, this means that of(id + Z#4%)(v) = B%(v) for all v € V. This yields the
claimed formula for F'. O

The Dirac exponential map gives exactly the 2-form whose graph is the deformation of n we
obtained in Subsection [1.4] viewing 1 as a Dirac structure with complement G & K*. Indeed,
using the notation of that subsection, we have

graph(exp, (8)) = t,(®z(8)) = Pcax-(B),

where the first equality holds by Equation and the second by Lemma m
Now we can give an alternative, more geometric argument for Lemma By the proof of
Lemma [1.19] the intersection of the above subbundle with T'M is (t, o tz)(graph(8) N (K & G*)),

which is precisely the graph of id + Z ﬁ,@é over ker(fS).

2.3. An alternative parametrization. Given a vector space V, the local parametrization of
(A2V*) — the space of skew-symmetric bilinear forms on V' of rank k introduced in Subsection
— is probably not the most obvious one from a geometric point of view. Let us briefly discuss
another, more obvious, one.

The underlying idea is that the map

2-form 7 — kernel of n*

yields a canonical smooth map from (A2V*); to the space of codimension k Grassmannians of
V. We denote this space by Gr¥(V) and let

e 7 be the tautological vector bundle over Gr*(V), i.e. the fibre Ty over W € Gr¥(V) is
W CV and
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e N2(V/7)* be the vector bundle over Gr¥(V') whose fibre over W € Gr¥(V) is given by
N (V/W)*.
There is a map
FrNV )= NV )% e (ker(n'), 01y ger(e))-
By dimension reasons, f takes values in the fibre-subbundle of A%(V/7)* consisting of non-
degenerate 2-forms. Let us denote this space by (A2(V./7)*)na.

Lemma 2.10. The map f: (A2V*)p = (A2(V/T)*)na is a bijection.

Proof. Given apair (K, a) € (A2(V/7)*)nq, simply define n € A2V* by n(vy,v2) := a(r(v1), 7(v2)),
where 7 : V — V/K is the quotient map, and check that it has the required properties. This
map is inverse to f. O

Explicit formulas for the inverse to f can be constructed as follows: Given f(n) = (K,«a) €
(A2(V/7)*)na, fix a complementary subspace G to K C V. This choice yields an identification of
a neighborhood of K € Gr¥ (V) with Hom(K, G) and lets us think of a as a non-degenerate 2-form
on G. Now suppose (K', ) is a pair sufficiently close to (K, a) € (A2(V/7)*)nq. Equivalently,
we are given a linear map ¢ : K — G close to the zero map, and a 2-form ¢ := o/ — a on G
close to 0. We define ¥ € A2V* by

' (ky+ g1, k2 + g2) = (+ 0)(=p(k1) + g1, —p(k2) + g2)-

It is straight-forward to verify that n’ coincides with 77 when both arguments lie in G' and that
it vanishes on K’, which coincides with the graph of ¢. This procedure yields a smooth map,
(12) Hom(K,G) x N2G* — A?V*

(p,0) = (n+o)o(-p+idg) @ (—¢ +ida),
which maps (0,0) to 7 and takes values in (A2V*),, in a neighborhood of (0,0), where it is an
inverse to f. Observe that 7 induces an identification G = G*, v +— (1,n)|, which we can use to

think of the above map as a map with domain (K* ® G*) @ (A2G*), the kernel of the restriction
map 7 : A2V* — A2K*. We record this:

Proposition 2.11. The map in , upon applying the identification G = G* induced by n, is
a smooth map
exp, : (K* ® G*) & A°G* — N°V*
with the property that é?(ﬁn(,u,, o) is the unique skew-symmetric bilinear form on V such that:
e its restriction to G equals n|q + o and
e its kernel equals the graph of (mtiG)*luti K — G.

Again, it is clear that the above construction can be applied the vector bundles, i.e. we obtain
another local parametrization of a neighborhood of a given pre-symplectic structure 7 inside
Pre-Sym®(M). Observe that the formula for exp,, (i1, o) differs from the formula for exp, (11, o)
we obtained in Theorem Section However, é)\(ﬁn can be expressed in terms of exp, and
the map F: Ty — A2V*. Recall that F is a diffeomorphism onto its image (see Lemma and
Theorem and that, by definition, exp, (8) = n + F(5).

Proposition 2.12. Given (i, o) such that (u, F~'o) € Ty N ((K* ® G*) & A2G*) we have
i) F~lo e T(A2GY),
i) exp,(—p,0) = exp,(p, F'o) =n+ F(u+F~ o).

Proof. i) We saw that ker(F~'0)* = ker(o?) D K in Remark
ii) By Theorem. (2), exp, (4, F~10) is determined by the following properties:
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— its restriction to G equals (n + F(F~1(0)))|2q = (0 + 0)|r2q
— its kernel is the graph of the map Z#u* = —(17|ﬁG)_1,uti K —G.
After applying Proposition [2.11] we are done. O

3. THE KOSzZUL L,,-ALGEBRA

In this section we introduce the Koszul L.o-algebra of a pre-symplectic manifold (M, n). This
Loo-algebra lives on Qo (M) (with a certain shift in degrees), and the zero set of its Maurer-
Cartan equation parametrizes a neighborhood of 7 in Pre—Symk(M ).

3.1. An L..-algebra associated to a bivector field. In this subsection, we introduce an L .-
algebra, which is naturally attached to some bivector field Z on a manifold M. The statements
made in this subsection will be proven in Section below, and Dirac-geometric interpretations
and alternative proofs of some statements will be given in Section |3.4

There are two two basics operations on differential forms, which one can associate to a mul-
tivector field Y € I'(A*T'M): contraction ty : Q*(M) — Q°*~%(M), and the Lie derivative
Ly : Q*(M) — Q*=*+1(M). The precise conventions and basic facts about these operations can
be found in Appendix [A] Let us just note the crucial relation

ﬁy = [Ly, d] = Lly © d— (—1)kd oLy,

known as Cartan’s magic formula.

Definition 3.1. Let Z be a bivector field on M. The Koszul bracket associated to Z is the
operation

[y s QT (M) x Q3 (M) — Q7 Hs=1(M)
[, 87 := (— 1)l (EZ(a AB) = Ly(a) A — (=1)lela A EZ(B)).

When applied to 1-forms «, /3, the Koszul bracket can be written as [«, 8]z = LysoB—Lzigo—
d{Z,& N &) and agrees with formula on page [6]

Remark 3.2. The Koszul bracket [-,-]7 satisfies the following identities for all homogeneous
a, B,y € Q(M):
e Graded skew-symmetry, i.e. we have
[, Bz = —(—1)I=DUBI=D13 0],

e Leibniz rule for d, i.e.

d(lov, B]2) = [da, Bz + (—1)!*! e, dB] .
e Derivation property with respect to the wedge product A:

[, 8 ANz = o Blz Ay + (=) DEIE Ao, 7).
After a shift in degree, i.e. when working on the graded vector space Q(M)[1] defined by
(QM)[1])" = Q"TH(M), the Koszul bracket therefore satisfies most of the identities required
from a differential graded Lie algebra. However, unless we assume that Z is Poisson, i.e. that
it commutes with itself under the Schouten-Nijenhuis bracket, the Koszul bracket will fail to
satisfy the graded version of the Jacobi identity.

The failure of [-, ]z to satisfy the Jacobi-identity is mild. In fact, it can be encoded by a
certain trilinear operator on differential forms. As a preparation, we introduce some notation:
for a differential form o € Q"(M), we have

o TM — NTITM, v,
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and, following [5, §2.3], we extend this definition to a collection of forms a1,..., o, by setting
Oéji AREEWAN a CAPTM  —  Alealttlan|—npspr
oA Avn = Y (D)l () A A (o).
gESn

Definition 3.3. We define the trinary bracket [-,-, -]z : Q" (M) xQ(M)xQF (M) — Q+5+k=3(Mr)
associated to the bivector field Z to be

@, 8,912 = (o A B A (512, 2),

Remark 3.4. The trinary bracket [-,-, -]z is a derivation in each argument, in the sense that
[, 8, (y Az = [, 7]z A7 + (= 1)1y Ao, 8,4] 5.
The precise compatibility between d, [-,-]z and [, -, ]z is the following, and will be proven in
Section 3.2 below:

Proposition 3.5. Let Z be a bivector field on M. The multilinear maps A1, Aa, Az on the graded
vector space Q(M)[2] given by

(1) A1 is the de Rham differential d, acting on QQ(M)[2],
(2) Aa(af2]©B[2]) = —<EZ(QA/3) —Lz(a) NS - (—1)|a‘04/\ﬁz(5))[2] = (=Dl([o, 8] 2)[2],
(3) and

Xs(al2) © B12] ©1120) = (-1 (of A 8 A 1512, 2))) 2

define the structure of an Loo[1]-algebra on Q(M)[2], or — equivalently — the structure of an
so-algebra on Q(M)[1], see Appendiz[B,

In a nutshell, Proposition asserts that A1, Ay and A3 obey a family of quadratic relations.
Besides the relations which involve only the de Rham differential d and the Koszul bracket
[-,:]z, there is a relation which asserts that the Jacobiator of [-,-]z, seen as a chain map from
Q(M)[2] © QM)[2] ® Q(M)[2] to Q(M)][2], is zero-homotopic, with homotopy provided by As.
A concise summary on Ly[1]-algebras can be found in Appendix
Proposition 3.6. Let Z be a bivector field on M. There is an Loo[1]-isomorphism 1 from the
Loo[1]-algebra (U(M)[2], A1, A2, A3) of Proposition to the Loo[l]-algebra (2U(M)[2], A1), i.e.
the (twice suspended) de Rham complex of M.

The interested reader can find the proof in Section [3.2] below. Let us just point out that we

have a rather explicit knowledge of the Loo[1]- 1somorphlsm Y between (Q2(M)[2], A1, A2, A3) and
(Q(M)[2], \1). We will make use of this knowledge below.

Remark 3.7. In case we can find an involutive complement G to K C T'M, the construction
from Proposition yields the Koszul dg Lie algebra associated to the regular Poisson structure
Z on M given by the negative inverse of 1| 2. For Z a Poisson bivector, Proposition was
established by Fiorenza and Manetti in [4].

