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* When the standard finite element method is unable to
efficiently reproduce certain features of the sought solution:

1. Discontinuities - cracks, material interfaces
2. Large gradients - yield lines, shock waves

3. Singularities - notches, cracks, corners
4. Boundary layers - fluid-fluid, fluid-solid

5. Oscillatory behavior - vibrations, impact

 The approximation space can be extended by introducing of an
a priori knowledge about the sought solution, and thereby:

1. Rendering the mesh independent of any phenomena
2. reducing error of the approximation locally and globally
3. Improving convergence rates




Classification of discontinuities

Strong discontinuities

 The primal field of the solution is discontinuous, e.g. cracks
lead to strong discontinuities in the displacement field.

L

Weak discontinuities

* The first derivative of the solution is discontinuous, e.g.
discontinuities in the strain field through a material interface.
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Classification of enrichments

Global enrichment

* The enrichment is employed on the global level, over the entire domain.
* Useful for problems that can be considered as globally non-smooth e.g.
high-frequency solutions (Helmholtz equation)

Local enrichment

* This enrichment scheme is adopted locally, over a local subdomain.
e Useful for problems that only involve locally non-smooth phenomena, e.g.
solutions with discontinuities.




Classification of enrichments

- A
Extrinsic enrichment

* Associated with additional degrees of freedom and additional shape
functions to augment the standard approximation basis.

1. Extended finite element method (XFEM) - Moés et al. (1999)
2. Generalised finite element method (GFEM) - Strouboulis et al.  (2000a)
3. Enriched element free Galerkin - Ventura et al. (2002)
4.  hp - clouds (Meshless/Hybrid) - Duarte and Oden (1996)

Intrinsic enrichment

* Not accompanied by additional degrees of freedom. Instead, some standard
functions are replaced with special (problem specific) functions.

1. Enriched moving least squares (Meshless) - Fleming et al. (1997)

2. Enriched weight function (Meshless) - Duflot et al. (2004Db)
3. Intrinsic partition of unity methods - Fries, Belytschko  (2006)
4. Elements with embedded discontinuities




Singular elements (Barsoum, 1974)

For simulating the crack tip singular field in LEFM

* Asimple way how to introduce a singularity of 1/+4/7 in
isoperimetric finite elements is by displacing the mid-side
nodes of two adjacent edges to one quarter of the element
edge length from the node where the singularity is desired.

crack surfaces
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Partition of unity finite element method (PUFEM)

Partition of unity (PU)

* Asetof functions ¢; whose sum at any point x inside a domain () is
equal to unity:

Vx € ,x: Zcb[(x) =1
=1

 Example PU functions are the finite element “hat” functions:

Ty — T r — I
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Partition of unity finite element method (PUFEM)

Reproducibility of PU

* Any function p(x) can be reproduced by a product of that
function and the partition of unity functions:

D> dr(x)p(x) = p(x)

* The function can be adjusted if the sum is modified by
introducing parameters q;:

D d1(X)p(x)ar = p(x)

* Reproducibility of p(x) can be controlled and localised to
arbitrary regions where q; # 0




Partition of unity finite element method (PUFEM)

Formulation of PUFEM (example)
* Find the solution to the following 1D boundary value problem (BVP):

d%u
da?

with BC : u(0) =0, u(l) =y,

Yz € [0,1] ; L =0

e |f we define two bilinear forms:

" dw du l
a(w,u)—/o T dx (w,f):/owfd:z;

 The discrete variational problem can be stated as:

find u € U" satisfying the BC such that for all w* € W":

a(w", u") = (w", f)




Partition of unity finite element method (PUFEM)

Formulation of PUFEM (example)
* The approximation/trial function in PUFEM:

u"(x) = 3 Ni(@)ur + 3 600 (@)a,

J=1 ) U=l y
Y Y

standard FE PU enriched

* By choosing w" = §u", leads to the discrete system of equations:
a(ou",u") = (ou”, f)

o /Ol AN d(650) 1l

dr dx

KeS Kee

KSS—/ldNi%d i
97 )y dr da x_‘—>{KSS Kse} {us
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Partition of unity finite element method (PUFEM)

Remarks

* Allows to introduce an arbitrary function ¥ (x) in the
approximation space by splitting the approximation into a
standard and enriched parts.

