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Abstract

We describe Kripke semantics for the access control logics BLy and BL, developed
by Garg and Pfenning [6, 7].

1 BLy: An Authorization Logic

BLg extends first-order intuitionistic logic with a modality k says s, which means that prin-
cipal k states, claims, or believes that formula s is true. Predicates P express relations
between terms that are either ground constants a, bound variables x, or applications of
uninterpreted function symbols f to ground terms. Terms are classified into sorts o (some-
times called types) by the relation ¥ - ¢ : o, where ¥ is a sorting for parameters in ¢. (The
signature of the logic, ¥ that defines the sorts and arities of predicates and function symbols
is left implicit throughout.) We stipulate at least one sort principal whose elements are rep-
resented by the letter k. Formulas s may either be atomic (p, ¢) or they may be constructed
using the usual connectives of predicate logic and the special connective k says s.

Sorts o = principal | ...

Terms ki == alx| f(tr,....tn) | £

Predicates P

Atoms p,q = P(ty,... t,)

Constraints ¢ = k1> ko

Formulas r,s  u= pl|lrAs|rVs|rD>s|T|L|Vrios|3xios|ksayss

The proof system of BLg uses an unstipulated judgment 3 > ¢, where X is possibly infinite.
This judgment must satisfy the following requirements.
YX>k>k (C-refl)
Y>k=kKand X >k =K imply X > k=K' (C-trans)
YX>lrk (C-loca)
)

Y,z:0 > cand ¥ t: o imply ¥ > c[t/x] (C-subst



Y,x:0>cand x & ¢ imply ¥ > ¢ (C-strengthen)

If ¥ >cand ¥ CY, then ¥ > ¢ (C-weaken)

Axiomatic proof system. The primary proof system that we need for proof search is
a sequent calculus. However before presenting that, we briefly describe an axiomatic proof
system for BLg. This proof system is obtained by extending any axiomatization of first-order
intuitionistic logic with the following axioms and rules for says.

Yks
A (N)
> F ksays s
Y F (ksays (s1 D s2)) D ((ksays s1) D (ksays s2)) (K)
Y b (k says s) D k' says k says s (I)
Y b k says ((k says s) D s) (C)
Y+ (K says s) D ksayssif (X >k > k) (S)

Rule (N) means that each principal states at least all tautologies. Axiom (K) means that
the statements of each principal are closed under implication. Together they imply that
each (k says -) is a normal modality (see e.g., [5]). Axiom (I) was first suggested in the
context of access control by Abadi [1]. It means that statements of any principal k can be
injected into the belief system of any another principal. Axiom (C) or conceit states that
every principal k believes that each of its statements is true. (S) means that statements of
each principal are believed by all weaker principals. In particular, (¢ says s) D k says s for
each k and s.

This choice of axioms for says is quite different from any of the existing authorization
logics, and has been developed to make logic programming simpler.

1.1 Sequent Calculus

Next, we develop a sequent calculus for BLg, which we later use as the basis for proof search.
We follow the judgmental method [4, 9], introducing a separate category of judgments that
are established by deductions. For BLg, we need two judgments: s true meaning that
formula s is provable in the current context, and k claims s meaning that principal k
believes that s must be the case. (k claims s) is logically equivalent to (k says s) true. We
often abbreviate s true to s. Using the judgmental method makes the technical development
easier, especially the proof of cut-elimination.

Judgments J 1= strue | kclaimss

Sorting Y = a1:01...G65:0,

Hypotheses T' == Ji...J, (n>0)
Sequent ;T £y s true

Sequents in BLy have the form X; T’ E strue. Yis a map from term constants occurring in
the sequent to their sorts, and I" is the set of assumed judgments (hypotheses). The novelty



here is the principal k on the sequent symbol, which we call the contezt of the sequent.! The
context represents the principal relative to whose beliefs the reasoning is being performed.
It affects provability in the following manner: while reasoning in context k, an assumption
of the form &’ claims s entails s true if ¥’ = k (in particular, k claims s entails s true). This
entailment does not hold in general.

The rules of our sequent calculus are summarized in Figure 1. As usual, we have left
and right rules for each connective. For common connectives, the rules resemble those in
intuitionistic logic, with the exception of the associated context, which remains unchanged.
The judgment ¥ F ¢:0 means that the term ¢ has sort 0. We restrict the (init) rule to
atomic formulas only. This is merely a technical convenience because we prove later that
I s £ s for arbitrary s. Rule (claims) enforces the meaning of contexts as described
above by allowing k claims s on the left to be promoted to s if the context kg is weaker than
k.

(saysR) is the only rule which changes the context of a sequent. The notation I'| in
this rule denotes the subset of I' that contains exactly the claims of principals, i.e., the set
{(K' claims §') € T'}. The rule means that k says s is true in any context ko if s is true
in context k using only claims of principals. Truth assumptions in I' are eliminated in the
premise because they may have been added in the context ko (using the rules (claims) and
(DR)), but may not hold in the context k. The left rule (saysL) changes the judgment
(k says s) true to the equivalent judgment k claims s.

Meta-theory. We prove two important meta-theorems about this sequent calculus: ad-
missibility of the cut rule and the identity principle. In addition, common structural theo-
rems such as weakening and strengthening of hypotheses are also provable, but we do not
state them explicitly.

Theorem 1.1 (Identity). ;T s LA for each s.
Proof. By induction on s. O
Theorem 1.2 (Admissibility of cut). The following hold

1. ;T ks and ¥:1,s L imply ;T LA

2. 5T £ s and 3T,k claims s ko, imply 3; T ko,

Proof. By simultaneous lexicographic induction, first on the size of the cut formula, and
then on the sizes of the two given derivations, as in [8]. O

Finally, we prove an equivalence between the axiomatic system and the sequent calculus.

Theorem 1.3 (Equivalence). ¥; - 5y s in the sequent calculus if and only if X k says s in
the axiomatic system.

!Often in literature, context is used to refer to I'. However, we consistently use context for k and
hypotheses for I'.



Y>> k= kg Z;F,kclaimss,sk—0>r

: init p claims
>:T,pSp YT,k claims s =% r
T LA ;T k says s, k claims s ko,
i saysR k saysL
;T 2% ksays s YT, ksays s -5 r
k k. / 1k
I =5 s :I' = s X:I'sAs,s, 8 =r
. AR Z AL
T S sAs hsAs S
k ko 1k roa k
;I = s I = s X I,sVs,s—=r »IsVvs,s —=r
.k, 1 k—\/R2 k V5L
T 5 svs IS svs YiI,svs Sr
E;F,sgs’
— TR — 1L —
X =T X, L =r TS5 sos
E;F,st’gs E;F,SDS’,S’LT‘ E,x:a;ng
: DL k—VR
Yi0,sDs S ;' = Vxio.s
YT\ Vaio.s, s[t/z] L Yk t:UVL =T 5 s[t/x] SF t:UEIR
;'\ Vx:o.s LA ;T LN

Y, x:o; 0, dxio.s, s LA
3L

3T, dxio.s LA
Figure 1: BLg: sequent calculus

Proof. The “if” direction follows by a direct induction on axiomatic proofs. For the “only
if” direction, we generalize the statement of the theorem to allow non-empty hypothesis:
if ;1 LN s, then ¥ F k says (I' D s). Next, we generalize the axiomatic system to allow
hypotheses. Finally, we induct on sequent derivations to show that they can be simulated
in the generalized axiomatic system. Although tedious, this approach is standard. O



2 Kripke Semantics for BL,

We define Kripke or frame semantics for BLy. Our Kripke semantics are extend similar se-
mantics for constructive S4 [2] with views. Further, we add a first-order structure. Formally,
a Kripke structure K is a tuple (W, <;, <, D, p,0), where:

- W is a set of worlds. Worlds are denoted w.

- <, is a reflexive and transitive relation over W.

- <, is a reflexive and transitive relation over W. We require that:
- (K-commute) If w <,<; w’ then w <g w'.

- D is a map from worlds to (possibly infinite) sortings of fresh constants. (Note that
the proof theory disallows infinite sortings ). We require that:

- (K-fresh) If a:c € D(w) then a not be in the logic’s signature.
- (K-growl) If w <; w’ then D(w) C D(w’).
- (K-grow2) If w <4 w’ then D(w) C D(w').

- pis a curried function: p(w)(P) is a subset of tuples of terms (of the same arity and
types as argument of predicate symbol P) over D(w). We require that:

- (K-mon) If w <; w’ then for every P, p(w)(P) C p(w')(P).

- 0 is a view function: O(w) is a set of terms of sort principal over D(w). We require
that:

- (K-viewmon) k € #(w) and w <; w’ imply k € 0(w').

- (K-viewcl) k € 6(w) and D(w) > k' = k imply k" € 6(w).

2.1 Substitutions

We denote substitutions of variables by constants using the letter v. Given a finite sorting
¥, a Kripke structure K = (W, <;, <,, D, p,0), a substitution v and a world w € W, we say
that v conforms to ¥ and K at w, written ¥ < v : (I, w), if:

e 1z € dom(v) iff there is a ¢ such that x:0 € 3.
e For all z:0 € ¥, D(w) Fv(zx) : 0.
Lemma 2.1.
1. If¥Ft:oand ¥ < v: (K,w), then D(w)-tv:o.