We now turn to the geometry encoded by the Lo[1]-algebra (2(M)[2], A1, A2, A3). To this
end, recall that we can naturally associate the following equation to such a structure:

Definition 3.8. An element 3 € Q?(M) is a Maurer-Cartan element of (Q(M)[2], A1, A2, A3) if
it satisfies the Maurer-Cartan equation

A(B12)) + 3 2a(B12) © 12 + (812 © 2] © 12) =
We denote the set of Maurer-Cartan elements by MC(Z).
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Recall that in Equation @D, Subsection (see also Lemma , we introduced a map
F: Ty — A2T*M, where Z; C Q?(M) consists of those 2-forms 3 for which id + ZiB s
invertible.

Corollary 3.9. There is an open subset U C Iz, which contains the zero section of N2T*M,
such that a 2-form B € T'(U) is a Maurer-Cartan element of (QU(M)[2], A1, A2, A3) if, and only
if, the 2-form F(f3) is closed.

A proof of Corollary is given after Proposition below. We will provide a more con-
ceptual proof in Subsection which shows that one can in fact take U = 7.

Summing up our findings, we have a smooth, fibrewise mapping
F:UCTIy;— NT*M,

which has the intriguing property of mapping 2-forms, which are Maurer-Cartan elements of
(QM)[2], M1, A2, A3), to closed 2-forms.
We observe that the Ly[1]-isomorphism from Proposition

'QZJ : (Q(M)[2],)\1,)\2,)\3) — (Q(M)[Z],)\l)

also induces — modulo convergence issues — a map

1
Yot (M) = Q2(M), B a(B) =) un(B),
k>1
which has the property that it sends Maurer-Cartan elements of (Q(M)[2], A1, A2, A3) to closed
2-forms. The following result asserts that for 8 sufficiently small, the convergence of ¢, () is
guaranteed, in which case we recover F(8) = ®;'®z(f) in the limit.

Proposition 3.10. For 8 a 2-form which is sufficiently C°-small, the power series () con-
verges in the C*-topology to F(3).

As before, we postpone the proof of this result to Subsection Let us demonstrate that
Proposition yields a proof of Corollary Suppose ( is a 2-form which is sufficiently
CY-small for Proposition to apply. We compute

AF(8) = dn(B) = 3 o dr(87) = 3 mibkaa (B © (n(6) + 3080 B) + (60 0 ).

k>1 E>1

This shows that if 3 satisfies the Maurer-Cartan equation, F'((3) is closed. To obtain the reverse
implication, one repeats the same line of arguments to the inverse of 1.

3.2. Proofs for Section In this section we provide proofs of the statements from Section
which involve L..-algebras. We refer to Appendix [B| for background material.

3.2.1. Proofs of Proposition and Proposition[3.6 The proofs in this section rely on the cal-
culus of differential operators on graded commutative algebras, and their associated Koszul
brackets, see Appendix For us, the following example of differential operators is of central
importance:

Example 3.11. Let Y be a k-multivector field on M, i.e. a section of T'(AFT'M). The insertion
operator

iy 1 QM) — Q7 (M)
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is a differential operator of order < k on Q(M). Since graded derivations are differential operators
of order < 1, and since [DOg(A),DO;(A)] C DOg4;—1(A), we find that the Lie derivative

£Y = [LY7 d]
is also a differential operator of order < k on Q(M).

Let A be a graded commutative, unital dg algebra. Given an endomorphism f of A, the Koszul
brackets of f are a sequence of multilinear operators K(f), : @A — A defined iteratively by
K(f)1 = f and

K(f)n(al (ORERNO) an) = +K(f)nfl(a1 O Oap—20© anflan)
~K(fIn-1(a1 @ © an_1)an
—(—1)‘“"*1‘|a"|/C(f)n71(a1 O Oap-10 an)an—l,

Using the natural identification Hom(®A, A) = Coder(®A), this construction yields a morphism
of dg Lie algebras

(13) K : End,(A) — Coder(®©A)

from the dg Lie algebra of endomorphisms of A which annihilate 14, to the dg Lie algebra
of coderivations of the (reduced) symmetric coalgebra on A (with the commutator bracket),
c.f. [20].

Lemma 3.12. Let V be a finite-dimensional vector space. Given Yi,...,Y, € V, we consider
Y =Y1A---AY, € A"V, and the corresponding differential operator

ty t AV ATV
on the commutative graded algebra AV*. For r < n, the Koszul brackets of 1y are given by

K)o 0a) = Z Z (_1)11(“/0(1) e LYa(il)al) (e LYo(n)ar)7

i1+ +ir=n c€S(i1,...,ir)

where we sum over all tuples (i1,...,i,) € Z" with iy + -+ + i, = n such that all i, > 1,
S(i1,-..,4,) is the set of all (i1,...,1i,)-unshuffles, and the sign is

.
f=lol+> ipllar] + - +lap-1))-
p=2

Proof. The proof proceeds by induction on r. For r = 1, the claimed formula reads

K(y)i(a) = ty; -+ -1y, a,

which — by our conventions, see Appendix [B]— indeed equals tya.

We now assume that we verified the formula for all » > 1. Our task is to show that for » + 1,
the right-hand side of the claimed equality satisfies the same recursion as K(ty)r41. This is a
straightforward computation. O

Remark 3.13. We will be particularly interested in the special case n = r, where the formula
specializes to

K(y)n(a1 @ -+ © ap) = (_1)(n—1)|a1|+(n—2)|az|+~~-+|an_1|(afi A Nab)(Y),

in the notation of Subsection 311
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We now provide a proof of Proposition relying on a general construction from [10, 20].
Let Z be an arbitrary bivector field on M. Cartan calculus — which we recap in Appendix [A] -
implies that the operator

1
AZ =d— tﬁZ — t2§L[Z,Z]
on Q(M)[[t]], t a formal variable of degree 2, squares to zero. In fact, Az equips Q(M) with the
structure of a commutative BV -algebra of degree 1 in the sense of [10], which amounts to the
fact that d is a derivation, Lz is a differential operator of order < 2, and (7 z) is a differential
operator of order < 3. This BV-algebra structure on Q(M) was considered by Fiorenza-

Manetti in the case of Z being a Poisson bivector field, cf. [4], and by Dotsenko-Shadrin-Valette
in the case of Z being a Jacobi bivector field, cf. [3].

Proof of Proposition[3.5, As noted above, the operator
1
AZ =d— t,CZ - t2§L[Z,Z]

equips (M) with the structure of a commutative BV,,-algebra. Proposition then asserts
that the sequence of operations

(8, K(~L2)2, K(~5112.2)5)

equips Q(M)[2] with the structure of an L[1]-algebra. The structure maps A; and A2 are easy
to match with d and K(Lz)2, respectively. Concerning A3, we know by Remark that

K(—%L[Z,Z])S(Od ©BO7) = (-1 F (af A A Vﬁ)(%[z’ Z)),

which concludes the proof. O

We next turn to Proposition [3.6] We consider now the second Koszul bracket associated to
the contraction by the bivector field Z,

K(tz)2 : QM) — Q(M)

One can extend K(1z)2 in a unique way to a coderivation Rz of (D(Q(M)[2]), and as such it
has degree zero. Since Rz acts in a pro-nilpotent manner on ()(Q2(M)[2]), it integrates to an
automorphism efZ of the graded coaugmented coalgebra (O)(Q(M)[2]).

We thank Ruggero Bandiera for helpful conversations which led to the following proof.

Proof of Proposition[3.6. We claim that 1 := ef*# defines an L [1]-isomorphism
b+ (M), Ay Ay As) = (Q(M)[2], M),
with inverse given by e~ 2. Equivalently, we can verify that the coderivation
ez o Xl o eftz

corresponds to (A1, A2, \3), where A1 is the coderivation of OQ(M)[2]) extending A\;. Notice
that

_ ~ ~ ~ 1 ~ 1 ~
e 7o) oe =\ — [Rz, M| + Bz, [Bz, ] — 5[327 Rz, [Rz, \]|]] + -+,
where [-, -] denotes the commutator bracket, i.e. the (k + 1)-th structure map of e=#2 o A1 o efiz

can be read off from

1 ~
E(—l)kad(Rz)k/\l.
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We compute the element corresponding to —[Rz, /):1] under the natural identification Hom(®A, A) =
Coder(®A). Using the fact that the map respects commutator brackets, and that d is a
derivation, while ¢z is differential operators of order < 2, we obtain

—[K(tz)2, K(d)1] = =K([tz,d])2 = =K(Lz)2 = Aa.

In the same manner — this time also using that £z is a differential operator of order < 2 — we
find

SRz Rz, M) = SIKG2)2, (L)) = 5Kz, £2)s = —5K iz )s =

Finally, we find
1 1 1

E[K(Lz)z, —5Kyz.z)s] = 5Kz, —yz,z)])1 = 0,

where we made use of the fact that contraction operators commute in the graded sense. O

Remark 3.14. An alternative proof, pointed out to us by V. Dotsenko, proceeds by noticing
that the operator

1
AZ =d-— t,CZ - tziL[ZZ]

is conjugate to d via the automorphism of Q(M)][[¢]] generated by tiz. In the case of Z being
Poisson, this was previously observed by Fiorenza-Manetti in [4], and, in the case of Z being
Jacobi, by Dotsenko-Shadrin-Valette in [3].

Combining this observation with the fact that the higher Koszul brackets are compatible with
the commutator brackets, see , yields Proposition
3.2.2. Proof of Proposition[3.10. Aswe just saw, the Lo [1]-isomorphism 1 : (Q(M)[2], A1, A2, A3) —
(Q(M)[2], A1) is given by ef*Z with the coderivation Rz determined by

Rz(af2] © 812)) = (12(a A B) = 12(0) A B = a Az (8))[2).

Notice that this equals the second Koszul bracket Ka(iz) of ¢z, see Section
We are interested in ef7 (ePP)) for 8 € Q2(M). Since ef# is an automorphism of the coalgebra
OQ(M)[2]) it maps e’ to an element of the form . Our aim is to derive a formula for a.
As a preparation, we prove the following

Lemma 3.15. For 3, 3 € Q*(M), the 2-form (2] := Rz(B8[2] © B[2]) is determined by
N (Bﬁzﬁgﬁ +Bﬁzﬁ5t¢) .