Enrichment can be localised to a small region around the
features of interest — computationally advantageous.

Provides a systematic means of introducing multiple
enrichments.

References:

 Melenk and Babuska (1996)
* Duarte and Oden (1996)




The Generalised Finite Element Method (GFEM)

GFEM

Originally associated with global PU enrichment

Shape functions in the enriched part are usually different from
the shape functions in the standard parti.e. ¢;(x) # N;(x)

Introduced numerically generated enrichment functions, e.g. a
solution in the vicinity of a bifurcated crack as enrichment

4 N
References:
 Melenk (1995)
 Melenk and Babuska (1996)

\. Strouboulis et al. (2000)




The Extended Finite Element Method (XFEM)

e

XFEM

* Associated with local discontinuous PU enrichment e.g.:

a. propagation of cracks
b. evolution of dislocations
c. phase boundaries

* Both GFEM and XFEM are essentially identical in their
application, i.e. extrinsic PU enrichment

.

-
References:

* Belytschko and Black (1999)
e Moés et. al. (1999)

 Dolbow (1999)
\_




GFEM/XFEM

4 N
Formulation for crack growth:
4
I K
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Extended finite element method (XFEM)

uih (x) = E N, (X)u,;+ 2 N, (X)aiJ{{(X) T E by (X)biKlII(@

nyCN n,; CN° ngy CN/

. enriched
classical

r+ 1 l.](‘ X ab 0\/8 < Heaviside function .
H (X) = < Asymptotic fields
-1 if xbelow

P (7,0) = \/;cos%, \/;sme sm 5 \/;sme cos%
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http://www.researcherid.com/rid/A-1858-2009
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Mesh conforming methods

-

e IGA: link to CAD and

accurate stress fields
e Apps: delamination

Y4

/PUM enriched methods

~

Lo b LY L P LY P LT[
b b L L L L L L

Lo b L LY L L L LT[
SESSeeNENaaeebe

) O

-

e IGA: link to CAD and

accurate stress fields
e XFEM: no remeshing
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PUM enriched methods (XIGA)

4 N
h \
u'(x) = E Rr(x)us + E Rj(x)®(x)ay
Ies JeSc
NURBS basis functions enrichment functions
/ N
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isogeometric analysis for linear fracture mechanics. IJINME, 87(6):541-565,
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Delamination analysis with cohesive elements (standard approach)

s ° \
T~
continuum element / /
O\ : ¢
A ) L4
\ N
.~ ‘crack path
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e No link to CAD S
e Long preprocessing .
® Refined meshes A A
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Isogeometric cohesive elements

4 | )
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(1.C.V. Verhoosel, M. A. Scott, R. de Borst, and T. J. R. Hughes. An isogeometric\
approach to cohesive zone modeling. INME, 87(15):336-360, 2011.
2. V.P. Nguyen, P. Kerfriden, S. Bordas. Isogeometric cohesive elements for two
and three dimensional composite delamination analysis, 2013, Arxiv.
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Isogeometric cohesive elements: advantages

(

\_

® Direct link to CAD

® Exact geometry

® Fast/straightforward generation
of interface elements

e Accurate stress field

e Computationally cheaper

-

e 2D Mixed moc
e 2 x /0 quartic-
® Run time on a

e bending test (MMB)
inear B-spline elements

aptop 4GBi7:6 s

® Energy arc-length control
-

J

V. P. Nguyen and H. Nguyen-Xuan. High-order B-splines based finite elements for delamination
analysis of laminated composites. Composite Structures, 102:261-275, 2013.
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Isogeometric cohesive elements: 2D example

4 )
U
-— — 30
25
[0/90/0/90/...] o
= 20
~
© 15 |
__________ + 10
[ Ten}
< 5t no initial crack
\ 4 small initial crack
Y A 0 l . 1 large initial crack J
S 0 02 04 06 08 1 12 14
Ny