2. If ¥t cok and ¥ < v: (K,w), then D(w) I cv ok.



3. IfXF sok and ¥ < v: (K,w), then D(w) F sv ok.
Proof. By induction on ¢, ¢, and s respectively. ]

The above Lemma is necessary to ensure that many statements in the definitions of
satisfaction are well-typed.

Lemma 2.2. If ¥ > c and ¥ < v : (K,w) then D(w) > cv.

Proof. Suppose ¥ > cand ¥ < v : (K, w). By Lemma 2.1, D(w) - cv ok, so the conclusion
makes sense. From the assumption ¥ > ¢ and (C-weaken) we get X, D(w) > ¢. By (C-subst)
and (C-strenghten), D(w) > cv. O

2.2 Satisfaction

Satisfaction for closed formulas. Next, we define satisfaction for closed formulas.
Given a Kripke structure K and a world w, we define the relation w = s when D(w) F s ok
as follows:

-wkE P(ty,... ty) iff (t1,...,t,) € p(w)(P)

-wEs Asyiff wlE s and w | s9

-wEs Vs iff wE s orw = sy

- w51 D sy iff for all v/, w <; w' and W' |= s1 imply W’ = s9

- wE T always

- w = L never

- w | Vaio.s iff for all w', w <; w’ and D(w') bt : o imply w' = s[t/x]

- w = Jx:o.s iff there is a ¢ such that D(w) Ft: 0 and w |= s[t/z]

- w [ k says s iff for all w', w <;<;w" and k € 6(w') imply w' = s
Satisfaction for closed judgments. We say that w |= s true iff w = s, and say that
w = k claims s iff w = k says s.
Satisfaction for sequents. Given a Kripke structure IC, we say that K = (X;T LA s) iff:

- Forallw e Kand v, ¥ < v: (K,w), kv € §(w), and w |=T'v imply w | sv



2.3 Soundness

We prove that the sequent calculus is sound with respect to the Kripke semantics. We start
by proving a standard Lemma.

Lemma 2.3 (Monotonicity). If w = s and w <; w' then w' = s.

Proof. By induction on s and case analysis of the form of s.

Case. s = P(t1,...,t,). The condition w |= s implies (¢1,...,t,) € p(w)(P). By (K-mon)
and w <; w’, we know that p(w)(P) C p(w’)(P). Hence, (t1,...,t,) € p(w)(P) or, equiva-
lently, w’ = s as required.

Case. s = s1 A s9. Suppose w = s and w <; w’. Then, by definition of =, w = s1 and
w [ s9. By i.h., ' = s1 and w' |= s9. Hence, w' |= s1 A s9 or, equivalently, v’ |= s.

Case. s = s1 V s2. Suppose w |= s and w <; w’. Then, by definition of |=, either w = s;
or w |= sy. Suppose w = s1 (the other case is symmetric). By i.h., w’ | s;. Hence,
w' = 81 V s9 or, equivalently, w’ = s.

Case. s = s1 D s3. Suppose w = $1 D s9 and w <; w'. We want to show w’ = s1 D so.
To prove that, pick an arbitrary world w” such that w’ <; w”. It suffices to prove that
w” | s1 implies w” = s9. However, observe that w <; w' <; w”; so w <; w”. By definition
of satisfaction on the assumption w = s1 D s2, we get that w” |= s1 implies w” |= s9, as
required.

Case. s = T. Then w' | s follows by definition of .

Case. s = 1. Here w' | s vacuously because the assumption w = s is false by definition

of .

Case. s = Vz:0.51. Suppose w = Vz:0.s1 and w <; w’. We want to show that w' = Vr:0.51.
Following the definition of =, pick a world w” and a ¢ such that w’ <; w” and D(w") -t : 0.
It suffices to show that w” | si[t/z]. However, w <; v’ <; w” implies w <; w”. Hence,
by definition of satisfaction on the assumptions w = Vz:o.s1 and D(w”) -t : o, we get
w” | s1[t/z], as required.

Case. s = Jx:0.s1. Suppose w | Jz:0.51 and w <; w'. By definition of =, there is a ¢
such that D(w) -t : 0 and w |= s1[t/x]. By (K-growl) and the i.h. respectively, we obtain
D(w')Ft: o and w' = si[t/z]. The last two facts imply w’ = 3x:0.s1 by definition of |=.

Case. s = k says s’. Suppose w | k says s’ and w <; w'. We want to show that
w' E k says s’. Following the definition of =, pick a w” such that w' <;<; w” and



k € 8(w"). Tt suffices to show that w” = s'. However, w <; v’ <;<g w”, so w <;<; w”.
The required fact w” |= s’ now follows from definition of |= applied to w = k says s’ O

Lemma 2.4 (Monotonicity of says). w = k says s and w <s w' imply v’ |= k says s. (It
follows from this statement that w = k claims s and w <g w’ imply w' = k claims s.)

Proof. Suppose w = k says s and w <; w'. We want to show that w’ |= k says s. Following
the definition of |=, pick a w” such that v’ <;<; w” and k € 6(w"). It suffices to show that
w” | s. However, w <,;<;<; w”, so by (K-commute), w <,<; w”, i.e., w <g w”. Since <;
is reflexive, we also get w <;<g w”. From definition of w = k says s, we have w” = s, as
required. ]

Theorem 2.5 (Soundness). If ¥;T £, s then forany K, K E (5;T LN s).

Proof. By induction on the derivation of ¥;T’ % s and a case analysis the last rule in it.
By definition of =, we are trying to prove that for all v and w, ¥ < v : (K, w), kv € 6(w),
and w = T'v imply w = sv. We show some interesting cases below.

Case. 7kinit
p=p
Assume that ¥ < v : (K,w), kv € 6(w), and w = (T, p)v. By the last assumption, we
immediately obtain w |= pv, as required.

. k
Y >k =k ¥:T,k claims 5,5 =% r
Case. k claims
YT,k claims s = r

Assume that ¥ < v : (K,w), kov € 8(w), and w = (I', k claims s)v. We want to show
that w = rv. We have:

1. ¥ <v: (Kw), kv € 0(w), and w |= (T, k claims s, s)v imply w = rv

(i.h. on 2nd premise)

2. D(w) > kv = kov (Lemma 2.2 on 1st premise and ¥ < v : (I, w))
3. kv e f(w) ((K-viewcl) on 2)
4. w<;<;w (< and <; are reflexive)
5. w = kv says sv (Assumption w = (T', k claims s)v)
6. w = sv (3-5)
7. w = (T, k claims s, s)v (Assumption w = (T, k claims s)v and 6)
8. wErTy (1,7, and assumptions ¥ < v : (K, w) and kov € 6(w))



DN LA
Case.

- saysR

;T =% ksays s

Assume that ¥ < v : (K,w), kov € 6(w), and w = I'v. We want to show that

w | kv says sv. Following the definition of =, pick any w’ such that w <;<g; w’ and

kv € O(w'). Tt suffices to show that w' |= sv. Now observe that by assumption, w = I'v.

Hence, in particular, w |= (I'|)v. By Lemmas 2.3 and 2.4, w’ |= (I'|)v. (Note that I'| only
contains assumptions of the form %’ claims s’; so Lemma 2.4 can be applied.)

Next, we have the assumption ¥ < v : (K, w). Since D(w) C D(w’) by (K-growl) and
(K-grow2), it follows from definition of < that ¥ < v : (K,w’). Further, kv € 6(w') by
assumption and we just proved w’ = (T'|)v. Applying the i.h. to the premise (at w’, not
w), and using the last three facts, we immediately obtain w’ = sv, as required.

;s LAY
Case. k—/DR
X;I'=>sDs
Assume that ¥ < v : (K,w), kv € 6(w), and w = I'v. We want to show that
w = sv D s'v. Following the definition of |=, pick any w’ such that w <; w" and w' |= sv.
It suffices to show that v’ = s'v. By Lemma 2.3, v’ = I'v. Hence, v’ = (T',s)v. By
(K-viewmon), kv € #(w’). By i.h. on the premise at w’, we get w’ = s'v, as required.

Y,x:o; LA
Case. ——— VR

¥, I' > Vzxio.s

Assume that ¥ < v : (K,w), kv € 6(w), and w | I'v. We want to show that

w = Va:o.(sv). Following the definition of |, pick any w’ and ¢ such that w <; v’ and
D(w') bt : 0. It suffices to prove that w’ = sv[t/z]. Consider the substitution v/ = v, t/x.
First observe that because ¥ < v : (K, w), D(w) C D(w') (by (K-growl)) and D(w') F t : o,
it is also the case that X, z:0 < v/ : (K,w’). Second, by (K-viewmon), kv/ = kv € (w’).
Finally, observe that I'v = I't// because x is fresh and cannot occur in I'. Hence, it follows
from Lemma 2.3 that w' = T'v/. By i.h. applied to the premise at w’, v’ and the previous
three facts, we get w’ |= st/ or, equivalently, w’ |= sv[t/z], as required.