Proof. Let us fix two 2-forms 8 and B. We assume without loss of generality that Z = Z1 A Z2
and we know that Rz (5[2] ® B[2]) = Ka(tz)(8 @ 8)[2]. By Lemma we have

v=K(tz)208 B) =1z,8 A Lzﬁ — 1z, N LZﬁ

and therefore

y(v1,v2) = B(Z1,v1)B(Z2,v2) — B(Z1,v2) B(Z2,v1) — B(Z2,v1)B(Z1,v2) + B(Z2,v2) B(Z1,v1).
On the other hand, if we evaluate the bilinear skew-symmetric form corresponding to the map
— 38 ZEB on two vectors vy, va € V, we find

—(B*Z B (v1), va) = B(Z2,v2)B(Z1,v1) — B(Z1,v2) B(Za, 1),
and similarly when one switches 8 and B . This finally yields

Vv1,v2) = (= (B2 + 3256 (v1), va),

which was our claim. O
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We introduce a formal parameter ¢ and define a(t) € Q?(M)[[t]] by
(14) etfzef = o),
We write a(t) = > 22, a;tt.
Lemma 3.16. The coefficients a; € Q*(M) of a(t) are determined by ozg. = (=1)Ip4(ZE ).

Proof. The statement is obviously true for j = 0. Now suppose we proved the statement for all
1 < j already. Differentiating both sides of Equation with respect to t leads to

Ry(ePzeP) = Ry(e*W) = a(t) @ e,
After applying the projection (O Q(M)[2] — Q(M)[2], one obtains Rz(ia(t) © a(t)) = a(t).

Comparing the coefficients of #/~!, we find the equation

Q; ( Z ar®as)

r+s=j—1
Applying induction and Lemma this yields
1 , . L
of = —(=1) Y NZ 22y
J 0<i<j—1
= (-1)BHZ* B,
which finishes the proof. O

Proof of Proposition[3.10, Settingt = 1 in Equation (14)) and applying the projection (&) Q(M)[2] —
Q(M)[2] we find @ = (1) = 3,5y @;. By Lemma we know that

(B =af =) oy =D (-1 5 (28"

7>0 7>0

For $3 sufficiently small with respect to the C°-topology, this formal series converges uniformly
with respect to the C*®-topology to S%(id + Z#3%)~!. The latter expression coincides with
(I>61<I>Z(5), compare Lemma Subsection O

3.3. The Koszul L,-algebra of a pre-symplectic manifold. We return to the pre-symplectic
setting, i.e. suppose 7 is a pre-symplectic structure on M. Let us fix a complementary subbundle
G to the kernel K C TM of n and let Z be the bivector field on M determined by Z* = —(77|§;)*1

Theorem 3.17. The Ly[1]-algebra structure on Q(M)[2] associated to the bivector field Z, see
Proposition maps Qnor(M)[2] to itself. The subcompler Qor(M)[2] C Q(M)[2] therefore
inherits the structure of an Leo[1]-algebra, which we call the Koszul Lo[1]-algebra of (M,n).
Moreover, we call the corresponding Loo-algebra structure on Qnor(M)[1], see Appendix@ the
Koszul Loo-algebra of (M, n).

Proof. We have to show that Qy,,(M)[2] is preserved by the operations A1, Ay and A3 as defined
in Proposition Notice that these structure maps operate in a local manner on Q(M).

We already know that Q.. (M) is a subcomplex of (M), so the claim is clear for A;.

For the binary map Ag, we notice that it suffices to show that I'(K°) is closed under the Koszul
bracket; the reasons being that Q. (M) is the ideal generated by I'(K°) and that the Koszul
bracket is a derivation in each argument. We already showed in Lemma [T.14] Section [I.2] that
I'(K°) is closed under the Koszul bracket.

To see that A3 maps Qe (M)[2]9% to Quer(M)[2], recall that Qpo (M) = T(AZIG* @ AK*)
and that the component of [Z, Z] in T'(A3G) vanishes by Lemma in Section O
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Definition 3.18. We denote by MC(n) the set of Maurer-Cartan elements of the Koszul Loo[1]-
algebra of (M,n).

Recall from Section that Z, denotes the subset of those elements 3 of A2T*M, for which
id + Z' 3% is invertible. Recall further that we constructed a map

(15) exp, 1 Iz — NT*M, B n+ F(B),

which is fibre-preserving, and maps Tz diffeomorphically onto {n' € Q*(M)| o' —n € T_z},
sending the zero section to 7. Finally, we saw that this map restricts to a diffeomorphism from
Iz N ((K* ® G*) @ A2G*) to the 2-forms 7’ of rank k such that o’ —n € Z_y.

Drawing from the results established up to this point — namely Theorem and Corollary
3.9 — we are now ready to prove our main result:

Theorem 3.19. Let (M,n) be a pre-symplectic manifold. The choice of a complement G to the
kernel of n determines a bivector field Z by requiring Z* = —(n*|q)~". Suppose B is a 2-form
on M, which lies in Zy. The following statements are equivalent:
(1) B is a Maurer-Cartan element of the Koszul Loo[1]-algebra Qo (M)[2] of (M,n), which
was introduced in Theorem [3.17
(2) The image of 5 under the map exp,), which is recalled in , s a pre-symplectic struc-
ture of the same rank as 7.

Proof. We already know that 3 being horizontal is equivalent to exp, (3) being of the same rank
as 1, see Theorem (iii) in Section Clearly 8 is Maurer-Cartan in Qo (M)[2] if, and
only if, it is Maurer-Cartan in Q(M)[2]. By Corollary the latter is equivalent to F'(3) being
closed. In turn this is equivalent to expn(ﬁ) being closed, since these two forms differ by the
closed 2-form 7. O

Rephrasing the above result, the fibrewise map
exp, : Iz N((K*® G*) & A*G*) — (N*T* M),

restricts, on the level of sections, to an injective map

exp, : ['(Zz) "MC(n) — Pre-Sym* (M)

with image an open neighborhood of 7 in Pre-Sym¥ (M) (equipped with the C°-topology). That
is, for B € Q2 (M) sufficiently C%-small, being Maurer-Cartan is equivalent to exp,, () being a
pre-symplectic structure of rank equal to the rank of 7.

3.3.1. Quotient Lo[1]-algebras. Theorem asserts that the multiplicative ideal of horizontal
forms Qo (M) is closed with respect to the Lo [1]-algebra structure maps A, A2, A3 from Pro-
position We now refine this result. For k& > 0, we denote by F¥Q(M) the k’th power of
Onor(M) C Q(M). Given the choice of a subbundle G C T'M which is a complement to the
kernel K of the pre-symplectic form 7, we have the identification

FFQ(M) = T(AK* @ AZFG™).

This gives us a filtration
FOQ(M) = Q(M) > FIQ(M) = Quee(M) D F2Q(M) > ... D {0}.
Lemma 3.20. The Loo[1]-algebra structure maps A1, A2, A3 on Q(M)[2] associated to the bivector
field Z, see Proposition (3.5, satisfy for all k > 0:
i) M (FEQ(M)[2]) € F*Q(M)][2],
i) Ao(FYQ(M)[2), FIO(M)[2]) © FF-10(a)[2],
i) Ag(FRO(M)[2], FIQ(M) 2], F(M)[2]) € FE+m=20(an)[2]
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Proof. We use the notation Q% := T'(AK* @ AFG*) for brevity and also suppress the shift in
degrees.

i) For a € I'(G*) = I'(K°), the involutivity of K and the usual formula for the de Rham
differential imply that da|,2x = 0, ie. da € QY + Q%2 Since d is a (degree one)
derivation of the wedge product, we obtain d(Q0%) c QUF + Q%F+1 For a € T(K*) in
general we can only state that da € Q%9 + Qb1 + 002 5o that d(Q70) c Q/TL0 4+ QIt 4
=12, The statement follows from this.

ii) We have

X (D(G*),T(G*)) Cc T(G*)

Xe(D(K*),T(K*) =0

X (D(K*),T(G*)) c T(K*) + T'(G¥)
The first statement is established in Lemma Section [1.2l The second is a conse-
quence of the formula , page @ The third statement is clear. Since Ag is a graded
bi-derivation with respect to the wedge product, item ii) follows.

iii) By Lemma we know that [Z, Z] has no component in A3G. The formula for A3 in

Proposition |3.5| implies the statement.

O

Remark 3.21. When G is involutive, Lemma [3.:20 can be improved to the following statement:
A (QF) ¢ FLE 1 QIR+ and Ay (%K, Q%) € Q%K=L (recall that A3 vanishes). This follows
from the proof of Lemma [3:20] together with the following observations which hold when G is
involutive. First: o € I'(K*) satisfies da € Q29+ Qb1 Second: using this and formula , page
[6] one has Xo(I'(K*),I'(G*)) C I'(K*).

Returning to the general case, Lemma [3.20] allows us to refine Theorem [3.17] as follows:

Corollary 3.22.
1) (FQ(M))[2] = Qnor(M)[2] is an Loo[1]-subalgebra of Q(M)[2].
2) (F*Q(M))[2] is an Loo[1]-ideal of Qner(M)[2] for all k > 2. Hence we get a sequence of
Loo[1]-algebras and strict morphisms between them

(Qhor(M)/F2Q(M)> 2] — (Qhor(M)/Fsg(M)> [2] «— - — Quor(M)[2].
Proof. Both statements are immediate consequences of Lemma [3.20 O

In Section [4) we identify the Lo[1]-algebra (Quor(M)/F2Q(M))[2] with the Loo[1]-algebra
that controls the deformations of the characteristic foliation K = ker(n) of the pre-symplectic
manifold (M, n).

3.3.2. Relation to the alternative parametrization. The construction of the Koszul Lo [1]-algebra
associated to a pre-symplectic form in Subsection relies on the linear algebra that we con-
sidered in Section We briefly discuss how the alternative parametrization from Section [2.3
fits into our treatment.

To this end, we first introduce a fibrewise-linear endomorphism & of bundles of graded alge-
bras

Eot NT*M =2 AK* @ AG* 25 AG* < AT*M.
Observe that it commutes with the endomorphism ¢z, since the latter is linear over AK™*. From
this it follows that

K(iz)208a® & =Eq0K(1z)2 + QM) © QM) — Q(M).