- ST ) displacement u [mm]
| ™

e Exact geometry by NURBS + direct link to CAD

e It is straightforward to vary
51{ the number of plies and
2) # of interface elements:
e Suitable for parameter studies/design
® Solver: energy-based arc-length method (Gutierrez, 2007)
> )




reaction [N]
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Isogeometric cohesive elements: 2D example

reaction [N]

0 ] l l ] http:/ /www.frontiersin.org/people/ L
NguyenPhu/94150/video

0 0.2 04 06 0.8 1 T2 14
displacement u [mm]




example with shells

Isogeometric cohesive elements: 3D

L L L L L
41
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e
e Rotation free B-splines shell elements (Kiendl et al. CMAME)

® Two shells, one for each lamina
® Bjvariate B-splines cohesive interface elements in between
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Isogeometric cohesive elements: 3D examples

4 N

® cohesive elements for 3D
meshes the same as 2D
® |arge deformations

\

\_




Isogeometric cohesive elements

4 )

e singly curved thick-wall laminates
e geometry/displacements: NURBS
e trivariate NURBS from NURBS surface(*)

® cohesive surface interface elements

- /

damage
0.25 0.75

w |||||||(|J"§|||1|| l'| ‘ | HH

0 |
(*)V. P. Nguyen, P. Kerfriden, S.P.A. Bordas, and T. Rabczuk. An integrated design-analysis
framework for three dimensional composite panels. Computer Aided Design, 2013. submitted.




Non-matching interface elements for delamination and contact
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Non-matching interface elements for delamination and contact

—V o™ =Db™ on Q™
u” =u" on I'
o™ -n™=1t" on I}

1 1

—ol nt=06?n* =t on T,

t = t([u], ¢) on I,

32



Non-matching interface elements for delamination and contact

| >

A
(a) intrinsic TSL (b) extrinsic TSL

~V-.o™=b" on Q™ —V o™ =Db™ on O™
u” =u" on I} u” =a™ on I

o™ . n™m — Em on P;n a,m . nm _ Em on F:n
ul = u? on I, —ot-nt=06?n*°=t on T,

ol-nt=—-0?-n* on I, t = t([u], ¢) on L, 33



= {u™(x)|u™(x) € H'(2™),u™ = a™ on I']'}
™ = {w™m(x)|lw™(x) € H'(Q™),w™ =0 on I'™}

Find (u!,u?) € §* x §? such that

> [ waanra-s - [ intotar— [ (ot atfular+ [ abwl'lular]

+ﬁ/ [w]"t([u])dl" = Z / TtmdF+Z / ™Th™dQ  for all (w',w?) € V! x V?

[u] =u' —v?® {o}=70"+(1-7)o"






2D uniaxial tension test

100
80
Z 60
(A
40t
20+ —conforming
° non-conforming
00 0.05 0.1 0.15 0.2
u [mm]
(a) conforming mesh (b) nonconforming mesh (c) load-displacement
g
Yy
3.200e-01
-
0.320
¥ 0.320
0.320

3.200e-01

(a) matching mesh (b) non-matchine mesh 36



3D uniaxial tension

UIY2.1008-01 UIY2.1(I)e-Ol
0.1675 0.1575
' 0.105 0.105
0.0525 0.0525
I 0.000e+00 I 0.000e+00
(a) matching mesh (b) non-matching mesh
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2D peeling test

10
—7 2 9t
S| =1x10° N/m .|
A |

5 =1x10° N/m” -l e

o’ (A
v =0.3 ¥
h 4 ol
1t
Tm . | | | |
< > 0 0.02 0.04 0.06 0.08 0.1

A [m]

Figure 12: Peeling test: problem configuration.