¥, T\ Vxio.s, s[t/x] LA Yt tio
Case. k VL
¥, I\ Vx:o.s = r

Assume that ¥ < v : (K,w), kv € §(w), and w = (I',Va:0o.s)v. In particular, the
last assumption implies w = Vz:0.(sv). We want to show that w = rv. Observe that
Y t: o (second premise) and ¥ < v : (K,w) imply by Lemma 2.1 that D(w) F tv : o.
Further, w <; w. So, by definition of = applied to w = Vz:o.(sv), we also obtain that
w = (sv)[tv/z] or, equivalently, w = (s[t/x])v. Hence, w |= (I',Vx:0.s, s[t/x])v. Applying
i.h. to the premise, we immediately obtain w |= rv, as required.



PEY s[t/z] YFkto
- JR
:I' = dxio.s

Assume that ¥ < v : (K,w), kv € 6(w), and w | I'v. We want to show that
w | ds:o.(sv). By ih. on the premise, w | s[t/z]v or, equivalently, w = sv|tv/z|.
Applying Lemma 2.1 to second premise and ¥ < v : (K, w) we have D(w) F tv : 0. Hence,
by definition of |= for existential quantifiers (choosing ¢ + tv), we have w = Js:0.(sv), as
required.

Case.

Y,x:0;,dx:0.8, s L
Case. dL

;I dx:o.s L

Assume that ¥ < v : (K,w), kv € 6(w), and w = (I',3x:0.5)v. We want to show
that w = rv. From the last assumption it follows that w |= Jx:0.(sv). Hence, there is a t
such that D(w) -t : 0 and w = sv[t/x]. Define v/ = v, t/x. First, observe that because
Y < v: (Kw)and D(w) bt : o, it must also be that ¥, z:0 < v/ : (K,w). Second,
w = sv[t/z] is the same as w = st/ and w | (T, 3z:0.8)v is the same as w | (T, Jz:0.5)/
(because x is fresh). So, w | (', 3z:0.s, s)V/'. Finally, kv € 6(w) implies kv/ € 6(w) (because
kv = kv'). Therefore, by i.h. on premise with v < 1/ we obtain w = rv/. However, rv = rv/,
so w = rv, as required. ]

2.4 Completeness

Next, we prove that our Kripke semantics are also complete. In order to do that we build
a canonical Kripke model and show that satisfaction in that model entails provability. We
assume a countably infinite universe U of first-order symbols. Since the logic has a finite
signature, there are countably infinite number of symbols outside of this signature in /. All
sets denoted S in the following are assumed to be subsets of U.

Definition 2.6 (Theory). A theory is a triple (S,I', K') where S is a (possibly infinite)
sorting disjoint from the logic’s signature, I' is a (possibly infinite) set of formulas well-
formed over S, and K is a (possibly infinite) set of terms of sort principal under S.

Definition 2.7 (Filter). A set K of terms of sort principal in sorting S is called a filter with
respect to S (written S Y K) if there is term k,, € K such that K = {k | S > k = ky,}.
(So K contains both a least element k,, under the order -.)

Definition 2.8 (Prime theory). We call a theory (S,I', K') prime if the following hold:
1. (Prin-closure) S ¥ K.
2. (Fact-closure) If k € K and S;T LA s, then s € T.
3. (Primalityl) If s; V so € T, then either sy € " or s € T.

4. (Primality2) If Jz:0.s € T', then there is a term ¢ such that S F¢: o and s[t/z] € T.

10



D.

(Primality3) L ¢ T

We take as worlds of our canonical model prime theories.

Definition 2.9 (Canonical model). The canonical Kripke model for Bl is defined as
(W7 Siv SSv D7 P, 0), where:

W ={(S,I'K) | (S,I',K) is a prime theory}
(S,T,K) <; (8, ", K") iff SC &', T CT' and K C K'.

- (S,T,K) <, (8", I",K'") iff S C S’ and for all k,s, k says s € I" and k € K’ imply

sel’.

D(S,T,K) = &.

(t1,...,tn) € p(S,T', K)(P) iff P(t1,...,t,) €T.
0(S,T,K) = K.

Lemma 2.10 (Canonical model is a Kripke model). The canonical model as defined above
1s a Kripke model for BLy.

Proof. We verify the conditions in the definition of Kripke models (Section 2).

<; is reflexive and transitive because C is reflexive and transitive.

<, is reflexive: By definition of <, in the canonical model, we need to show that
for any prime theory (S,T',K), (a) S C S (which is trivial) and (b) k says s € T
and k € K imply s € I'. The latter follows from (Fact-closure) because S;T° b s if
ksayssel.

< is transitive: Suppose (S1,T'1, K1) <g (S2,T2, K2) <, (S3,I'3, K3). We want to
show (51,11, K1) <s (S3,1'3, K3). Accordingly, we must show that (a) S; C S3 and
(b) k says s € 'y and k& € K3 imply s € I's. (a) follows because S; C So C Ss.
To prove (b), observe that because (S1,I'1, K1) and (S2,I'y, K3) are prime theories,
both K7 and K5 are non-empty. So let k&1 € K7 and ky € Ks. In the sequent

calculus, Sp;T i, ko says k says s (because k says s € I'1). So by (Fact-closure),
ko says k says s € I';. Because k9 € Ko, k says s € I's. Finally, because k € K3,
s € I'3, as required.

(K-commute) Suppose (S1,T'1, K1) <; (S2,T2, K3) <5 (53,13, K3). We need to show
that (51,01, K1) <s (S3,I'3, K3). By definition of < in the canonical model, we
must check two conditions: (a) S1 C S3, and (b) k says s € I'y and k£ € K3 imply
s € I's. (a) follows immediately because S; C Sy C S3. To prove (b), observe that
k says s € I'y implies k says s € I's (because I'y C I'y). Therefore, the definition of

(S9,T9, K3) <, (S3,T'3, K3) in the canonical model implies that s € I's, as required.

11



(K-fresh) follows from the requirement that D(S,T', K) = S in a theory be disjoint
from the logic’s signature.

- (K-growl) Suppose (S1,T'1, K1) <; (S2,T'2, K3). Then, by definition of <; in the

canonical model we get D(S1,1'1, K1) =51 C So = D(S2,I'y, K3).

- (K-grow2) Suppose (S1,T'1, K1) <5 (S2,T'2, K3). Then, by definition of <, in the
canonical model we get D(S1,1'1, K1) =51 C So = D(S2,I's, K3).

- (K-mon) Suppose (S1,T'1, K1) <; (52,12, K2). We want to show that p(S1,T'1, K1)(P) C
p(S2,T2, K9)(P). Suppose (t1,...,tn) € p(S1,T1, K1)(P). By definition of the canon-
ical model, P(t1,...,t,) € I';. Since I'y C T'y, P(ty,...,t,) € 'y or, equivalently,
(t1,...,tn) € p(S2,Ta, K9)(P). Since (ti,...,t,) is arbitrary, p(S1,T'1,K1)(P) C
p(S2, T2, K2)(P).

- (K-viewmon) Suppose k € 6(S1,I'1, K1) = K; and (51,11, K1) <; (S2,T2, K2). We

need to show that k € 6(S2, "2, K2) = K. However, this is trivial because K; C Ky
by definition of <; in the canonical model.

- (K-viewcl) Suppose k € (S,I', K) = K and S = D(S,I,K) > k' = k. We need to
show that ¥ € K. From (Prin-closure), it follows that there is a k,, € K such that
S >k = ky,. Using (C-trans), S > k' = ky,. Since K ={k | S> k = kn}, k' € K, as

required.

O]

Definition 2.11 (s-consistent theory). If S F s ok, we call a (not necessarily prime) theory
(S,T, K) s-consistent if for all k € K, S;T° 7]2> s.

Lemma 2.12 (Consistent extensions). Suppose (S,T', K) is s-consistent and S Y K. Then
there is a prime theory (S*,I'*, K*) such that S C S*, I C T, K C K*, and (S*,T", K*)
18 s-consistent.

Proof. Our proof follows a similar construction for hybrid propositional logic in [3], although
the construction in that paper does not consider views. Because S Y K, there is a k,, € K
such that K = {k | S > k > k;,}. We inductively construct a sequence of pairs (S,,I),)
with (Sp, o) = (S,T U {c), satisfying the following properties:

1. Sn g Sn+1 and Fn g Fn+1.
2. For each s, € I',,, S, F s, ok
3‘ Sn,]__‘n m,UL,U2 S

Fix an enumeration E = sg, s1,... of all (possibly ill-typed) formulas that can be created
using the symbols in the logic’s signature and those in #. The intuitive idea of our construc-
tion is to alternately look at formulas of the forms s; V sp and Jz:0.s’ that can be proved
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from the sets constructed so far, and to complete the primality conditions for them. We
keep track of formulas we have already looked at through two sequences of sets treated,
and treated,. We set treatedy = treated; = (). To define S,i+1, i1, treatedy ; and
treatedi 11, we case analyze the parity of n + 1. We also simultaneously prove the condi-
tions (1)—(3) for Sp4+1 and T'yy1.

Case. n + 1 is even. Let s1 V sy be the first formula in the enumeration E with a top
level disjunction that satisfies two conditions: (a) Sp;I'y LNV s2, and (b) s1 V s2 &
treated,,. (If no such formula exists, set Spy1 = Sy, Tpp1 = Ty, treated) | = treated,,
and treatedgﬂ = treated?l.) Now we argue that either S,; 1, s1 7&”» sor Sy; Iy, s 7]&”—> s.