DEFORMATIONS OF PRE-SYMPLECTIC STRUCTURES AND THE KOSZUL L., ALGEBRA 25

We denote by Ry the coderivation of (O Q(M)[2] which extends &g o K(1z)2 and by ez the
corresponding automorphism of () Q(M)[2]. Observe that since the coderivation Ry maps
O Qnor (M) [2] € O Q(M)[2] to itself, the automorphism e?7 restricts to ) Qpor(M)[2]. Finally,
let 7x be the automorphism of Qo (M)[2], which maps a € T(AFK* @ AlG*) to (—1)*a, and
lift it to ) Qnor(M)[2] by

(21O 0 a2]) = (tr ()21 © - © 7r () [2])-

Lemma 3.23. Let B = (u,0) € (K* ® G*) @ A2G* be sufficiently small. The pushforward of
P2 along
Pz Py (O) Quor(M)[2] — (D) QUM)(2)
yields e with
v = exp, (i, 0) — 1.
Here éif)n is the alternative exponential map from Section .

Proof. It follows from Proposition that for § sufficiently small, the power series
eRZe_EZTK(eﬁ[Q])

converges in the C*®-topology to F((—u, F~1(o)), which is exp,, (11, o) —p, according to Proposition
2.12 from Section 2.3 O

The meaning of Lemma [3.23]is as follows:

e We can use the automorphism e Rzry of the coalgebra () Qpor(M)[2], to twist the
Koszul Loo[1]-algebra structure there, i.e. we define a new Loo[1]-algebra on Qe (M)[2]

by the requirement that e #4715 becomes an isomorphism of L.[1]-algebras from the
new Lo[1]-algebra structure on Qo (M)[2] to (Qnor(M)[2], A1, A2, A3).

e The Maurer-Cartan elements of this new Ly[1]-algebra structure are still in bijection
to pre-symplectic structures on M of the same rank as n, and sufficiently close to 7.
Lemma |3.23| asserts that this bijection is now given by the alternative exponential map

exp,,.
3.4. Dirac-geometric interpretation of Subsection Using Dirac geometry, we explain
and re-prove some of the central results obtained in Subsection “An Leo-algebra associated
to a bivector field’. Recall that for any manifold M, the vector bundle TM = TM ®T*M comes
equipped with a non-degenerate pairing (-,-) and the Dorfman bracket [-,-], which allows one
to define Dirac structures as suitable subbundles of TM. We recall the basic notions from Dirac
geometry in Appendix [C]

Corollary [3.9|relates the transformation F to the Lo [1]-algebra (€(M)[2], A1, A2, A3) associated
to a bivector field Z. In view of graph(F(3)) = ®z(5) (see Equation (|11))), it states that the
2-form f3 is a Maurer-Cartan element iff ® () is a Dirac structure. The latter is the graph of
B w.r.t the splitting TM = T'M @ graph(Z), suggesting the strategy we use in this subsection,
namely: consider deformations of the Dirac structure T'M.

3.4.1. Reuvisiting Proposition 3.5, The Lo[1]-algebra (Q(M)[2], A1, A2, A3) was exhibited in Pro-
position It can be recovered using Dirac geometry — or more precisely, the deformation
theory of Dirac structures — as a special case of the construction from [5, Section 2.2].

Proposition 3.24. Let L be a Dirac structure and R a complementary almost Dirac structure,
i.e. we have a vector bundle decompositiorﬁ L® R = TM. Then I'(AL*)[2] has an induced
Loo[1]-algebra structure, whose only non-trivial multibrackets are u1, pa, us given as follows:

2More generally, Proposition holds replacing TM by any Courant algebroid.
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(1) w1 is the differential dy, associated to the Lie algebroid L,
(2)
pa(af2] © B[2]) = —(=1) [, B2+ [2],
where [a, 8]+ denotes the (extension of) the bracket of the almost Lie algebroid R = L*,
(3)
32 © B12] 0 v[2]) = (=1)l(af A B A4y 2]
where v € T'(A3L) is given by
D(A’L*) = C(M) , m Ao Ang = (pr(Inn,m2), ma),

where we made use of the identification R = L*.

Proof. The proof is a minor adaptation of the first part of the proof of [5, Lemma 2.6], setting
¢ = 0 there. We recall briefly the idea of the proof. By [I4] there is a natural description of
the Courant algebroid structure on TM in terms of graded geometry. One can use it to apply
Voronov’s Higher Derived Brackets construction (see [20, 21] and Theorem [B.1]) and obtain an
Loo[1]-algebra structure on I'(AL*)[2]. The multibrackets obtained are the ones in the statement
of the lemma, as one can check using [I4] and via computations in local coordinates. g

Alternative proof of Proposition[3.5. Let Z be a bivector field. Apply Proposition [3.24] choosing
L =TM and R = graph(Z). In that case d, is the de Rham differential, and the bracket on K
is given by the formula for the Koszul bracket. One checks that ¢ is the trivector field —%[Z, A
using Lemma[1.10] Hence the Lo [1]-brackets on Q(M)[2] given by Proposition [3.24)are y; = Ay,
p2 = —Xo and pg = A3. Applying the automorphism —id to Q(M)[2] yields Proposition O

3.4.2. Reuvisiting Corollary[3.94 We now turn to Maurer-Cartan elements. Every bivector field
Z gives rise to an almost Dirac structure, by taking its graph. In Lemma [2.9, we found a
parametrization of all almost Dirac structures that are transverse to graph(Z) in terms of 2-
forms $ on M. As in Subsection we denote this parametrization by ®z:

B @z(B) == {(v+ Z*wsf), B) |v € TM}.

Proposition 3.25. For any 2-form 8 € Q?(M) we have: —f is a Maurer-Cartan element of
(QUM) 2], p1, B2, 13) if, and only if, the almost Dirac structure ®z(f) is a Dirac structure.

The above proposition can be regarded as an extension of the work by Liu-Weinstein-Xu
recalled in Remark

Proof. The second part of [0, Lemma 2.6] states the following, given a Dirac structure L, and
R a complementary almost Dirac structure: an element ® € I'(A?2L*)[2] is a Maurer-Cartan
element of the Lo [1]-algebra structure given in Proposition iff the graph

g ={(X—ix®): Xe€L}CLB&R
is a Dirac structure. The above inclusion makes use of the identification R & L*.
We apply this to the Dirac structure L = T'M and to the almost Dirac structure R = graph(Z7).
Notice that, for any 3 € Q2(M) = I'(A*T*M), we have T _g = {(v+ Z%(1,8), +1,8) | v € TM} =
Dz(8). O

Corollary [3.9| states that for 3 € Q?(M) taking values in some sufficiently small neighborhood
U of the zero section in A2T*M — in particular we require that 3 takes values in Zz, i.e. id+ Z#3!
is invertible — is a Maurer-Cartan element of (Q(M)[2], A1, A2, Ag) iff F(5) is closed. Using
Proposition [3.25 we now provide an alternative proof of this result, which also shows that one
can choose U to equal 7.
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Alternative proof of Corollary[3.9. For 8 € T'(Zz) to be a Maurer-Cartan element of the L [1]-
algebra (Q2(M)[2], A1, A2, A3) is equivalent to ®z(3) being a Dirac structure, by Proposition
Further, by Section ®z(B) is transverse to TM C TM, i.e. it can be written as the graph
of a 2-form, which we denoted F(/3). Now use the fact that the graph of a 2-form is a Dirac
structure if, and only if, the 2-form is closed. O

We summarize these insights in the following table, which places concepts from geometry next
to their corresponding concepts from algebra:

geometry algebra
almost Dirac structures transversal to the graph of Z O2(M)
U U
almost Dirac structures transversal to the graph of Z and to T'M I'(Zz)
U U
Dirac structures transversal to the graph of Z and T M MC(n) NT(Zz)
Al P URUR
graphs of closed 2-forms closed 2-forms

3.5. Examples. We present two examples for Corollary [3.9 and one for Theorem [3.19

Example 3.26 (An example with quadratic Maurer-Cartan equation). On the open subset
(R\ {—1}) x R? of R? consider the Poisson bivector field Z = a% A %. The closed 2-form

a := (zdy + ydx) A dz lies in Z_z. We check that 8 := F~1(«a) satisfies

4+ 316,812 =0,

i.e. that §[2] is a Maurer-Cartan element of the Ly[1]-algebra of Proposition as predicted
by Corollary We have 8% = of(id — Zfa#)~! by Remark whence

1 T Y
ﬁ—1+xa—1+xdy/\dz+l+xdx/\dz.
We are done by computing
x
df = ——=dxANdyNd
B (12 "W
x
= 2 =2——dx Ndy Ndz.
18, 8]z LzBNB TESE T Ndy Adz

Example 3.27 (An example with cubic Maurer-Cartan equation). Let a be a smooth function
on the real line. On the open subset U of R* consisting of points (z,y, z,w) so that 1+a(y) # 0,
let Z = 8% A (% - a(y)a%). From now on we write a instead of a(y) for the ease of notation.
Notice that Z is a Poisson structure iff G is involutive, which happens exactly when the derivative
a’ vanishes (i.e. a is locally constant).

The closed 2-form « := dx A dy + dz A dw lies in Z_z. We check that 5 := F~!(«) satisfies

(16) 48+ 316,81z — (B A B A BYG12,2) =0,

i.e. that 5[2] is a Maurer-Cartan element of the Lo[1]-algebra of Proposition as prediced
by Corollary
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We know that 5% = of(id — Z%a®)~! by Remark [2.2] . In matrix form w.r.t. the frames

8895’ gy 882, 7.5 and dz, dy, dz, dw we have

—a 0 00 10 0 0
0 —a 0 1 1 0 1 0 1
g8 — i -1 —
Zoi=1 g g g | W=Za)T=001 0 0 144 0
0 0 00 00 O 1+a
and therefore
1
B = m(dzAdy+dw/\dw)+dz/\dw.
We compute
/
1 =———d .
(17) ds 15 a? x Ady A dw
Next we compute [3, 8]z. We have S A = 1+ad$ Ady Adz A dw, so
a/
Lz(BNAP) = —d(L%L%ﬂB%(B/\ﬂ)) :2m(dx/\dy/\dw+dy/\dz/\dw).
Further £;8 = 17dB — duz3 = 1fa)2 (dy — adw), so that
a/
—2L78 NS :2(1+a)2(dw/\dy/\dw—dy/\dz/\dw).
Therefore there is a cancellation and
a/
(18) 18,8lz=—Lz(BAB)+2LzB NS = —4m(dxAdyAdw).
Finally, using [Z, Z] = —2a’8% A 3% A % we see that
1 !/
1 EABPABN(S(Z, Z)) = —6————dx Ady A dw.
(19) (81 5 A B (512.2]) = 6 gyl Ay A
Using Equations , , , we see that the left-hand side of Equation (16 reads
1 1 a
1+=--(—-4)—=-(-6 7d ANdy N dw = 0.

