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Motivation

Why do we need patch coupling

m Model complex structures
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Figure: Connecting rod
[V.P.Nguyen et.al. 2013]

Figure: Intersecting tubular shell
[Y.Guo et.al. 2017]
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Motivation

Why do we need patch coupling

m Model complex structures
m Assign various materials to sub-structures

/M ALUMINUM
The iPhone's case uses serospace-grade.
\ ) iuminum with an anodized outside ayer

for extra protection. This layer s ust five
micrometers thick, hinner then paint.

)‘ SAPPHIRE GLASS -
Figure: iPHONE 6S Figure: Seat frames
[www . visualcapitalist.com) [aeplus.com]

Qingyuan HU  (University of Luxembourg) Nitsche IGA June 6, 2017



Motivation

Why do we need patch coupling

= Model complex structures
m Assign various materials to sub-structures
m Calculate using suitable elements (dimensions)

coupling interface

Rotation-free

for speed. Reissner-Mindlin

for sharp comners.

Figure: Mixed-dimensional coupling Figure: Simulation of metal forming
[Y.Guo and M.Ruess 2015] [D.J.Benson et.al. 2012]
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Motivation

Why do we need patch coupling

= Model complex structures

m Assign various materials to sub-structures

m Choose reasonable element types (dimensions)

m Discrete model into elements of sufficient numbers
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(a) Nitsche
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(b) Galerkin
Figure: A truck door, left: commercial software results Figure: Saint Venant's Principle
[Marco Brino 2015] [V.P.Nguyen et.al. 2014]
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Motivation

Why do we need patch coupling: from FEM to IGA

= IGA use NURBS (non-uniform rational B-spline) instead of polynomials

DX oK

Figure: Lagrange basis functions in FEM

Figure: NURBS basis functions in IGA

m Non-interpolatory control points

Mesh

Mesh
1x6

Figure: Meshes and nodes in FEM Figure: Control meshes and control Figure: NURBS curve
points in IGA
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Stitching two fabrics together

Figure: Stitching fabrics [bigbgsd.blogspot.com]

Where there are displacement gaps,
there should be some kind of forces to prevent the two fabrics from separation,
and additional work to be done to stitching them together.
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Analogy

fix

e
v )

Figure: Stitching fabrics

displacement gap = u; — o \f

average force = 0.5(F; + F,) pull

Figure: Patch coupling
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Constraints and additional work

fix Constraints on interface '
Uy = Up on g (1a)
Fi=F on e (1b)

e

Define jump and average operators

[u] :==ur — w2

1 (2)
(F):= 5(’:1 + F2)
Additional work to be done
displacement gap = uy — \f
average force = 0. 5(F1 + Fg) pull Waga = (F)[U] (3)

Figure: Patch coupling
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Nitsche

Problem setup

u, = u
01Ny =-02-N;

Figure: Couple two patches

The jump and average operators are defined as
[u] == uy —up

(oN) = %(awN + o2N)

here N is chosen to be N;.

on g (4a)
onlc  (4b)
®)
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Nitsche

Different from fabrics stretching

m Instead of scalar u, use vector u for generalized cases, e.g. u = (u, v)T in 2D

m Instead of forces F, use traction o(u)N,
where the stress comes from displacement field

o(u) = De(u) = DVu (6)

and N is the transformation matrix to collect area contribution.

Txy

Ox N:|:

Figure: u, nand o
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Nitsche

Nitsche formulation

Start from the classical weak form
a(u, w) = L(w) 7)

and introduce Nitsche contribution into the weak form

a(u,w) — / (o(U)N)[w]drl — / [u]{o(w)N)dl + a/ [ul[w]dr = L(w) (8)
Fe e} Fe
Note
= Two Nitsche terms are introduced to keep the stiffness matrix symmetric
m Additional stabilisation parameter o to guarantee coercive (positive definite)
= Boundary integrations are performed along slave boundary

m The Nitsche contributions are made by work—conjugate pairs:
for membrane element they are displacement and traction force,
for thin bending plate they are rotation and bending moment
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Nitsche

Penalty and Lagrange multiplier

Penalty method:
(0%
au,w) + 5 [ Tullwldr = L(w ©

where « is the penalty parameter.

Lagrange multiplier method:

a(u, w) +/

A[w]dr +/ SA[u]dr = L(w) (10)
Fc e

where A is the vector of Lagrange multiplier.

Methods Pros Cons
Penalty No increase_d DOFs Depends_on p_enalty p_a_rameter
Easy and straightforward sometimes ill-conditioned
Lagrange multiplier A means trallct.ion Increage DOF§
Stable when satisfies LBB Not positive define
Nitsche No_ i_ncreas_ed DOFs Not para_me_ter-free .
Positive define, robust Involve constitutive equation
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Nitsche

How do they work

Penalty method:
(0%
a(u,w) + 5 /rc[[u]][[w]]dr = L(w) (11)

Lagrange multiplier method:
a(u,w) +/ A[w]dr +/ SA[udlr = L(w) (12)
Fc Fc
Nitsche’s method:

a(u, w)—/ (cr(u)N)[[w]}dF—/ [[u]](a(w)N)dF+a/r [u][w]dr = L(w) (13)

e r

MM — <
a A o
Figure: « is spring stiffness Figure: X is external traction Figure: o is from slave boundary
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Nitsche

Slave boundary to perform boundary integration

m Choose slave boundary that has more elements

\ X <4 2} ".1 o —
\ @ o 1< - o . —
<« LRIvAb T
) f—x | T g SN B o
Figure: 2D Figure: 3D
[V.P.Nguyen et.al. 2013] [V.P.Nguyen et.al. 2013]
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Nitsche

Stiffness matrix illustration

Calculate stiffness matrix
for slave and master
K =>Ks+> Kn
Calculate Nitsche contribution
along coupled boundary
K+ = Z KN
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Nitsche

Stabilisation parameter «

Solve generalized eigenvalues A
along coupled boundary
KNUC = >\KUc

a = 2max(\)
ref A.Apostolatos et.al. IUINME. 2013
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Numerical illustrations

Bending plate
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Numerical illustrations

Vibration square plate
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Figure: Square plate )
Figure: Meshes
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Numerical illustrations

Vibration square plate
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Clamped plate and erro

[X.Du et.al. 20

Numerical illustrations
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Numerical illustrations

Connecting rod [V.P.Nguyen et.al. 2014]

Uz (mm)
-0.16 -0.12 -0.08 -0.04 0 von Mises stress (MPa)
. 208060
0162475 0003576 [ .

7433978

(a) z-displacement field (b) Stress field
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Numerical illustrations

Intersecting tubular shell [Y.Guo et.al

von Mises stress
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