Suppose on the contrary that S,;I',,s1 ﬁ”—> s and Sp; Ty, s2 ﬁ""—> s. Then, Sp;I'y, 81 V
S9 Fm, 5. Because Sn; T LN s1 V s2, by the cut principle, we also obtain Sy,; T, LN s,
which contradicts condition (2) for (S,,T',). Hence, either S,,; Ty, 1 7&”—> sor Sy; Iy, so 712"—>
s. In the former case, set I'y, 11 = 'y, s1; in the latter case set I'y, 41 = 'y, s3. In both cases,

set Spq1 = Sy, treatedy | = treatedy, sy V sz, and treatedgﬂ = treated..

Condition (1) holds by construction. Condition (2) holds because Sy; I, LN s2,
s0 Sy, = Sp+1 b s; ok. Condition (3) holds at n 4+ 1 by construction.

Case. n + 1 is odd. Let Jz:0.s’ be the first formula in the enumeration F with a top

level existential quantification that satisfies two conditions: (a) Sy; Ty, Fmy 3g:0.8 , and (b)
dr:i0.s’ & treated,al. (If no such formula exists, set Sy11 = Sy, [nt1 = Ty, treated){H =
treatedy , and treatediﬂ = treated].) Pick a fresh constant a € U. Set S,11 = Sy,a:0,
Typi1 =Dy, 8'[a/x], treatedy, | = treated), and treated, , = treated,,3x:0.5'.

Condition (1) holds by construction. Condition (2) holds: S,41 F s'[a/x] ok be-
cause Sp41 F a : o and S,,z:0 F ' ok. To prove that condition (3) holds for n + 1,
we reason by contradiction. Suppose not. Then, S,i1;41 Ky s or, equivalently,
Sn,ya:0;Ty, s'[a/x] Fmy s From the latter we derive Sp; Ty, Jxi0.8 Fm, 5. Since SpiTh LLN
Jdz:0.5', by the cut principle, S,; T, Fm, s, which contradicts condition (3) for n. Hence (3)
must hold at n + 1.

This completes our inductive construction. Let S* = U;S;, I = y;I;, and K* =
{k | S* >k = kp}. Finally, define I'* = {s* | S*; T’ LN s*}.

Clearly, (S*,T'*, K*) is a theory. Also, by construction, S =Sy C S* and ' =T C I C
I* (I” C T* follows from the identity principle of the sequent calculus). Further, K C K*
because for every k, S > k = ky, implies S* > k = k;;, by (C-weaken).

Next, we check that (S*, T, K*) is s-consistent. Suppose for the sake of contradiction

that it is not. Then, it follows that S*;I'* £, s for some k € K*. Hence, there are finite
subsets S C §* and T'/ C IT'* such that S¥;T7 LAY By the view subsumption principle,
sf.rf km, 5. Since each s* in T/ satisfies S* 1Y LN s*, it follows by |I'f| applications of
the cut principle that S*;I” Em, s Since §* = U;S; and IV = U,I;, there must be some
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n such that S,;T, =% s, which contradicts condition (3) for that n. So (S*,I'*, K*) is
s-consistent.

It remains only to check that (S*, '™, K*) is prime. To do that we check the conditions
in the definition of a prime theory.

(Prin-closure) By definition, K* = {k | S* > k > ky,}. Hence S* ¥ K*.

(Fact-closure) Suppose S*;I'™* Ey s for some k € K*. We need to show that s' € T*.

Since S*;T'* LA ¢, there are finite subsets S¥ C S* and I'/ C I'* such that S¥; T/ LA
By the view subsumption principle, Sf;Tf kmy o, Since each s* in T/ satisfies

S* 1/ LN s*, it follows by |I'f| applications of the cut principle that S*; T LU By
definition of I'*, s’ € T'*.

m

- (Primalityl) Suppose s1 V sy € I'*. Therefore, S*;T’ LN s1 V s9. Hence, there is
some n such that S,;T, —k—m—> s1 V s9. If 81 V sy € treated), then by construction
either s; or s must be in I',, (whenever we add s1 V s3 to treatediv , we also add either
s1 or sy to I';). Hence, either s or so must be in I'*, which is a superset of each T'),.
If s1 V so & treated), let s; V so have index k in the enumeration E. Then, in at
most 2k further steps we would consider s V s as a candidate and add either s; or
s to I'.

- (Primality2) Suppose Jx:0.s' € T'*. Therefore, S*;T’ Emy g0 Hence, there is

some n such that S,;I, k—m> Jx:0.8'. If Ix:0.8' € treatedi, then by construction there
must be a constant a such that a:o € S, and §'[a/z] € T, (whenever we add Jx:0.s'
to treated;, we also add a fresh a:o to S; and s'[a/z] to T;). This immediately implies
the primality condition because I'* D I',,. If Jx:0.5" & treated:, let Ix:0.s' have index
k in the enumeration E. Then, in at most 2k further steps we would consider Jx:0.s’
as a candidate and add a:o to S and s'[a/x] to I".

- (Primality3) Suppose for the sake of contradiction that L € T'*. Then, S*;T** LN s,

which contradicts the previously derived fact that (S*,I'*, K*) is s-consistent. Hence
1 g1

O

Lemma 2.13 (Satisfaction). For any formula s and any prime theory (S,T', K), it is the
case that (S,T', K) |= s in the canonical model if and only if s € T'.

Proof. By induction on s and case analysis of its top-level constructor.
Case. s = P(t1,...,tp).
P(ty,...,ty) €T <= (t1,...,tn) € p(S,T,K)(P) < (S,I,K) |E P(t1,...,tn)-

The first step follows from definition of p in the canonical model and the second step fol-
lows from the definition of |=.
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Case. s = 51 A s9.

Suppose s1 A s3 € I'. We need to prove that (S,I', K) = s1 A s. Since s; A s9 € T,
ST % s for any k € K and i € {1,2}. By (Fact-closure), s1,s2 € I'. By i.h., (S,T', K) = s1
and (5,1, K) = s2. Hence, by definition of =, (S,T', K) = s1 A s2, as required.

Conversely, suppose that (S,T', K) |= s1 A sa. We need to prove that s; A so € I'. By
definition of =, (S,I', K) = s and (S,I', K) = s2. Hence, by the i.h., s1,s9 € I'. Therefore,
for any k € K, S;T LA s1 A s2. By (Fact-closure), s; A sg € I', as required.

Case. s = 51 V s9.

Suppose s1 V s2 € I'. We need to show that (S,I', K) |= s1 V s2. By (Primalityl), either
s1 € I' or s € I'. Suppose the former (the other case is similar). By i.h., (S,T',K) = s;.
By definition of =, (S,I', K) = s1 V s2, as required.

Conversely, suppose that (S,T', K) = s1 V sa. We need to show that s; V s9 € I'. By
definition of |=, either (S,T", K) = s1 or (S,I', K) |= s2. Suppose the former (the other case

is similar). By i.h., sy € I'. Therefore, S;T° LA s1 V sg for any k € K. By (Fact-closure),
s1 V sy € I', as required.

Case. s = 51 D $9.

Suppose s; D s2 € I We need to show that (S,I', K) = s; D so. Following the
definition of |=, pick any (S/,I”, K’) such that (S,T,K) <; (S, I',K’) and assume that
(8", T, K') = s1. It suffices to prove that (5", I, K’) = s5. Observe that from the definition
of <; in the canonical model, it follows that I' C I. So s; D sy € I''. Hence both s; and

s1 D sy are in I Tt follows from the sequent calculus that S’; T ¥, 5y for any k' € K'. By
(Fact-closure), s € I as required.

Conversely, suppose (S,I',K) | s1 D s2. We need to show that s; D so € T'. As-
sume for the sake of contradiction that s; D s9 ¢ I'. Pick any & € K. Due to (Fact-
closure), S;T° % s1 D s2. Due to rule (DR) in the sequent calculus, S;T', s; 7IZ> s2. Hence,
(S,T'U{s1}, K) is sa-consistent. By Lemma 2.12 there is a prime theory w = (S*,I"*, K*)
such that S C S*, T'U{s;} CT™, K C K* and (5*,I'", K*) is sg-consistent. Clearly, s; € T'*
so by i.h. w = s;1. Further, (S,T,K) <; w and (S,I', K) = s1 D s2, so w |= s2. By i.h.,
s9 € T'*, which violates the sg-consistency of (S*,I'*, K*). Hence it must be the case that
s1 Dso el

Case. s=T.
Suppose T € I'. We want to show that (S,T", K) = T. The latter follows from definition

of =

Conversely, suppose that (S,I', K) = T. We want to show that T € I'. Observe that
S;T E T for any k € K. Therefore, by (Fact-closure), T € I', as required.

Case. s = L.
Suppose L € T'. We want to show that (S,T", K) = L. However, the condition L € T"is
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impossible by (Primality3), so the conclusion holds vacuously.
Conversely, suppose (S,T', K) = L. We want to show that L € I". However, the condi-
tion L € I' is impossible by definition of =, so the conclusion holds vacuously.