Example 3.28 (The four-dimensional torus). Consider the four-dimensional torus M = (S1)*4,
equipped with angular coordinates 61, 62, 63 and 64. The 2 forrn 1 := dfs A\dfy is pre-symplectic,
with kernel K € TM spanned by the global vector fields 89 , 80 . The complementary subbundle

G, defined as the span of 69 , 8‘3 , is clearly involutive. The Poisson bivector field corresponding

to 1 then reads 7 := 89 A 804
A 2-form 8 on M, When written in the global frame of T'M, reads

B=>_ fidoido;, fi; € C®(M).
1<j
The form S is horizontal iff the component fio is identically zero. Our aim is to explicitly work
out F'(f) and the Maurer-Cartan equation

4+ 316, Blx = 0.
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Let us first deal with the linear algebra, i.e. let us work out i) when id + ntBY is invertible,
and ii) how its inverse looks like. Working with respect to the frames of TM and T*M induced

by the coordinates (;);=1,... 4, we find the following matrices

0 —fio|—fiz —fua
gt — Jiz 0 | —fo3 —fu
’ fi3 fo3 0 —f
fie foa | fau 0
and therefore
1 0 0 0
P 0 0
d+mp = —fia —foa | (1 = faq) 0
fiz fos 0 (1= f34)
and it is clearly invertible iff fs4 # 1. Its inverse is
1— faa 0 0 0
1 0 1—f34]0 0
(1 — f34) f1a faa |10
—fis —faz |0 1
From this one finds the following formula for F(8)f = g¥(id + ##%)~1:
0 —(fi2(1 = faa) + fi3fos — f1afoz) | —=f13 —fia
F(B) = 1 f12(1 — f34) + fi3foa — frafos 0 —fos  —fou
(1— f34) f13 fo3 0 —fau
f1a foa f34 0
Adding nf, we find
nt+ F(B) =
0 —(f12(1 = f3a) + fi3foa — f1afos3) | —fi13 —fua
1 fi2(1 — f34) + fizfoa — fiafos 0 —fa3 —fou
(1= f34) J13 fos3 0 -1
J1a Jou 0

It is straightforward to check that the kernel of this matrix is non-trivial iff fio =0, i.e. iff §

is horizontal, and that it then coincides with the span of

1 0
0 1
(20) —fia —fau
fiz fo3

Moreover, when n 4+ F() is restricted to G, it coincides with (n + F(0))|g. All this is in

agreement with Theorem

Let us turn to the Maurer-Cartan equation for 8 (without assuming it to be horizontal). First,

the above formula for F(S)? can be rewritten as

F(B) = 1 (B + (= fi2f3a + fi3foa — fiafa3)d61d07) .
(1 — f34)
This 2-form is closed iff
(21) 0 = (1 — f34) (dB + d(— fi2f3a + f13f24 — f1af23)d61db2)

+dfss (B + (—fi2f3a + fi3f2a — fiafa3)d61d02) .
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We next want to relate this equation to the Maurer-Cartan equation. Notice that [df;, df;]r = 0,
since the Poisson structure 7 is constant in the frame. For f € C*°(M), we find

[d‘gia f]7r = Eﬂ(dezf) = [Lmd](de'f)

= —iz(do; Ndf) = ~lg sl (do;df)
of s Of
B0, 1005

Using this, we arrive at

4

87“8 ars
zz (e — 32 )00, 0.
: r<s

where we use the convention that for j > i, fj; := —f;; and f;; = 0.
Out of B, we construct two 3-forms, namely the right-hand side of Equation and the
Maurer-Cartan series for 3:

A = (1— f3a) (dB + d(—fi2f3a + fi3f2a — fraf23)d61d62)
+df34 (5 + (= fi2f34 + fi3foa — frafo3)d61dbo)
B = dB+; [5 Blx-

We want to show that A vanishes iff B does. Straightforward computations show that the
df1dfsdfs-components A134 and Bigg of A and B, respectively, are equal, and that the same
holds for the dfsdf3dfs-components Aszy and Basy. To be more precise, one finds:

_ _ Ofsa Ofia  0hs 5f34 O f34

Ai3s = Biag = 26, (1 — f31) < 90, 00, > f1a 1350,
5] 5] 0 a 15)

Agzy = Bogy = 8];3; — (1= f34) (8];2; — 8];25) f24 f34 + f23 f34

This establishes our claim that A = 0 iff B = 0 for half of the components. We assume from
now on that these components actually vanish and turn to the remaining components.

Lemma 3.29. The equations

Aoz = (1 — faa)Biaz + fa3Ai3a — f13A234,
Atggs = (1 — f34)Bioa + foaAiza — f1aAasa

hold.

Proof. Working out the definitions, we have

Apz = (1 — faa) ((dﬁ)lzs + 7( f12f34 + fi3foa — f14f23)>

0 0 8
n f34f f34 i f34
001

f (f12( — f34) + f13.f2a — f14f23)
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We now use the expressions for Aj34 and Asgs to replace the terms %f% and

ranging of terms, we arrive at

Aoz = fozAiza — fi3A23a + (1 — f34)(df)123

(1—f34)< (—=fi2f34 + f13foa — frafo3) +

Ofia  Ofi3 Ofaa  Ofas 0f3a
+<(‘w3_>f23_(863_>f13 f>

= fozAi34 — fi3A23s + (1 — f34)(df)123

+(1 — f34) (—%21; a1+ %21; oy — %J;lf 3f23f1 szzaf1 >

= fa3Ai34 — fi2A234 + (1 — f34)Bias.

The second claimed equality is obtained in a similar fashion. O

8f 34 After rear-

We established that, under the assumption fs4 # 1, the following equivalence holds:
1
(1= f54)?

d(F(B)) = A vanishes if, and only if df + = [ﬁ Blx = B vanishes.

4. THE CHARACTERISTIC FOLIATION

Recall that for any pre-symplectic structure n on M, the kernel K = ker(n) is a constant rank,
involutive distribution. Thus we have a map from the space of pre-symplectic structures on M
of some given rank k to the space of codimension k foliations, denoted by

p : Pre-SymF (M) — Fol®(M).
Our aim is to understand this map from an algebraic perspective.

4.1. The tangent map. First we consider the infinitesimal version of p. In Section we
established that the formal tangent space to Pre-Sym® (M) can be identified with the space of
closed 2-forms on M, which vanish when restricted to the foliation. On the other hand, the
formal tangent space to the space of foliations at K can be identified with closed elements of
degree 1 in the Bott-complex, which we recall below.

Definition 4.1. Let K be a foliation of M. Denote the normal bundle TM/K by vi. It comes
equipped with a natural flat, partial connection, called the Bott-connection, given by

NK)xT'(vg) — T(vg),
(X,Y) — [X,Y]modK,
where Y is a lift of Y to a vector field on M.

The Bott-complex of K is the graded vector space Q(K,vk) = T'(AK* ® vk), equipped with
the derivative corresponding to the Bott-connection.

Remark 4.2. Let us sketch why the formal tangent space to K inside Fol®(A) can be identified
with the closed elements of Q'(K,vk). First, to deform the foliation K means in particular to
deform the fibres K, C T, M in a smooth manner. Said another way, a one-parameter family of
foliations is in particular a one-parameter family of section of the bundle Grk(T M), the bundle of
codimension k Grassmannians of TM. Tt is well-known that the tangent space Tk, (Gr*(T,M))
is canonical isomorphic to Hom(K,,T,M/K,). To be more explicit, suppose we are given a
one-parameter family K; of foliations with Ky = K. We want to compute the image of some
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element v € K under the linear map 1 : K — vg corresponding to the tangent vector of K; at
t = 0. One first picks any extension v; of v to a family on K;. With this one has
d

P(v) = (dt|t:01)t> mod K.

We conclude that we can identify Tk Fol* (M) with a certain subspace of Q' (K, vk).

To see that the formal tangent space to K C Folk(M ) coincides with the space of closed
elements of Q(K, vk ), one argues as follows: Suppose K; is a one-parameter family of foliations
with Ky = K, whose tangent vector at ¢ = 0 corresponds to ¢ : K — vg. Given two sections
X, Y of K, we can extend them to sections X; and Y; of K;. We compute

V(X.Y)) = leolXe, Y] mod K
= %\tzo([X + (X; — X),Y + (Y; = Y)]) mod K

d
= ahzo([X,Y}] + [X,Y]) mod K

—~—

= (X 9]+ [$(X),Y]) mod K.
Hence v is closed with respect to the differential on Q(K, vi).

The preceding discussion suggests that for any given pre-symplectic form 1 on M, there should
be a chain map
Qhor(M) — Q(K, I/K)
which corresponds to the map
T,p : Ty,Pre-Sym* (M) — Ty Fol*(M).

Our next aim is to construct this chain map.

Lemma 4.3. (1) Let K° be the dual bundle to vk, equipped with the dual (partial) con-
nection. The map n* : TM — T*M restricts to a vector bundle isomorphism vig = K°,
which is compatible with the flat connections.

(2) The following map is compatible with the differentials:

(M) — QK K®)
B — @(B)(Xla---an—l) 2:B(X1,...,Xk_1,-).

Proof. Concerning item (1), the only (slightly) non-obvious fact is the compatibility with the
connections. For all X, Y € I'(vk) and W € I'(K) we need to verify

!
(Vi (X),Y) = (f(VwX),Y) = n(VwX,Y).
By definition of the connection on K°, the left-hand side can be written as
Wn(X,Y)) —n(X,VwY).
In total, we see that compatibility of nf with the connections is equivalent to the equation
W(n(X,Y)) = n([W, X],Y) + (X, [W,Y]),

where X and Y are extensions of X and Y to vector fields. This equation is satisfied because it
is precisely given by the non-vanishing terms on the left-hand side of dn(W, X,Y) = 0.
For item (2), we have to check for all X;,..., X € ['(K) and Y € I'(vk), that the equality

(p(dB) (X1, Xi),Y) = (dv(p(B)(X1,..., Xk),Y)
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holds. By definition, the left-hand side is equal to df (X1, ..., X, f/), where Y is an extension
of Y to a vector field, while the right-hand side is equal to

k
Z(— )NV, (B(X1, .., Xy X, ), Y)
+Z D B(1X5, X, Xy, Xy, V),
1<J
where the first line equals
Z(_l)z_lX’L(ﬂ(Xb7Xl7anWY))—i_Z(_l)ZB(Xl?aXM7Xk7[X27Y])
i=1 =1

Using that 8 vanishes when restricted to K, we see that, in total, the above expression sums up
to dB(Xy,..., X, Y) as well. a

Remark 4.4. The lemma above yields a chain map

(n*)~*

(22) Qb (M) —= Q*~L(K, K°) = Q*~}(K, vk).