P pay 2
(a) matching mesh (b) non-matching mesh 38



2D peeling test

2 129e+02 2 129e+02

-2.622e+02 -2.623e+02

(a) matching mesh (b) non-matching mesh
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2D peeling test

—
o

9 |
8 |
7 -
0.1 1
e 12.157+02
Z 5l '
o 06.38
4L
3| -23
2 !
11 —o—matchintg ti]r_lterfgze - ] 42
—normahing Q4 l
% 0.02 0.04 0.06 0.08 0.1 -2.616e+02
A [m]
(a) load-displacement (b) stress contour

Figure 17: Peeling test: substrate discretised by three-node triangular elements whereas
layer is meshed by Q4 elements. Note that there is a slight difference with the P — A
curves in Fig. 14 as displacement increments that are ten times larger were used.
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2D peeling test F(D) curves

30 :
—A=0.06
20 —A=0.07 -
—A=0.08
10+ —A=0.099/
‘© -
a0 =
_._‘U)

0.8

0.2 0.4 0.6 0.8 1 0 04 06

XIL | XL
(a) normal cohesive traction (b) tangential cohesive traction

Figure 18: Peeling test: local response of the proposed interface element (solid lines) vs.
standard interface element (circles) for different imposed displacements A.
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2D peeling test - role of integration

10 10
9 9F o —
8+ 8r
7+ T
6 6/
< 5 < 5l
o o
4 4
3 ——matching-Gauss 3 —NC2
—non-matching-Gauss —NC3
2 N 2
o matching-NC —NC4
’ non-matching-NC 1L ——@Gauss
o' i i | \ O 1 | 1 1
0 0.02 0.04 0.06 0.08 0.1 0 0.02 0.04 0.06 0.08 0.1
A [m] A [m]

(a) (b)

Figure 19: Peeling test: P — A curves obtained with matching and non-matching FE
meshes with Gausss and Newton-Cotes (NC) quadrature rules. Increasing the number of
NC integration points shift the P — A curves to the Gauss-based curve (right).
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3D peeling test

o

rr 0'_,[,
. 1.197e+03
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| 593
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l 1
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(a) load-displacement (b) matching mesh (c) non-matching

593

0.2 |——matching interface
| '—non-matching Q4 |

0 0.02 0.04 0.06 0.08 0.1
A [m]

Figure 20: Three dimensional peeling test: P — A curves and stress distribution.
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Fibre-reinforced composite - debonding

J D -
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Non-matching interfaces
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Fibre- debOndlng

0.’13
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1.8 | ¥ 4
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Z - - matching Z —non-matching
LS -5} O —matching
-10 ' | ' - 0 ' - ' .
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(a) normal stress (b) tangential stress



Conclusions

» Incompatible/non-matching elements
» Small strain interfacial fracture
- No need for conforming meshes along the interface
- non-matching interface
= no high-dummy stiffness
- fewer elements (up to twice as fast)
- Newton-Cotes integration leads to premature failure
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Third medium contact formulation, Wriggers

A finite element method for contact using a third medium P. Wriggers - J. Schroder - A. Schwarz
Comput Mech (2013) 52:837-847
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Contacts as interfaces
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Double-interpolation finite element method (DFEM)

( ° °
» The construction of DFEM in 1D I J
[ Discretization J :> Support domain of FEM
’ §n1 ne N3 N4 Ns n6f
€1 €2 €3 €4 €5

[mterpolatlon traditional FE

[ ] ] Q
The first stage of l=—=l
|\/| Support domam of DFEM

u"(z) = Np(zp)u' + Ny(xp)u \

Provide U, U ; at

-

\_

The second stage of )

. . . each node
interpolation: reproducing /

from previous result

u'(x)

= or(x)u’ +r(@)ul, + ¢y’ +s(2)a),

are Hermitian basis functions




Double-interpolation finite element method (DFEM)

-
» Calculation of average nodal derivatives
For node /, the

p-
Support domain of FEM
dre. €9, €3

ny N2 N3

support elements

P I J Q I/
Support domain of DFEM

gVeight function of €2: A u(zr) =

n element 2, we use linear
Lagrange interpolation:

o (xu’ + N2 (z)u

~

I

meas(es r)