Case. s = V0.5

Suppose Vz:0.s' € I'. We want to show that (S, T, K) = Vz:0.s'. Following the definition
of =, pick any (S’,T", K’) such that (S,T, K) <; (S, I, K') and any t such that S'F1¢: o.
It suffices to prove that (S',I",K’) | §'[t/x]. Because I' C I, Vx:0.s’ € T. Further,
S+t : o, so in the sequent calculus, S’;T” LN §'[t/x] for any k' € K'. By (Fact-closure),
§'[t/x] e T'. By i.h., (8,1, K') | §'[t/x], as required.

Conversely, suppose that (5,1, K) = Vz:0.s'. We want to show that Vz:o.s' € T'. As-
sume for the sake of contradiction that Vz:0.s’ € T'. By (Fact-closure), S;T' % Vx:0.s' for ev-
ery k € K. Let a be a fresh constant. It follows due to rule (VR) of the sequent calculus that
S,a:0;T % §'[a/x] for every k € K. Hence, the theory (SU{a:c},T, K) is s'[a/z]-consistent.
By Lemma 2.12, there is a prime theory (S*,I'*, K*) such that S U {a:c} C §*, T C T,
K C K*, and (S*,T'*, K*) is §'[a/x]-consistent. Now observe that (S,T', K) <; (S*,T'*, K*)
and S* I a : 0. Hence, from the definition of |= and the assumption (S,T', K) | Va:0.s'
we obtain (S*,T* K*) = §'[a/z]. By ih., §'[a/x] € T'*, which contradicts the s'[a/x]-
consistency of (S*,I'*, K*). Therefore, Vz:0.s' € T.

Case. s = Jx:0.5.

Suppose Jz:0.8' € I'. We want to show that (S,T', K) | Jx:0.¢'. By (Primality2), there
is a term ¢ such that S ¢ : o and §'[t/z] € . By ih., (S,I',K) | §'[t/x]. Hence, by
definition of |=, we get (S,T', K) |= Jx:0.5" as required.

Conversely, suppose that (S,T', K) | Jx:0.s’. We want to show that dz:0.s’ € T'. By
definition of |=, there is a t such that S+ ¢: 0 and (S,I', K) = §'[t/z]. By i.h., §'[t/z] € T.
Therefore, for any k € K, we have S;T° LN P By (Fact-closure), Jz:0.s" € T' as re-
quired.

Case. s = k says s'.

Suppose k says ' € I'. We want to show that (S, K) = k says s’. Following the
definition of ‘:, piCk any (Sl, Fl, Kl) and (SQ, FQ, KQ) such that (S, F, K) Sz (Sl, Fl, Kl) Ss
(S2,T9, Ky) and k € 6(S,,Ty, Ko) = K. It suffices to prove that (Sa,T'y, Ko) = s'. Since
I' CT'y, ksays s’ € I'1. By definition of < in the canonical model and the fact k € Ko, we
obtain s € I'y. By i.h., (S2,T'9, K») | ¢, as required.

Conversely, suppose that (S,T', K) = k says s'. We want to show that k says s’ € T.
Assume for the sake of contradiction that k says s’ ¢ I'. Pick any k' € K. By (Fact-

closure), S;T’ 7% k says s’. So by properties of the sequent calculus, S;T| 7]Z> s'.2 Define
Ky ={K | St kK = k}. Then, because S;T| 7’& s, we also get that (S,T|, Ky) is s’
consistent. By Lemma 2.12, there is a prime theory (S*,T'*, K*) such that S C S*, T'| C I'*,

T| is defined here as {(k1 says s1) | (k1 says s1) € T'}.

16



Koy C K*, and (S*,T*, K*) is s'-consistent. Next we argue that (5,1, K) <4 (S*,T*, K*).
To do that, assume that k; says s; € I' and k1 € K*. We need to show that s; € I'*.
Because ki says s; € I', k; says s1 € I'|. Hence, ky says s; € I'*. Therefore, S*;T'* k—1> 51.
By (Fact-closure), s; € I'*. This establishes (S,T', K) <g (S*,I'*, K*).

It follows that (S,T', K) <; (S,I', K) <4 (S*,"*, K*). Since (S,I', K) | k says s’ and
ke Ky C K* = 6(5*,T*, K¥), it follows that (S*,I'*, K*) = ¢. By i.h., s/ € T'*, which
contradicts the s’-consistency of (S*,I'*, K*). Hence, we must have k says s’ € T. ]

Lemma 2.14 (Completeness for closed formulas). Let C be the canonical Kripke model and
s a closed formula. If C = s, then -;- L.

Proof. Suppose for the sake of contradiction that C = s, but ;- 7@ s. Define K = {k | - >

k = ¢}. Observe that because -;- 7Q> s, the theory (-,-, K) is s-consistent. Hence, by
Lemma 2.12; there is a prime theory (S*,I'*, K*) that is s-consistent. It follows from s-
consistency of (S*,I'*, K*) that s ¢ I'*. Hence, from Lemma 2.13, (S*,I'*, K*) = s. This
contradicts the assumption C |= s. O

Theorem 2.15 (Completeness). Let C be the canonical Kripke model. If C = (;T LN s),
then ;T £> s.

Proof. Suppose C = (;T LN s). We first argue that C = VX. k says (I' O s). To prove this
we follow the definition of |=. This proof does not use any property specific to canonical
models, and will work for any Kripke model C. We pick any world w; in the model. It
suffices to prove that w; = V3. k says (I' D s). Pick any ws such that w; <; wy and any
substitution v such that ¥ < v : (C,ws). It suffices to show that ws = kv says (I'v D sv).
Pick worlds w3, wy such that we <; wy <y wy and kv € O(wy). It suffices to prove that
wy = Tv D sv. Pick ws such that ws = T'v. It suffices to prove that ws | sv.

Applying the definition of = on sequents to the assumption C = (X;T LA s), we obtain
that ¥ < v : (C,ws), kv € O(ws), and ws | T'v imply ws = sv. We now check that
Y <v:(Cws), kv € O(ws), and ws = T'v all hold, thus implying ws |= sv, as required.
Y < v: (C,ws) follows from the assumption ¥ < v : (C,w2) and the fact that D(ws) C
D(ws) (because we <; ws <; wy <; ws). kv € O(ws) follows from (K-viewmon) because
kv € 0(wy) and wy <; ws. Finally, ws = I'v holds by assumption.

Hence, C | VX. k says (I' D s). By Lemma 2.14, -;- LV k says (I' D s). Using

properties of the sequent calculus, this implies that ;T LN s, as required. O

Theorem 2.16 (Soundness and completeness). ;T LA if and only if K = (%;T LN s) for
every Kripke model K.

Proof. Immediate from Theorems 2.5 and 2.15. O
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3 Kripke Semantics for BL

We now define a a Kripke semantics for BL in a similar way as for BLy.

BL is a logic with explicit time: A BL judgement is always relative to some time interval
[u1,ug], where uj,ug € Z U {—00,+00} with u; < uy. For meaningful policies, we expect
to have u; > ug for every interval [uj, us] mentioned in the BL formalization of the policy.
However in the proof theory and semantics of BL we have no restrictions to ensure u; > us
for intervals [uj,us] appearing in the formulas, as these restrictions would unnecessarily
complicate the theory.

We write [u1,us] C [u], ub] as an abbreviation for “u}j < u; and ug < ub”. (Note that for
meaningful time intervals this is the standard notation, whereas for [u1, us] with u; > e
it’s an abuse of notation.)

We assume that we have an arithmetic aperator 4+ of type time x time — time. We
recursively define an evaluation ev function from ground terms of sort time to constants of
sort time as follows:

e ev(c) = ¢ for every constant ¢

o ev(t) +t2) = ev(t1) + ev(ta) if ev(t1) and ev(ta) are integers (while the first + is the
arithmetic operator of BL, the second + is the standard integer addition)

e ev(t] + ta) = 400 if either ev(te) = +oo or ev(t;) = +oo and ev(ty) # —o0
o ev(t] + t2) = —oo if either ev(ta) = —o0 or ev(t;) = —oo and ev(tz) # +oo

In BL, constraints can not only take the form ki > ks, but also the form u; < wus.
Additionally, they can serve as atomic formulas of BL. A notational and terminological
difference between this technical report and [6] is that we include constraints among the
judgments in a sequent instead of listing it separately (thus a constraint also counts as a
judgment). Given a set I' of judgments, we write C'(I') for the set of constraints in I".

BL uses an unstipulated judgment X;I" > ¢ instead of the unstipulated judgment ¥ > ¢
used in BLgy. The requirements that ;" > ¢ is assumed to satisfy are defined in Section
4.2.1 of [6] (where the notation ;¥ = ¢ is used instead of ;T > ¢). Additionally to the
requirements mentioned there, we also assume the following three requirements:

YT ciff 3;C(1) > ¢ (C-constr)
If ¥, z:0;1 > c and = does not occur in I', ¢, then X, T" > ¢ (C-strengthen)

If t; and t9 are ground terms of sort time such that ev(t;) < ev(ta),
then ;T > t1 < to. (C-ground-time)

(C-constr) is implicit in the notation of [6] and thus not explicitly listed there. (C-
strengthen) is analogous to the requirement of the same name assumed for the unstipulated
judgment ¥ > ¢ in Section 1. Furthermore, the requirements (C-weaken) and (C-cut) from
[6] need to be rephrased as follows in order to be applicable to infinite sets:
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Y; T > c iff there are finite sets ¥’ C ¥ and IV C T" such that ¥;T" > ¢ (C-weaken)

If ¥;T, I > ¢ and for every constraint ¢ € IV, ;T > ¢/, then X; T > c. (C-cut)

We are now ready to define Kripke structures for BL:

Definition 3.1. A Kripke structure K is a tuple (W, <;, <, T, D, m, p,0), where:

W is a set of worlds. Worlds are denoted w.