Proposition 4.5. The linear map
9:{a € Qo (M), da = 0} — {8 € QN (K, vi), dvf = 0}
obtained by restricting coincides with minus the formal tangent map of
p : Pre-SymF (M) — Fol®(M)
at 1 € Pre-Sym*(M).

Proof. Fix a pre-symplectic form 1 on M with underlying foliation K. Let 7y be a one-parameter
family of pre-symplectic forms on M with g = 1 and of constant rank. Denote the corresponding
one-parameter family of foliations by K;. The claim of the proposition amounts to the equality

d d
oKy = — ()7 = Ji—onf ) -
dt|t70 ¢ (n*) <dtt077t>

To check this, consider v € K and recall that the image of v under the map c(lit|t oK is given
by & Silt=ove mod K. By applying the isomorphism vx = K° given by n?, we obtain

d d
(Uﬁ o dt|t=oKt> (v) =7 <dt|tzovt> :

Moreover, since 1, € K; we have nf (v¢) = 0 and, after differentiation,

d d
Uﬁ <dt|t:0vt> = - ((ﬁ't:mf) (v).

This concludes the proof. O
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4.2. Deformation theory of foliations. We first review the Lo [1]-algebra governing defor-
mations of foliations. We follow the exposition of Xiang Ji [8, Theorem 4.20] (who works in the
wider setting of deformations of Lie subalgebroids). For foliations, these (and more) results were
first obtained by Huebschmann [7] and Vitagliano [19] (see [19, Section 8] and [8, Rem. 4.23]
for a comparison of results).

Proposition 4.6. Let K be an involutive distribution on a manifold M, and let G be a com-
plement. There is an Loo[1]-algebra structure on T'(AK* ® G)[1], whose only non-vanishing
brackets are l1,—la, 13, with the property that the graph of ¢ € T'(K* ® G)[1] is involutive iff ¢ is
a Maurer-Cartan element.

We remark that /1 is the differential associated to the flat K —connectiorﬁ on G which, under the
identification G = T'M /K, corresponds to the Bott connection from Section The formulae
for I, 19,13 are spelled out in the following remark.

Remark 4.7. Ji [8 Section 4] derives this Lo [1]-multibrackets [y, ls,13 as follows: he views
TM = G @ K as a vector bundle over K (with fibres isomorphic to those of G), and applies
Voronov’s derived bracket construction (see Appendix [BJ) to:

e the graded Lie algebra V' of vector fields on T[1]M,

e the abelian Lie subalgebra a of vector fields which are vertical and fibrewise constant
with respect to the projection T'[1]M — K[1],

e the Lie subalgebra b of vector fields that are tangent to the base manifold K[1],

e the homological vector field X on T'[1]M encoding the de Rham differential on M (notice
that X is tangent to K[1] because K is an involutive distribution).

This construction delivers the multibrackets [,ls,l3 in the formulae below. To relate these
formulas to the formulas obtained in [§8, Remark 4.16], one has to apply the isomorphismﬁ of
I'(AK* ® G) which acts on each homogeneous component I'(AF K* @ G) via multiplications by

k(k+1)
(1) = .
For all ¢ € T(APK* @ G)[1],v € T(ANK* @ G)[1],¢ € T(A™K* ® G)[1] we have:

3Explicitly, this is the flat K-connection of G given by VxV = pre[X,Y] for all X € I'(K),Y € I'(G).

4The necessity to apply this isomorphism is related to the following piece of linear algebra. Let V' be a vector
space, and consider V[1] (a graded manifold with linear coordinates of degree 1). The functions on V[1] coincide
with the exterior algebra AV™, and the vector fields on V[1] coincide with AV* ® V' (in particular, degree —1
vector fields on V[1] are just elements of V). Now take a k-multilinear skew-symmetric map on V with values in
V, ie. an element a € AFV* ® V. This element can also be viewed canonically as a (degree k — 1) vector field on
V[1], which we denote by X. Consider the k-multilinear skew-symmetric map on V with values in V' given by

Ve O = [ [ X ton ]y -2 ] o)

where ¢,,; is the (degree —1) vector field on V1] given by v; € V, and the bracket is the graded Lie bracket of
k(k+1)
vector fields on V[1]. Our point is that this map differs from o by a factor of (—1) 2 , as one can easily check

in coordinates, and this factor is omitted in [g].
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k+1
ll(g)(le"')Xk—l-l) = Z(_l)i—HPTG{Xﬂ S(le"'aXia”'an-f—l)}
i=1

A~

+ Z(—l)iﬂg([xi,xj],xl,...,Xi,...,Xj,...,X,cH)

1<j
L&) (X1, X)) = (-1)F > (=1)7prg [é(XT(ly s X)) s V(X (kg1)s - XT(k+l)):|
TESk,]'
- (_1)k(l+1) Z (_1)T§ (er |:¢(XT(1)7 e ’X‘r(l)) ) XT(lJrl)i| Y.
TESI 1, k-1

c Xr(42), - - 7XT(l+k)>
+ (DA€o k)

l3(£7 ¥, gb)(Xl? s 7Xk+l+m—1) = (_1)m+k(l+m).
Z (_I)Tg(er |:¢(X'r(l)7 SR) X‘r(l)) ’ ¢(X7(l+1)7 <. 7X'r(l+m))] 7y 7X'r(l+m+k—1)>:l: O

TES] m k—1
Here X; € I'(K), prg is the projection TM = G ® K — G, and similarly for prg. S; ;i denotes
the set of permutations 7 of ¢ + j + k elements such that the order is preserved within each
block: 7(1) < --- < 7(i),7(i+1) <---<7(i+j),7(i+j+1) <--- <7(i+j+ k). The symbol
(& <> ¥,k <> 1) denotes the sum just above it, switching £ with ¢ and k with [. The symbol ©
denotes cyclic permutations in &, Y, ¢.

Proof of Proposition[{.6 Given Remark[4.7] we just have to address the statement about Maurer-
Cartan elements, which holds by [8, Theorem 4.14]. O

The Lo [1]-algebra structure is compatible with the I'(AK*)-module structure, as described
for instance in [19, Theorem 2.4 and 2.5]. We spell this out:

Lemma 4.8. With respect to the (left) T'(AK*)-module structure on T'(AK* ® G)[1], the multi-
brackets of the Log[1]-algebra structure described in Proposition have the following properties:
li(a- &) = (da)|ak - € + (—1) a1 ()
(€, 0 1) = (—1)*(teda) [ nrc -p + (=DM - 1p(&, )
36, 0,0 ¢) = ()" gryda - ¢ + (~1) V%0 16,9, 9).
for all « € T(AN*K*) and € € T(NFK* @ G)[1],4 € T(NK* @ G)[1],¢ € T(AK* @ G)[1].
Proof. This follows from a computation using the characterization of the multibrackets in terms

of the graded Lie algebra of vector fields on T'[1]M, as described in Remark Alternatively,
one can derive it from the explicit formulas for I, I and [3 given above. O

Remark 4.9 (The involutive case). When G is involutive, the trinary bracket I3 vanishes and,
after a degree shift, we obtain a dg Lie algebra. In that case, locally we can always choose
“enough” sections X € I'(K') whose flow preserves G (i.e. [X,['(G)] C I'(G)), and if X; are such
sections we have

12(67 ¢)(X17 s 7Xk+l) = (_1)k(l+1) Z (_1)TprG |:§(X7'(l+1)7 s 7X7'(l+k)) ) zﬁ(‘XVT(lﬁ s 7X’T'(l))i|

TESk’l

for any ¢ € T(A*K* @ G)[1] and ¢ € T(A'K* @ G)[1].
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In the involutive case it is easy to check directly the following claim made in Proposition
the graph of ¢ € I'(K* ® G)[1] is involutive iff ¢ satisfies the Maurer-Cartan equation of
(T(AK™* @ G)[1], 11, —l2,13), i.e. iff

() — 51a(6,0) = 0.

Indeed, given X1, X2 as above, writing out [X; + ¢(X1), Xo + ¢(X2)] we obtain [X;, Xs] plus 3
terms lying in I'(G). Hence graph(¢) is involutive iff

0= —¢([X1, Xa]) + [X1, 9(X2)] = [X2, o(X1)] + [6(X1), 9(X2)].
The first 3 terms combine to (I1(¢))(X1, X2), while the last term is —3l2(¢, ¢)(X1, X2).

4.3. A strict morphism of L [1]-algebras. As earlier, let 1 be a pre-symplectic form on M,
and choose a complement G to K = ker(n). Let Z € I'(A%2G) be the bivector field corresponding
to the restriction of 1 to G, so Zf := —(n¥|g)~': G* — G. Recall from Corollary that
F2(QM)) = Quor (M) - Quor (M) gives an Lo [1]-ideal of Qo (M)[2]. This suggests the following
result, where we use the notation Q(K,G) := I'(AK* ® G) and similarly for Q(K, G*):

Theorem 4.10. The composition
012] s Duan(M)[2] = ProrMBL g ) oo = (61 28 e, oyl

is a strict morphism of Loo[1]-algebras, where the domain is the Koszul Lo [1]-algebra with multi-
brackets A1, A2, A3, see Theorem[3.17, and the target Q(K, G)[1] is endowed with the multibrackets
l17 _127 l3'

Remark 4.11. i) For every element of Q0. (M) = T'(A®*K* ® AZL1G*), the first map in the
above composition simply selects the component in Q(K,G*) = I'(A*K* ® G*). Hence ¢
maps a Maurer-Cartan element (u,0) € I'(K* ® G*) ® I'(A2G*) to the Maurer-Cartan
element Zff € T'(Hom(K, G)), where u*: K — G*, X + 1x . Notice that, via Theorem
and Proposition this is consistent with the fact that the kernel of (u, o) is the
graph of Z%uf (see Theorem and with the well-known fact that the kernels of pre-
symplectic forms are involutive.

ii) A consequence of Theorem is that the map
Z4[2] : Shor (M )[2]/F29( Az = K G — QK G
is a strict isomorphism of L.[1]-algebras. Here Chor (M) [2
with the Ly [1]-algebra structure inherited from Qyo,(M)[2].