K
\ /qcz I -|- meas(e?,/)\
U = U, (T]) = We, ,u

N
Element length

\_




Double-interpolation finite element method (DFEM)

The 4’ can be further rewritten as: " P
ﬂ,lzzz — [ w€2,IN;?:B w€2,INIe,2x w€3,1NIe?:c w€3,1N§?:1: ] u'

\ — Np’m(il?[)up -+ N])x(ll?[)ul -+ NJ,:E(QZ’])UJ /
Substituting ﬂlw and ﬂ{p into the second stage of interpolation \
leads to:

. P I J Q
u(z) = ) Np(z)u® — e —
(LENs > o L

Support domain of DFEM
Np(x) = ¢r(x)Np(xr) + () Npo(xr) + d5(x)Np(xy) + s(x)Np o (2 )

. /




Shape functions

[

Derivative of Shape
function

J

\

Derivative of shape fur

-

Shape function of
DFEM 1D




Double-interpolation finite element method (DFEM)

-
Same procedure for 2D triangular elements

First stage of interpolation (traditional FEM):
u'(x) = Li(x)u! + Ly(x)u’ + Lg(x)u®

Second stage of interpolation '
u(x) =¢;(x)u’ +Yr(x)ul, + pr(x)ul,+
O (x)u’ + P (x)us, + @J(X)ﬂ‘;JF

DK (x)0" + Vg (x)T K+¢K(Xjﬂ§

o1, Vi, 01, 05,05, 015, 0Kk, VK, Ok are the basis functions
with regard to Lj(x), Lj(x), Lk (X)




Double-interpolation finite element method (DFEM)

Calculation of Nodal derivatives: o ® Support nodes of DFEM

® Support nodes of FEM

--------- A;: support domain of node /
----- A j: support domain of node J

. = === \ 0 support domain of node K




Double-interpolation finite element method (DFEM)

Calculation of weights:

® ® Support nodes of DFEM
e Support nodes of FEM The weight of triangle i in support

domain of /is:

I A\
We; 1 =
¢ Z<‘3j,I€/\I Aej,I

--------- Ar: support domain of node / I

----- A j: support domain of node J
We, = Sm /(Zeie;\; S"—‘i)

€i,1

=== \ o0 support domain of node K



Double-interpolation finite element method (DFEM)

The basis functions are given as (node I):

¢r(x) =L;+ L7L; + L7Lx — L;L7

1

1
QOI(X) :bJ (LKL% -+ §LILJLK> — bK (

@D[(X) — — CyJ (LKL% -+ §L[LJLK> —+ CK <

— L;L%
1

1
LiLy+ 5LiLsLi

p
Lr, Ly, Lk are functions w.rt X

1
2N (CLI + b]CE + Cly)

\ A = TjYyk — TKYg

br = Y5 — Yk
Cr = K — X J

L;(x) =

Area of triangle

~

LiLy+ 5 LiLsLi

)

)

I




Double-interpolation finite element method (DFEM)

Shape functions

Np(x)

1.000E+00
8.750E-01
7.500E-01
6.250E-01
5.000E-01
4 753E-01
3.750E-01
2.500E-01
1.250E-01
0.000E+00

Support doamain pf EN
N

&

Support’domain of A EN

(a) Interior of the 2D domain (b) 3D plot

Np(x)
1.000E+00
8.750E-01
7.500E-01
6.250E-01
5.000E-01
4.719E-01
3.750E-01
2.500E-01
1.250E-01
0.000E+00

Support do

P
Support domain of FEM

(¢c) Boundary of the 2D domain (d) 3D plot




The enriched DFEM for crack simulation

DFEM shape function
—

T 4
u"(x) =) Nyxu'+ Y Nyx)H(x)a’ + Y Ng(x)»  fa(x)b"