<, is a reflexive and transitive relation over W.

<, is a reflexive and transitive relation over W. We require that:
- (K-commute) If w <,<; w’ then w <g w'.

T is a map from W to (Z U {—o0,+oc})?. Instead of “T(w) = (u1,us)”, we often say
“w is a [uy, ug)-world”. We require that:

- (T-mon) If w <; w', then T(w) = T'(w’).

D is a map from worlds to (possibly infinite) sortings of fresh constants. (Note that
the proof theory disallows infinite sortings ). We require that:

- (K-fresh) If a:c € D(w) then a is not in the logic’s signature.

- (K-growl) If w <; w’ then D(w) C D(w’).

- (K-grow2) If w <4 w’ then D(w) C D(w').

7 is a map from worlds to sets of constraints. We require that:
- (K-consclosure) If C(I") C w(w) and D(w);I" > ¢, then ¢ € m(w).

p is a curried function: p(w, [u1,u2])(P) is a subset of tuples of terms (of the same
arity and types as argument of predicate symbol P) over D(w). We require that:
- (K-mon) If w <; w’ and [u}, u5] C [u,us] then for every P, p(w, [ui,us])(P) C
p(w', [uf, up]) (P).
- (K-prin) (k, k') € p(w, [u1,us])(>) iff (k = k') € 7(w).

- (K-time) (k, k') € p(w, [u1,u]) (<L) iff (k < k') € w(w).

0 is a view function: 6(w) is a set of terms of sort principal over D(w). We require
that:

- (K-viewmon) k € O(w) and w <; w’ imply k € 0(w').
- (K-viewcl) k € 6(w) and (k' = k) € 7(w) imply k" € 6(w).
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3.1 Substitutions

We denote substitutions of variables by constants using the letter y. Given a finite sorting
¥, a Kripke structure K = (W, <;,<;,T, D, m,p,0), a substitution x4 and a world w € W,
we say that p conforms to ¥ and K at w, written ¥ < p : (K, w), if:

o 1z € dom(u) iff there is a o such that z:0 € X.
e Forall z:0 € ¥, D(w) F pu(x) : 0.
Lemma 3.2.
1. If¥Ft:oand ¥ < p: (K,w), then D(w) Ftp:o.
2. If ¥t cok and ¥ < p: (K,w), then D(w) F cp ok.
3. IfY¥Fsokand ¥ < p: (K, w), then D(w) F su ok.
Proof. By induction on t, ¢, and s respectively. O

The above Lemma is necessary to ensure that many statements in the definitions of
satisfaction are well-typed.

Lemma 3.3. If ;' > c and ¥ < p: (K, w) then D(w); T'p > cp.

Proof. Suppose ¥;T' > ¢ and ¥ < p : (K,w). By Lemma 3.2, D(w) F cu ok, so the
conclusion makes sense. From the assumption 3;I" > ¢ and (C-weaken) we get ¥, D(w);I" >
c. By (C-subst) and (C-strengthen), D(w); T > cp. O

3.2 Satisfaction

Satisfaction for closed judgements. Next, we define satisfaction for closed formulas.
Given a Kripke structure K and a world w, we define the relation w = s when D(w) F s ok
as follows:

~wiEciff e € m(w)

CwlE Pty ta) o [ug,ua] iff (t1, ... tn) € p(w, [ev(uy), ev(uz)])(P)
- w = sQlty, ta] o [ur, ug] iff w = s 0 [t1, ta)].

w5y A sa o fug,ug] iff w = 10 [ur,us] and w = $2 0 [ur, ug)

S wlE sV osa o fug,ug] i w = 810 [ug,us] or w = s 0 [ug, us)

- w | s1 D s 0 [ug,us] iff for all [u},us] C [ev(ui),ev(uz)] and all w', w <; w’ and
w = s1 0 [u}, uh] imply w' |= s9 0 [u], ub]

- w =T o [ug,ug] always
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- w = L o[ug,ug) never

- w | Vaio.s 0 [uy, ug] iff for all w, w <; w’ and D(w) Ft : o imply w = s o [ug, us|[t/x]
- w = Jx:o.s0[uy, ug] iff there is a term ¢ such that D(w) -t : o and w = so[uy, ug|[t/x]
- wEu <ugiff ev(ug) < ev(ug)

- w [ k says s o [ug, ug] iff for every [u},ub] C [ev(u1),ev(ug)] and every [u}, u]-world
w' with w <;<; w' and k € O(w'), w' = s 0 [u1, ug)

- w =k claims s o [ug, ug| iff w = k says s o [uy, us]

k
Satisfaction for sequents. Given a Kripke structure K, we say that K = (X;T MLAELEN
SO [tl, tg]) iff:

- For every u, every [u},ub] C [ev(uip),ev(ugp)] and every [u],ub]-world w € K, ¥ <
pe (Kyw), kp € 0(w) and w = T imply w |= (s o [t1, ta])p

3.3 Soundness

We prove that the sequent calculus is sound with respect to the Kripke semantics. We start
by proving a standard Lemma.

Lemma 3.4 (Monotonicity). Ifw = so[uy, us], w <; w’ and [ev(u}),ev(ub)] C [ev(u1),ev(uz)],
then w' |= s o [u], ub)].

Proof. By induction on s and case analysis of the form of s.

Case. s = P(t1,...,t,). The condition w |= so[uy, us] implies (t1,...,t,) € p(w, [ev(u1),ev(usz)])(P).
By (K-mon), w <; w’ and [ev(u] ), ev(u))] C [ev(uq), ev(uz)], we know that p(w, [ev(u1), ev(ug)])(P) C
p(w', [ev(u)),ev(u)])(P). Hence, (t1,...,tn) € p(w', [ev(u)),ev(u))])(P) or, equivalently,

w' = s o [u), ub] as required.

Case. s = s'Q[uy, ue|. Suppose w |= so[uy, ug], w <; w’ and [ev(u}), ev(ub)] C [ev(uq), ev(uz)].
Then by definition, w |= s o [up, ue]. Then by i.h., w' |= s’ o [up, ue]. But then by definition
w' £ s o [u],ub], as required.

Case. s = s1 A s2. Suppose w = so[ug, ug], w <; w’ and [ev(u]),ev(ub)] C [ev(u1),ev(ug)].
Then, by definition of =, w = s1 0 [u1,us] and w = s2 0 [ug,ug]. By i.h., w' = s1 0 [uf, ub]
and w' = sg o [u], ub]. Hence, w' = s1 A sg 0 [u], ub] or, equivalently, w' |= s o [u}, uj].

Case. s = s1 V s2. Suppose w = so[ug,uz], w <; w’ and [ev(u}),ev(ub)] C [ev(ur),ev(uz)].

Then, by definition of |=, either w |= sjo[uy, ug] or w = sgeoug, uz]. Suppose w = sjo[uq, us]
(the other case is symmetric). By i.h., w’' = s1 o [u}, ub]. Hence, w’' = s1 V s9 0 [u}, uf] or,
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equivalently, w' |= s o [u], ub)].

Case. s = s1 D $2. Suppose w £ $1 D 820 [uj,us], w <; w' and [ev(u]),ev(ub)] C
[ev(u),ev(uz)]. We want to show w’ |= s; D s o [u},ub]. To prove that, pick an arbi-
trary world w” such that v’ <; w” and an arbitrary interval [uf,u}] such that [uf,uf] C
[ev(u}), ev(ub)]. Tt suffices to prove that w” |= s1 o [uf,u5] implies w” |= s9 0 [uf,u}]. How-
ever, observe that w <; v’ <; w”, so w <; w”. Furthermore, [u,uj] C [ev(u]),ev(ub)] C
[ev(uy),ev(uz)], so [uf,ul] C [ev(uy),ev(uz)]. By definition of satisfaction on the assumption
w | 81 D s20[ur, ug), we get that w” |= s1 o [uf, uf] implies w” |= s9 o [uff, uf], as required.

Case. s = T. Then w' | s o [u], u}] follows by definition of .

Case. s = L. Here w' |= s o [u}, u}] vacuously because the assumption w = s o [ug,ug| is
false by definition of .

Case. s = Vax:0.s1. Suppose w | Vrio.sy o [ug,uz], w <; w' and [ev(u)),ev(ub)] C
[ev(u1),ev(uz)]. We want to show that w' | Va:o.s1 o [uf,u]. Following the definition
of |, pick a world w” and a ¢ such that w' <; w” and D(w) F t : o. It suffices to show
that w” | si[t/z] o [u},uy]. However, w <; w’ <; w” implies w <; w”. Hence, by defi-
nition of satisfaction on the assumptions w = Vz:0.s1 o [ug, us] and D(w) -t : o, we get
w” |= s1[t/x] o [u1, uz]. By the i.h. we get w” | s1[t/x] o [uf, ub)], as required.