]/FQ(Q( M))[2] is endowed

We need some preparation before giving the proof of Theorem Notice that for o € Q(K)
and £ € I'(G*), the element a-§ € I'(AK* ® G*) is mapped to a- Z%¢ € Q(K, G) under ¢q. In the
next three statements, we write f instead of Z¥, and suppress the degree shifts [2] for the sake
of readability.

Proposition 4.12. For all £1,&2 € T'(G*) and ay, a0 € T(AK™) we have

q(A2(ar - &1, a2 &2)) = —la(ar - &1, s - 862).
Proof. Using the biderivation property of the Koszul bracket [-, -]z (see Remark and Lemma
for Iy, we obtain

q([or€r, asbalz) = ai[€r, o) z|ax - 162 — (—D)10I2lag[gn, ] 2| ak - H61 + ran - €1, &) 2
(—D)'l1y (@81, antéa) = o (g, dan) | nic - 862 — (1)1 12l g (1ye, devy ) [ ak - 861 + aran - (861, 82).
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Since Aa(aq - &1, 0 - &2) = —(—1)|O‘1|[041§1, a22]z, we have to prove that the two expressions
above coincide. The right-most terms coincide by Lemma hence it suffices to prove that
[€1, 2]z = ¢, day. This identity is proven by induction over the degree of ap, using that the
case in which as is a 1-form holds by Equation , page O

Now we consider the trinary brackets.

Lemma 4.13. For all £1,& € I'(G*) and o € T'(AK™) we have A3(&1, 82, ) = e, 4, dov.

Proof. By the definition in Proposition |3.5| we have A3(&1, &2, o) = %(f? A& A a?)|Z, Z). Now

1
biea U O = — gy 5] = 5 lugyue, [2,2)

using some Cartan calculus and the fact that §¢; € I'(G) in the first equality and Equation ,
page [6] in the second. Using the fact that [Z, Z] is a section of A2G ® K (see Section [1.2)), this
concludes the proof. O

Proposition 4.14. For all £1,&2,&3 € T'(G*) and a1, a9, a3 € T'(AK™) we have
(23) q (A3(on - &1, 00 - &, a3 - §3)) = I3(a 1, aafiéa, a33).

Proof. Using repeatedly the derivation property of A3 (Remark [3.4), the fact that [Z,Z] €
I'(A2G ® K) (see Section , and the fact that Az is graded symmetric, we obtain

(24) Al &0z &,03-6) = (—1)ajas(&1, &, a3)é
+(—1)laellesHaalHazl+asl g ) 0y 03 (65, €1, a)és
_i_(_1)|oz1||a2\+|a1\|o¢3|+|o¢3|0[2a3)\3(§27gS7 041)§1~

Applying repeatedly Lemma for I3, using the fact that [3 applied to any three elements
of T'(G) vanishes (by its very definition), and using three times Lemma we see that
I3(a1€1, aafiéa, a3fiés) equals the image under g of the right-hand side of Equation (24). O
Proof of Theorem [[.10. Clearly the kernel of ¢ is F2(Q(M)), and each \; maps to zero in the

quotient or (M )/FQ(Q( M)) whenever one of the entries lies in F2Q(M), by Lemma [3.20

Hence, to check that the map ¢ is a strict Loo[1]-algebra morphism, it is sufficient to restrict
ourselves to elements of I'(AK* ® G*). The restriction of g there
e intertwines A; and l; by Remark since the identification vx = G (given by the
projection along K') identifies {; and the Bott connection,
e intertwines Ao and —Iy by Proposition
e intertwines A3 and I3 by Proposition [£.14]
O

Example 4.15 (The four-dimensional torus). As in Exampld3.28, we consider M = (S')*4,
with pre-symplectic form 7 := df3 A dfy. Its kernel K is spanned by 6%1, 8%2, and as (involutive)

complementary subbundle G we take the span of 8%3, 6%4' With these choices, we have 7 :

o7 A o
3 4
Let 8 be a horizontal 2-form. We use the abbreviations

MCs := A (8) + %AQ(ﬁ,ﬁ) = (dB + %[5:/8]7r>[2]

and MCgyg) = 11(8) — 3l2(q(B),q(B)). The identity ¢(MCg) = MC,(g) holds since g is a strict
morphism, and by Proposition this expression vanishes iff graph(g(f)) — which coincides
with ker(exp, (8)) by Theorem — is involutive. On the other hand, ¢(MCg) vanishes iff
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(MCg)123 = 0 = (MCp)124, where we use the same notation for the components of MCg as in
Example This is true since q has kernel ['(A*K*®@A>1G*) and ¢ restricted to T(A*K* @G*)
is an isomorphism. Altogether we see that the following is equivalent:

i) the kernel of exp, () is involutive

ii) (MCg)i23 =0 = (MCg)124.

We now reproduce this equivalence by a direct computation. In coordinates, a horizontal
2-form is an expression § = ), <j fijd0;d0; with fi2 = 0. The kernel of exp,](ﬁ) is spanned by
the two column vectors appearing in . Using the computations done in Example one
sees that their Lie bracket is

—(MC5)1248893 + (MC5)123;;4,
hence the kernel of exp, () is involutive iff this Lie bracket vanishes.

5. OBSTRUCTEDNESS OF DEFORMATIONS

We display examples showing that both the deformations of pre-symplectic forms and of foliati-
ons are formally obstructed. A deformation problem governed by an Lo [1]-algebra (W, {\g}r>1)
is called formally obstructed, if there is a class in the zero-th cohomology H®(W) of the cochain
complex (W, A1), such that one (or equivalently, any) representative w € W can not be extended
to a formal curve of Maurer-Cartan elements. Obstructedness can be detected with the help of
the Kuranishi map

(25) Kr: HO(W) — Hl(W), [w] = Ao (w, w)],

for it is well-known that if the Kuranishi map is not identically zero, then the deformation
problem is formally (and hence also smoothly) obstructed, see for example [13, Theorem 11.4].

5.1. Obstructedness of pre-symplectic deformations. We consider again Example [3.28
namely M = (S')** with pre-symplectic form 7 := df3 A df; (so the kernel K is spanned by 307
8%2), and choosing as complementary subbundle G the span of 8%3’ % (so the Poisson bivector
field corresponding to 7 reads m := 8%3 A 8%4).

In Section we saw that the Koszul L [1]-algebra (Qnor(M)[2], A1, A2, A3) governs the de-
formations of 7 as a pre-symplectic form. Recall that the multibrackets A; were defined in
Proposition with A1 being the de Rham differential.

The Kuranishi map Kr: H® — H' maps the class of any closed element B € Q2 (M) to the
class of [B, B];. Now we choose

B = f(93)d91 A dbfs + g(04)d92 A dby
for f, g smooth functions on S' = R/27Z. Clearly B is closed. In Example we computed
that
[B, B]7r = 2(f84gd01 Adbs N dOy + g&gfd@l A dbfs N d93),
where 0; denotes the partial derivative w.r.t. 6;. While this 3-form is exact, we now show that
it does not admit a primitive in Q2 (M). This will show that the class it represents in the
cohomology of Qo (M) is non-zero, i.e. that Kr([B]) # 0.

For any a € Qf (M), we compute the integral of da over C ) := S* x S* x [a,b] x {0} for
all values of a,b € S!, where [a, b] denotes the positively oriented arc joining these two points:
fC[a,b] da = |, Doy & = 0, using Stokes’ theorem and the fact that o has no df; A df> component.
On the other hand,

/C (B, Bl = 2(2m)9(0) [ (b) — f(a))
[a,b]
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which is non-vanishing for instance for f = g = cos. Hence [B, B]; can not be equal to da for
any a € Q2 (M).

hor

5.2. Obstructedness of deformations of foliations. As above take the manifold M =

S1)*4 take K the involutive distribution spanned by 09 and choose as complemen-
001 00

tary subbundle G the span of 8@93, 8%4. As seen in Section the deformations of the in-

volutive distribution K (i.e. of the underlying foliation) are goverened by the L. [1]-algebra
(F(/\K* & G)[l], l1, =13, 13).
The Kuranishi map Kr: HY — H! maps the class of any l1-closed ® € I'(K* ® G) to the class

of —la(®,P). We now take
0 0
@ = —_—
doh @ f(03) 96, dfy @ g(01) 96,

which is l1-closed by eq. below. We compute lo(®, ®) € I'(A2K* ® G) by evaluating it on
the frame 8%17 % of K and obtain

0 0
12(®, @) = (dfy A dbz) ® 2(f8498793 - gagfa@)'

On the other hand, any ¢ € T'(K* ® G) can be written as Y 2, 2?23 do; ® hi]’a%j for functions
hij on M = (S1)*4) and one computes
0 0

(26) 11(€) = (dbh A db2) ® [(O1hog — Oahag) o + (D1hog — Dahig) -]

893 604
Notice that for every a,c € S1, the pullback of I;(€) to N, := St x St x {a} x {c} is exactﬂ
hence fNa . 11(€) = 0 for all a,c. But the pullback of Io(®, ®) is a constant 2-form, since f and
g do not depend on 6y, 6, hence | No. l2(®,®) is a (vector-valued) constant. This constant is
non-zero for instance for f = g = cos and for a,c ¢ §Z. It follows that lo(®, ®) is not equal to
[1(€) for any £ € I'(K* ® G). In other words, it follows that Kr([®]) # 0.

Remark 5.1. @ is the image of B under the strict Lo [1]-morphism ¢ of Theorem Hence
the induced map in cohomology maps Kr([B]) to Kr([®]). This and the fact that Kr([®]) # 0
implies that the result we obtained in Subsection namely that Kr([B]) # 0.

APPENDIX A. CARTAN CALCULUS OF MULTIVECTOR FIELDS
We recall the Cartan calculus on manifolds. Let M be a manifold and Y a multivector field
on M of degree k. Associated with Y, we have the following operators on Q(M):
e Contraction: 1y : Q*(M) — Q*~¥(M), which for Y = f a function is ordinary multipli-
cation, for a vector field X is defined by
(LXW)(Xla e 7X7’—1) = w(X7 le o 7X7‘—1>7
and then extended to all multivector fields by the rule
LX/\X =1lx © Lf('

e Lie derivative: Ly : Q*(M) — Q*~*+1(M), which is defined as the graded commutator
[ty,d] =1y od — (=1)¥ld o 1y, with d the de Rham differential.