IeN JEN7 KeNk

. 0 0 \
{fa(r,0),a =1,4} = < \/Fsing, \/Fcosg, \/7_°Sin§sin6’, \/Fcos§sin9 >

Nplx|H x|
- S =) )\.". -'H- :.
- 4.000E-01 T
7 2.250E-01 4.0000E-01
v 5.000E-02 2.2500E-01
1.250E-01 5.0000E-02
I -2.500E-01 -1.2500E-01
-3.000E-01 -2.5000E-01
4.750E-01 -3.0000E-01
5.500E-01 -4.7500E-01
I £.250E-01 -6.5000E-01
1.000E+00 -8.2500E-01
\ -1.0000E+00
(\ Y
a
ra¢ 4 X
Ja—— z
\f7
z
® Crack tip enriched node (d) XFEM

(b) XDFEM

e Heaviside enriched node



Numerical example of 1D bar

4 . e ) 4 . . N\
Problem definition: Analytical solutions:
d%u fL? [z 1 (m)2
EAdCCQﬂLf—O @) =Fa\T 3\
’ (2) fL ! x
U|lpz=0 = 0 o\ = 7 ( B Z)
J \_ J
ny N2 N3 Ng N5 Ng E: Young’s Modulus
— —_— _e =1 | A: Area of cross section
€1 €9 €3 €4 5
3 7 L:Length
10
05| =—@= DFEM 0o
. 0sll = =O= = FEM ,2 N
10° | - ! :
? 03 :O: ?ﬁ -
Elo"‘ z : " |
o o -
iaj 107° é
2
107 | @ DFEM(E1). m=-1.5
= @ =FEM(H]). m=-1.0
wi=—= DFEM(L2). m=-2.5
e e o
10 10 10° 10° 10° 10* © 01 02 03 04 05 06 07 08 08 1
DOFs X

Displacement(L2) and energy(H1) norm Relative error of stress distribution



Numerical example of Cantilever beam

LLLLLLL
S
t~

e S—

Z

[Analytical solutions)

Py W
- ‘ 2
uy(r,y) = —— [(6L —3z)z+ 2+ v)(y" — —)
6ET 4
P . W2y
Uy (T, Y) = —= vyt (L —x) + (44 5v)—— + (3L — z)x
) CET f
10° ¢ , ; 10° [ e —————
; = FEM(T3), m=-1.13 | ] : === FEM(T3), m=—0.46 | ]
s=@e= DFEM, m=-168 | : s DFEM, m=—0.84 |-
£ = FEM(Q4). m=-1.15 | ] [ == FEM(Q4). m=-055 |
& | E
RN g
o L
z 510
e n L
£ S
= S
= =
w o ot
2 10 3
z 107F =
= : a4
= 10
10—‘ 1 1 PR S S T T 1 1 1 PR S S T | L 1 PR T T T T A A " -----I.' 1 " " .....I.
10° 10° 10° 10° 10° 10° 10°

DOFs DOFs



Numerical example of Cantilever beam

Mode-l crack results:
a) explicit crack (FEM);
b) only Heaviside enrichment;

c) full enrichment
.

= X FEM, m=—0.52

100 F w@u= X DFEM, m=-0.56

[ v s XFEM(no tip enr ), m=—0.52 | ]
1@ v XDFEM(no tip enr.). m=-0.53 | ]
= ¢ = FEM, m=-049
= @ = DFEM, m=-0.52

107 -

Relative error in displacement norm

10

10° 10 10

Relative error in energy norm

10

101
10°

[ | =t FEM, m=-0.25
[ | = 3 DFEM, m=-0.26
vo o o+ FEM(no tip enr.), m=—0.30
[ | ++ @ ++ XDFEM(no tip enr.), m=-0.31

= 4 = FEM, m=-0.28

= @ =DFEM, m=-0.30

PR
103

DbFs

10



Numerical example of crack propagation

/\ B 10. Ol
)/ S
crack
I ‘ g
d | a | crack increment | number of propagation

case 1 | 5 | 1.5 0.052 67
case 2 | 6 | 1.0 0.060 69
case 3 | 6 | 2.5 0.048 97




Numerical example of crack propagation

1.500E+01
1.235E+01
1.269E+01
1.167E+01
1154E+01
1.038E+01
3 231E+00
8.077E+00
£ 923E+00
S 769E+00
4 615E+00
2 452E+00
2 208E+00
1.154E+00
0.000E+20