Case. s = Jx:0.s1. Suppose w | Fzrio.s1 o [ug,uz], w <; w' and [ev(u)),ev(ub)] C
[ev(u1),ev(uz)]. By definition of |=, there is a t such that D(w) F t : 0 and w |
si[t/z] o [ui,ug]. By (K-growl) and the i.h. respectively, we obtain D(w) F ¢ : o and
w' | s1[t/x] o [uf, ub]. The last two facts imply w’ = Jz:0.51 o [u], ub] by definition of .

Case. s = k says s'. Suppose w = k says s’ o [ug,us], w <; w' and [ev(u}),ev(u))] C
[ev(u1),ev(uz)]. We want to show that w' = k says s’ o [u},ub]. Following the definition
of |=, pick a [ev(u}),ev(ub)]-world w” such that w' <;<g w” and k € §(w”). It suffices to
show that w” | ' o [u],u)]. We now get w” |= &' o [u1,us] from definition of = applied to
w' = k says ¢’ o [ug, ug]. The required fact w” |= ¢’ o [u}, ub] now follows from the i.h. [

Lemma 3.5 (Monotonicity of says). Suppose that w = k says s o [u1,us] and that w' is a
[ev(uq),ev(ug)]-world such that w <g w'. Then w' |= k says s o [ug, us].

Proof. Following the definition of =, let [u}, u5] C [ev(uy),ev(uz)], and pick a [u}, u]-world
w” such that w' <;<; w” and k € 6(w”). It suffices to show that w” = s o [u1,us].
However, w <;<;<; w” , so by (K-commute) w <;<; w”, i.e. w <g w”. From definition of
w = k says s o [ug, uz], we have w” |= s o [ug, ug|, as required. O

k,u1,u2 kyu1,uz
Theorem 3.6 (Soundness). If X;T' ——= so [t1,ts] then for any K, K E (;T ——=
s§0O [tl, tg]).
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. . kyu1,
Proof. By induction on the derivation of ¥; T’ S 5o [t1,t2] and a case analysis the last

rule in it. By definition of =, we are trying to prove that for every pu, every [uf,u}] C
[ev(uip), ev(ugp)] and every [u], ub]-world w, ¥ < p: (K,w), kp € 6(w) and w = I'p imply
w = (s o [t1,t2])pn. We show some interesting cases below.

E;I‘Du'lgsul T > oug < u2
Case. — init
T, p o [uf, uh) = p o [ur,ug)

Assume that ¥ < p : (K,w), kp € (w), and w = (T',p o [u},ub])pu. By the last
assumption, we obtain w = (p o [u},u}])n. From the two premises we can conclude that
[ev(uip),ev(ugu)] C [ev(ujp),ev(ubu)], so by Lemma 3.4 we get w | (p o [u1,uz])p, as
required.

YT, k claims s o [ug, us, s o [ug, us] = 7 o [uf, ub]

v =k, up, Ue XD oup <guyp T D ue <5 ug I k=ky .
Case. : > — claims
;T k claims s o [ug, ug] = 7 o [u], us)

Assume that [uy, ul] C [ev(upp),ev(uep)] and that w is a [uy, u,]-world such that ¥ <
w o (Kyw), kop € 6(w) and w = (T, k claims s o [uj,ug])u. We want to show that
w = (r o [u}, ub])p. We have:

1. ¥ < p: (Kw), ko € O(w), and w = (T, k claims s o [uy,uz],s o [ui,uz])p imply

w = (r o [uf, ub])p (i.h. on 1st premise)

2. D(w);Tu > ku = kop (Lemma 3.3 on last premise and ¥ < u : (K, w))

3. C(Tu) C w(w) (Assumption w = (T, k claims s)u, definition of |=)

4. (kp = kop) € m(w) (2, 3 and (K-consclosure))

5. kp € 0(w) ((K-viewcl) on 4)

6. [ev(upp),ev(uep)] C [ev(uip), ev(uap)] (3rd an 4th premise)

7. [y ut] € [ev(uap), ev(usp)] ([}, 4]  [ev(upis), ev(ueps)] and 6)

8. w<;<w (<; and <j is reflexive)

9. w = kp says sp o [ugp, ugp] (Assumption w = (T, k claims s)u)

10. w = (so[ug,us))p (5, 79, w is a [uy, u,]-world, definition of =)

11. w = (T, k claims s o [ug, us], s o [u1,ug])p
(Assumption w = (T, k claims s o [u1, us])u and 10)

12. w = (r o [uf, ub])p (1, 11 and assumptions ¥ < u : (K, w) and kop € 0(w))
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2T 5 s 0 [ug, us)
50 = (5Qur, ua]) o [uy, uh]

Assume that ¥ < p: (K, w), kop € O(w), and w = Tp. By i.h., w | s o [ujp, uspl, so
by definition of |, we have w = (su@[uqp, ugp]) o [}, ubp], as required.

Case.

E,F i> (S@[u17u2]) o [ullvul2] E;F,S o [u17u2] 4 s' o [u/1/7u/2/]

Case. QL

YT 5 s o [uff, ul)

Assume that ¥ < p @ (K,w), kopp € 6(w), and w = I'y. We want to show that
w = s'p o [ufp, uyp]. By ih. applied to 3T % (sQ[uy, ug]) o [u],uh], we have that w =
(sp@luyp, ugp]) o [ufp, uhp]. By the definition of |, it follows that w | su o [ugp, ugpl.
Then by i.h. applied to ¥;T, s o [ur,ug] = s o [uf,ul], we get w = &'p o [ufp,ulbu], as
required.

Assume that ¥ < p: (K, w), kop € 0(w), and w = T'u. By i.h., w = s o [up, uap|, so
by definition of |, we have w = (su@[uqp, ugp]) o [}, ubp], as required.

;T M) s o [ug,usg)

Case. saysR

;T % (K says s) o [u, us]

Assume that ¥ < p @ (K,w), kopp € O(w), and w = I'u. We want to show that
w | ku says sp o [ugp, ugp]. Following the definition of =, pick any [u},ub] C [u1p, ugp]
and any [u},ub]-world w’ such that w <;<; w' and ku € O(w'). Tt suffices to show that
w' = (s o [ug,us])u. Now observe that by assumption, w = T'u. Hence, in particular,
w | (T'|)p. By Lemmas 3.4 and 3.5, w’ = (I'|)u. (Note that I'| only contains assumptions
of the form %’ claims s’ o [up, u.], so Lemma 3.5 can be applied.)

Next, we have the assumption ¥ < g : (K,w). Since D(w) C D(w') by (K-growl)
and (K-grow2), it follows from definition of < that ¥ < p : (K,w’). Further, ku € 6(w')
by assumption and we just proved w’ = (T'|)u. Applying the i.h. to the premise (at w’,
not w), and using the last three facts, we immediately obtain w’ |= (so[u1, ug])u, as required.

. . 14
¥, xq : time, o : time; T, uy < 21,29 < ug, s0 [x1,x9] = 8 o [x1, 29]

Case. SR

YT % 5D 8 ofug,us]

Assume that ¥ < p @ (K,w), kp € O(w), and w = I'u. We want to show that
w E sp D s'po[ug, ug]. Following the definition of |=, pick any [u], ub] C [ev(uip), ev(ugu)]
and any w’ such that w <; w’ and w’ |= spo[uf, ub]. It suffices to show that w’ |= &' poluf, ub).
Define p/ := p U {z1 — uj,x9 — ub}. Then w' | (s o [z1,22])u, and it suffices to show
w' = (8" o[x1, o)) . By Lemma 3.4, w' =T, i.e. w' =Ty/. Hence, w' = (T, so [z1, z2] )1t
By (K-viewmon), k' € 8(w'). By i.h. on the premise at w’, we get w’ |= (8" o [x1, z2]) 1/, as
required.
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3.4 Completeness

Next, we prove that our Kripke semantics is also complete. In order to do that we build
a canonical Kripke model and show that satisfaction in that model entails provability. We
assume a countably infinite universe U of first-order symbols. Since the logic has a finite
signature, there are countably infinite number of symbols outside of this signature in /. All
sets denoted S in the following are assumed to be subsets of U.

Definition 3.7 (Theory). A theory is a quadruple (S,T', K, [u1, uz]) where S is a (possibly
infinite) sorting disjoint from the logic’s signature, I" is a (possibly infinite) set of formulas
well-formed over S, K is a (possibly infinite) set of terms of sort principal under S and
[u1,us) € (Z U {—o00, +00})?.

Definition 3.8 (Filter). A set K of terms of sort principal in sorting S is called a filter with
respect to S and I' (written (S,I") Y K) if there is term k,,, € K such that K = {k | S;I" >
k > km}. (So K contains both a least element k,, under the order >.)