These operations obey the following commutator rules:
(1) [,Cy,d] =0 and [Ly, Lf/] = 0,

SA primitive is (h13d61 + hosdf2) ® 3%3 + (h14d01 + h24db2) ® 3874~
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ty] = L,y for [-,:] the Schouten-Nijenhuis bracket of multivector fields, and
[5 5 71 = Ly

APPENDIX B. REMINDER ON Ls-ALGEBRAS, HIGHER DERIVED BRACKETS, AND KOSZUL

BRACKETS

B.1. L.- and Ly [1]-algebras. We briefly review the basic background about Loo- and Lso[1]-
algebras. Let V be a graded vector space.

For every r € Z, we have the degree shift endofunctor [r|, which maps a graded vector
space V to V[r], whose component (V[r])* in degree i € Z is V7.

We denote by S,, the symmetric group on n letters. Given an integer n > 1 and an
ordered partition i1 + --- + i, = n, we denote by S;, ;. C S, the set of (i1,...,ix)-
unshuffles, i.e., permutations o € S,, such that o(i) < o(i+1) for i # i1,41 +i2,...,01 +

.

T(V) = @,>,T"(V) is the n-fold tensor product of V with itself. The symmetric
group S, acts on T™(V) by o(21 ® -+ ® ) = €(0)Zp(1) ® *+* ® Ty(), where (o) =
e(o;x1,...,xy,) is the usual Koszul sign. We denote the space of coinvariants by ()" V,
and by x1©- - -©z,, the image of x1®- - -®z,, under the natural projection T7"(V) — " V.
The reduced symmetric coalgebra over V is the space OV = @, ~; O"V, with the
unshuffle coproduct -

Az @ Ozn) =Y D £(0) (@) © O To() @ (To(yn) O+ O Tam)).

=1 O'Esiynfi

This is the cofree, coassociative, cocommutative and locally conilpotent graded coalgebra
over V.

Let (C,A) be a graded coalgebra. A map @ : (C,A) — (C,A) of degree 1 is a codiffe-
rential if Qo @ =0and Ao @ = (Q ®id +id ® Q) o A hold true.

e An L..[1]-algebra structure on V is a codifferential @ of the graded coalgebra (O V, A).
e A morphism of Ly[1]-algebras from Lo [1]-algebra V' to Lo [1]-algebra W is a morphism

of the corresponding dg coalgebras F : (OV, A, Qv) — (O W, A, Qw).
An Lo [1]-algebra structure  on V is determined by its Taylor coefficients (Qp)n>1,
which are the maps given by

"V —= OV —%(@WV)1] = V1],

Moreover, a morphism F' of Ly[1]-algebras from V to W is determined by its Taylor
coefficients F,, : O™V — W, which are defined in the same manner as the Taylor
coefficients of an L [1]-algebra structure.

A morphism of L.[1]-algebras is called an isomorphism if the corresponding morphism
of dg coalgebras is invertible. It is called strict if all its structure maps except for the
first one vanish.

A graded subspace W of an Ly [1]-algebra V' is an Lo, [1]-subalgebra if the corresponding
structure maps @, map ©"W to W. Similarly, W is an Lu[1]-ideal if Q,, maps W ©
OV to W.

The category of dg Lie algebras embeds into the category of Lo, [1]-algebra via

(Lv d, [" ]) = (@(L[”)’ Q)»
where @ is the coderivation whose non-trivial Taylor coefficients are Q1 (a[l]) = —(da)[1]

and Q2(a[1] @ b[1]) = (=1)*([a, b])[1].
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e Finally, we define the structure of an L.,-algebra on V' to be an Ly[1]-algebra structure
on V[1].
The main example of an Ly-algebra (respectively Loo[1]-algebra) in this paper is the Koszul
Loo-algebra (Log[1]-algebra) associated to a pre-symplectic manifold, cf. Section

B.2. Higher derived brackets. The formalism of higher derived brackets from [20} 21] is a
mechanism to construct Ls.-algebras from certain input data. The input data are a graded Lie
algebra (V,[-,-]), together with

e a splitting as a graded vector space V = a @ b, where a is an abelian subalgebra and b
is a Lie subalgebra,
e a Maurer-Cartan element X € V, i.e. an element of degree 1 such that [X, X] = 0 holds.

There is a compatibility condition, which requires that X lies in b.
The higher derived brackets associated to these data are the maps defined by

Qn:0"a—all], a1 Oay »—>pra<[-~[X,a1],--- ,an]),

where pr, denotes the projection from V' to a along b.
The following result is proven in [20]:

Theorem B.1. The maps (Qn)n>1 equip a with the structure of an Lso[1]-algebra.

B.3. BV -algebras and Koszul brackets. We collect some useful facts from the literature
about commutative BV o-algebras and Koszul brackets. We follow mostly [9) [10] and the expo-
sition in [I, Section 4.2.1]. We refer the reader for details and proofs to these sources.

First recall the notion of differential operators on a graded commutative algebra A: One
defines recursively the set DOy (A) C End(A) of differential operators of order < k on A by

DO_;(A) ={0}, and DOy(A)={f € Hom(A, A)|[f,¢s] C DOk_1(A)Va € A},
where ¢, denotes left multiplication, i.e. £, (b) := ab.
Following [10] we define
Definition B.2. A commutative BV -algebra (A,d = Ag,A1,...) of (odd) degree r is a com-
mutative, unital dg algebra (A,d,-), equipped with a family of endomorphisms (A;)i>o of degree
1 —i(r+1) such that:

(1) for all i > 1, the endomorphism A; is a differential operator of order < i + 1, which
annihilates the unit 14,
(2) if we adjoin a central variable t of degree r 4+ 1, the operator

A= Ao +tA) + 200 4 - A[t]] — A[[]]
squares to zero.

We refer to A as the BV-operator.

It is well-known that to every commutative BV.-algebra of degree r, one can associate an
L[1]-algebra structure on A[r + 1], see [20}, [I]. The Taylor coefficients of this L[1]-algebra
structure are given by the Koszul brackets associated to the operators A;: One associates to
the endomorphism A; a sequence of operations K(4;), : ®"A — A defined iteratively by
K(Al)l = Az and

K(Ai)n(al (ORERNO! an) = —HC(Ai)n_l(al O Oap—2® an_lan)
—K(Ai)n—1(a1 ®@ - @ ap—1)an
_(_1)‘an—l‘|an|]C(Ai)n_1(al @ - @ Ap—1 @ an)an_17

The following result was noticed in [20], we follow the exposition from [I, Proposition 4.2.21]:
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Proposition B.3. Given a commutative BVy,-algebra (A,d,= Ay, A1,...,) of degree r, the
sequence of maps

(Ao, K(A1)2, K(A2)s,...)
equips Alr + 1] with the structure of an Lso[1]-algebra.

APPENDIX C. REMINDER ON DIRAC GEOMETRY

C.1. Dirac linear algebra. Let V be a finite-dimensional, real vector space. We denote by V
the direct sum V @ V* and by (-,-) the following non-degenerate pairing on V:

((v,6), (w, X)) := E(w) + x(v).

Definition C.1. A subspace W C V is called isotropic if for all w,w’ € W we have <gu,w’> =0.
It is Lagrangian if it is isotropic and dim(W) = dim(V)). Two subspaces W and W C V are
transverse, if W @& W =V.

Given an element Z € A2V, we can consider graph(Z) := {(.¢Z,€) | £ € V*} C V, a Lagrangian
subspace. We denote the linear map § — 12 = Z(§,-) from V* to V by Z%, and similarly we
define 8% : V — V* for B € A2V*.

Remark C.2. Every 3 € A?V* defines an orthogonal transformation tg of (V, (-,-)), by
(0,€) = (v, €+ B (v)).

Similarly, every Z € A%V gives rise to an orthogonal transformation tz, which takes (v,¢) to

(v 4 Z%(€),€). In particular, elements of A2V* and A%V act on the set of Lagrangian subspaces
of V.

Remark C.3. Suppose L, R are transverse Lagrangian subspaces of V. There is a canonical
isomorphism

R=L*rw— (r,)|L.
Since R is transverse to L, any subspace of V transverse to R is the graph of a linear map
L — R. Any Lagrangian subspace transverse to R is the graph of a linear map L — R such
that, composing with the canonical isomorphism above, we obtain a skew-symmetric linear map
L — L* (i.e. the sharp map associated to an element of A2L*).

C.2. Dirac geometry. Let us briefly recall the basic constituencies of Dirac geometry. We
denote by TM the generalized tangent bundle TM = TM & T*M. It comes equipped with a
non-degenerate pairing

(X, a),(Y,8)) = oY) + B(X)
and the Dorfman bracket

[(X, ), (Y, B)] = (X, Y], Lx B — tyda).
Together with the projection to T'M, this makes TM into an example of Courant algebroid.

Definition C.4. An almost Dirac structure on M is a Lagrangian, i.e. maximally isotropic,
subbundle L C (TM,(-,-)). An almost Dirac structure L is called integrable when its space of
sections I'(L) is closed with respect to the Dorfman bracket [-,-]. A Dirac structure is an almost
Dirac structure which is integrable.

Remark C.5. Let L, R be transverse Dirac structures on M. As seen above, almost Dirac
structures transverse to R are in bijection with elements of T'(A2L*). We now recall a result of
Liu-Weinstein-Xu [12] establishing when such an almost Dirac structure is integrable. Recall
that every Dirac structure, with the restricted Dorfman bracket and anchor, is a Lie algebroid.
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Since L is a Lie algebroid, it induces a differential d;, on T'(AL*). Furtherﬁ since L* = R is
a Lie algebroid, it induces a graded Lie bracket [-,-]r« on I'(AL*)[1]. Together with dj and
[, -]+, the graded vector space I'(AL*)[1] becomes a dg Lie algebra. The main result of [12] is:
for all ¢ € T'(A2L*), the graph L. = {v + 1,6 : v € L} is a Dirac structure iff ¢ satisfies the
Maurer-Cartan equation, that is

1
dre + 5[6,5]9« =0.
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