Experiment

O

(¢} XFEM, the 94th step

- == XFEM

O

1.500E+01
1.335E+01
1.269E+01
1.154E+01
1.038E+01
3 231E+00
3.032E+00
8.077E+00
§223E+00
S 769E+00
4 615E+00
3.452E+00
2 308E+00
1.154E+00
0.000E+00

w XDFEM

(d) XDFEM, the 94th step



Conclusions

4 )

v'Superconvergence in elasticity problems
v'Higher accuracy than XFEM in fracture problems
v'Consistent with XFEM in terms of crack evolution

v Smooth nodal stress without post-processing




References

® Moeés, N., Dolbow, J., & Belytschko, T. (1999). A finite element method for
crack growth without remeshing. JNME, 46(1), 131-150.

® Melenk, J. M., & Babuska, I. (1996). The partition of unity finite element
method: Basic theory and applications. CMAME, 139(1-4), 289-314.

® Laborde, P, Pommier, J., Renard, Y., & Salaiin, M. (2005). High-order extended
finite element method for cracked domains. JNME, 64(3), 354—381.

® Wu,S. C, Zhang, W. H., Peng, X., & Miao, B. R. (2012). A twice-interpolation
finite element method (TFEM) for crack propagation problems. [JCM, 09(04),
1250055.

® Peng, X., Kulasegaram, S., Bordas, S. P.A., Wu, S. C. (2013). An extended finite
element method with smooth nodal stress. http://arxiv.org/abs/1306.0536



http://arxiv.org/abs/1306.0536

CARDIFF

UNIVERSITY
PRIFYSGOL UNIVERSITE DU
CAERDY@ LUXEMBOURG

Stabilised
generalised/extended FEM

with Daniel Paladim, Marie Curie Fellow

MAI\/I

Instit t of Mec
& Adva dM I



Stable generalized FEM

~N

[Problem: In XFEM/GFEM, the enrichment function is not correctly
reproduced in the elements that have enriched and non-enriched
nodes (blending).

Enriched node

Interface

71



Stable generalized FEM

~

Solution: Corrected-XFEM by Fries (2008). Corrected XFEM,
substitutes f(x) by R(x)f(x), where R(x) is the ramp function. A
continuous function whose value is 1 in the enriched elements, O in

the non-enriched elements and it varies continuously between 0 and
1.

Ramp function

o  Non-enriched nodes

o Enriched nodes

72



Stable generalized FEM

~

- :
More solutions

*Suppressing blending elements by coupling enriched and standard
regions. Laborde et al. (2005) Gracie et al(2008)

*Hierarchical shape functions in blending elements. Chessa et al
(2003) Tarancon et al. (2009)

*Assumed strain blending elements. Chessa et al. (2003) Gracie et al.

\_
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Stable generalized FEM

~

(Another solution: Stable GFEM by Babuska and Banerjee (2012).

In SGFEM, the enrichment function f(x) is substituted by the following
function f(x)-ZN.(x)f(x;). It is to say f minus its nodal interpolation.

In the case that f(x)=|d(x)|, where ¢ is the level set of the interface
we are trying to represent, we obtain the function introduced by

Moeées in 2003.

N ,




Stable generalized FEM

- . . . A
Problem: The stiffness matrix of GFEM/XFEM could be ill-
conditioned. This is usually the case when the interface is very close
to a node.

- N

e|ll-conditioning reduces the accuracy when direct solvers are used

(due to round-off errors).

e |n iterative solvers, more iterations are required to bring the error

N Y,

iz




Stable generalized FEM

~

@olution: A preconditioner. Menk and Bordas (2011) proposed a
preconditioner for GFEM/XFEM.

X Krem.rEM Kx FEM |
| Krem,x  Kxx
Prem 0 |
Standard Enriched P= 0 Px 0
DOFs DOFs l
e )

*\Very robust to interfaces passing close to nodes.

*Can be parallelized.

*Not very easy to implement. Tuning is needed.
> / Y




Stable generalized FEM

( 1 H . . o« . ] \
Basic idea The domain is divided only for the enriched DOFs.
¥ Krem.reM K x FEM |
- Krem.x  Kxx
 Kremrem Kxrem 0
K=| Krpmx  Kxx B!
0 B 0 Standard Enriched
) - DOFs DOFs
p— Q —Cl—l 0 -
Prem 0 ) 3
Py=| 0 G
i 0 L' i
g Kremrem Kxpem 0
K=| Krem x I o'
.0 Q 0.




Stable generalized FEM

~

(Another solution

*SGFEM, if 2 assumptions hold, a stiffness matrix with condition a
number similar to FEM is generated

*Node clustering
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Stable Generalised FEM

@ ) ) . .. .. . )
One 1-D bimaterial bar. The exact solution is in the finite domain
r L —xp p x 10°
- ‘) > - . F
z 5 3.5/ \
—f—+— Std. XFEM
. 3 —&— CXFEM
a O SXFEM
5 2.5
- | /Interface ; |
: i
O o & O
| 2 3 4 0.5 Ek'-..__
107 107~ 10~ 107 10° 10 10~
Distance from node # 2, ¢
\_ J




Stable Generalised FEM

(. . . )
Circular inclusion
2 2
[(1—%)/3—!—%} r. 0<r<a,
/ll/r(l’.‘) — b2 b2
r—)B+E, a<r<,
ug(r) = 0,
10"
E
z
& 1072}
E
:
©
£ 107}
£
3
o
- -4
-§1o - —&— Std. XFEM (m=1.06)
g - © -~ Corr. XFEM (m=2.20)
F; —&— Stable XFEM (m=2.13)
-5
10 :
10 10~ 10~
log(dofs)
\_ J
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Stable Generalised FEM

~

Infinite plate with crack in tension. Displacements prescribed along

107 -

Uz (1, 0) = N \/Fcos§ (2—21/—008 5)

2(1+v) K 0

0
\/Fsin§ (2 — 2U — cos? 5)

10}

Uy(7,0) =

V2r B

—&8— Std. XFEM-FA (m=1.95)
’ —&— CXFEM-FA (m=1.85)
(] - © = SXFEM-FA (m=1.86)

log(Relative error in the displacement norm)

107 10°
log(number of dofs)™"?

10

10| o~ =8 Std. XFEM-Topo (m=0.97)
—&— CXFEM-Topo (m=0.89)
- @ - SXFEM-Topo (m=0.81)

log(Relative error in the displacement norm)

10° 10°
log(number of dofs)™"? )
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Stable Generalised FEM

~

Edge crack in tension
a
K ] — F{— Ta
2 3 4 |
a a a a a
r (-) —1.12 - 0.231 (-) 10.55 (—) — 2172 (-) 30.39 (-) 5
H H + H H o H E 3.5
A T T y T | %
5 3.4p
E .
, PR ’ - © = SXFEM
A 5,"3 ' —&— Std XFEM
- - Analytical
B 3.2
2
3.1
% 20 20 80 80 00 120
(number of dofs)""'
N
a I
< > 9 1.8
1.6}
1.4r
™
@ 1.2
E |
% 0.8
H=1 3
- > € 06 )
g ——— Std. XFEM (m=1.1)
0.4 - = = SXFEM (m=0.96)
|
0.2
Y l l l l Y % o5 = 85 8 75 7 s
log(number of dofs)™"?
0}




Stable Generalised FEM

~

@Vork in progress
Development of 3D examples
*Spherical inclusion

*Several spherical inclusions

°Cracks in 3D




Stable generalized FEM

4 )

All those examples were implemented within Diffpack. Diffpack is a
commercial software library used for the development numerical
software, with main emphasis on numerical solutions of partial
differential equations. It was developed in C++ following the object
oriented paradigm.

The library is mostly oriented to the implementation of the finite
element method, however it has tools for other methods, such as
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Stable generalized FEM
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