Definition 3.9 (Prime theory). We call a theory (S,T', K, [u1,u2]) prime if the following
hold:

1. (Prin-closure) (S,I') ¥ K

R TARTIA

2. (Fact-closure) If k € K and S;T' ——= so [t1, t2] and [u1,us] C [ev(u)), ev(u))], then
CXe) [tl,tﬂ erl.

3. (Primalityl) If s1 V sy 0 [t1,t2] € T', then either sj o [t1,t2] € T or s9 o [ty,ta] € T.

4. (Primality2) If 3x:0.s o [t1,t2] € I', then there is a term ¢ such that S F ¢t : ¢ and
S o [tl,tQHt/:B] erl.

5. (Primality3) L o [t1,ts] ¢ I for any ¢, to.
6. (Primality4) If ¢ is a constraint such that co [¢t1,t2] € I', then S;T" > c.
We take as worlds of our canonical model prime theories.

Definition 3.10 (Canonical model). The canonical Kripke model for BL is defined as
(W7 é’iv <s T7 D> ™5 P 0)7 where:

- W ={(S,T,K,[u1,u2]) | (S,T, K, [u1,us2]) is a prime theory}

- (S:,P,,K, [ur,ug]) <; (S, TV, K’ [uf,ub)) iff S C S, T CTI', K C K" and [uj,us] =
[ulauﬂ'

(S,T, K, [u1,us]) <s (S, TV, K', [u},ub)]) iff S C S" and for all k, s, k says so[t1,ts] € T,
k e K’ and [uf,u}] C [ev(t ) v(t)] imply s o [t1,t2] € T".

- T((57F7K7 [ulauz])) = [ulvu?}
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- D((S,T, K, [u1,ug])) = S.
- 7((S,T, K, Jur, ugl)) = {e | $;T 1> ¢}

- (t1- o t) € p((S,T, K, [ur, un)), [ul, th]) (P) iff P(t1,. .., t,) o [u), ub] € T.
- 0(S,T, K, [u1, us)) = K.

Lemma 3.11 (Canonical model is a Kripke model). The canonical model as defined above
1s a Kripke model for BL.

Proof. We verify the conditions in the definition of Kripke models (Section 3).

- <, is trivially reflexive and transitive.

- <, is reflexive: By definition of <, in the canonical model, we need to show that for
any prime theory (S,T", K, [u1,us]), (a) S C S (which is trivial), (b) [u1,uz2] C [u1, usg]
(which is also trivial and (c) k says s o [t1,t2] € T', k € K and [u1,uz] C [t1,t2] imply

koui,uz

so[ty,ta] € I'. The latter follows from (Fact-closure) because S;I" —— so[t1, to] if
k says s o [t1,ta] €T

- <, is transitive: Suppose (51,1, K1, [u1, u}]) <s (S2,T2, Ko, [ua, ub]) <5 (S3,T's, K3, [us, us]).
We want to show (51,1, Ky, ui,u]) <s (S3,T's, K3, [ug, us]). Accordingly, we must
show that (a) S; C S, and (b) k says s o [t1,te] € T, k € K3 and [ug,us] C
[ev(t1),ev(te)] imply s o [t1,t2] € I's. (a) follows because S; C Sy C S3. To prove
(b), observe that because (S1,T'1, K1, [u1,u)]) and (S2,T'a, Ko, [ug, ub]) are prime the-
ories, both K7 and Ky are non-empty. So let k1 € K; and ky € Ks. Since k says

i !
k2, uz,uy k1,u1,uy

so[ty,ta] € T'1, we have 'y ——= (k says s)Ql[ty, ta] o [ug,ub], i.e. S1;T4
ko says ((k says s)Qt1,t2]) o [ug,us]. From (Fact-closure), we get ko says ((k says
$)Q[t1,ta]) o [ug, ub] € T'y. So (k says s)Q[t1,t2] o [ug, uh] € T’y by the definition of <j.

ko, uz,ul .
Hence Sy; T el Ny » says s o [t1,ta], i.e. by (Fact-closure) k says s o [t1,t2] € T's.
Finally, because k € K3, so [t1,ts] € I's, as required.

- (K-commute) Suppose (S1,T'1, K1, [u1, u}]) <; (S2,Ta, Ko, [ug, uy]) <s (S3,T'3, K3, [us, uj]).

We need to show that (S1,T'1, K1, [u1,u}]) <s (S3,Ts, K3, [us,us]). By definition of
<, in the canonical model, we must check two conditions: (a) S; C Ss, and (b)
k says s o [t1,t2] € T'1, k € K3 and [us, us] C [t1,t2] imply s o [t1,t2] € I's. (a) follows
immediately because S; C S C S3. To prove (b), observe that k says s o [t1,ts] € Ty
implies k says s o [ti,t2] € T'g (because Iy C TI'y). Therefore, the definition of
(S2,T9, K3) <; (S3,T'3, K3) in the canonical model implies that s o [t1,t2] € I's, as
required.

- (T-mon) directly follows from the definitions of <; and 7" in the canonical model.
- (K-fresh) follows from the requirement that D(S,T", K, [uj,u2]) = S in a theory be

disjoint from the logic’s signature.
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(K-growl) D(S,T', K, [u1,u2]) = S = D(S, T, K, [u1, ug)).

(K-grow2) Suppose (S1,T'1, K1, [u1,u}]) <s (S2,T2, K9, [ug,ub]). Then, by definition

of < in the canonical model we get D(S1,T'1, K1, [u1,u}]) = S1 C So = D(S2, Ty, Ko, [ug, ub)]).

- (K-conclosure) Suppose C(IV) C #((S,T, K, [u1,uz])) and S;TV > ¢. Then by the
definition of m, S;T" > ¢ for every constrain ¢ € I". Additionally, S;T',I” > ¢ by
(C-weaken). So by (C-cut), S;I' > ¢, i.e. c € w((S,T', K, [u1,u2])), as required.

want to show that p((S, I' K, [U’lv U’Q])ﬂ [ub7 ue])(P) p((S/7 F/a Klv [u,h U,2D7 [U,Ib, u/e])(P)
Suppose (t1,...,tn) € p((S,T, K, [u1,uz]), [up, ue])(P). By definition of the canonical
model, P(ty,...,ty)o[up,ue] €T. Since ' C TV, P(ty,...,tn)o[up, uc] €T'. Let k € K.

/ /
kyuf,ug

- (K-mon) Suppose (S,T, K, [u1,u2]) <; (8,17, K, [u], u5]) and [uy, u] C [ue, ue]. We
C

In the sequent calculus, S';T” P(t1,...,ty) o [up,ul], so by (Fact-closure),
P(t1,...,tn)oluy, u,] € I, or, equivalently, (t1,...,t,) € p((S', I, K', [u}, ub)), [uy, ul])(P),
as required.

- (K-prin) and (K-time) directly follow from (Fact-closure) and (Primality4).

- (K-viewmon) Suppose k € 0(S1,T'1, K1) = K and (51,11, K1) <; (52,12, K2). We

need to show that k € 6(S2, "2, K2) = K3. However, this is trivial because K; C Ky
by definition of <; in the canonical model.

- (K-viewcl) Suppose k € ((S,T, K, [u1,u2])) = K and (k' = k) € n((S, T, K, [u1, uz])).
We need to show that £’ € K. By the definition of 7((S, T, K, [u1,u2])), S;T > k' > k.
From (Prin-closure), it follows that there is a k;,, € K such that S;T" > k > ky,. Using
(C-trans-prin), S;T' > k' = ky,. Since K = {k | S;T > k = k,}, ¥’ € K, as required.

O

Definition 3.12 (s-consistent theory). If S - s ok, we say that a (not necessarily prime)
theory (S,T', K, [u1,ug]) is (s o [t1, to])-consistent if for all k € K, S;T T s o [t1, ta].

Lemma 3.13 (Consistent extensions). Suppose (S,T', K, [u1, uz]) is (s o [t1,t2])-consistent
and (S,T') Y K. Then there is a prime theory (S*,I'*, K*) such that S C S*, I C T'*,
K C K*, and (S*,T*, K*, [u1,uz]) is (s o [t1,t2])-consistent.

Proof. Our proof follows a similar construction for hybrid propositional logic in [3], although
the construction in that paper does not consider views. Because (S,I') Y K, there is a
km € K such that K = {k | S;T > k > ky,}. We inductively construct a sequence of pairs
(S, I'n) with (Sp, ') = (5, T'), satisfying the following properties:

1. §, CSpe1and Iy, Ty

2. For each s, o [up,ul| € Ty, Syt s, ok
3. Sn,l“n 7]&) SO [tl,tg].
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Fix an enumeration E of all (possibly ill-typed) judgements of the form s’ o [up, ue] that
can be created using the symbols in the logic’s signature and those in 4. The intuitive
idea of our construction is to alternately look at formulas of the forms s; V s3 0 [uy, uc]
and Jz:0.5" o [up, ue] that can be proved from the sets constructed so far, and to complete
the primality conditions for them. We keep track of formulas we have already looked at
through two sequences of sets treatedy and treated.. We set treatedy = treated; = . To
define Sy41, Dyt1, treatedy ; and treateds ,,, we case analyze the parity of n+ 1. We also
simultaneously prove the conditions (1)—(3) for Sy,4+1 and I'y41.

Case. n + 1 is even. Let s1 V s o [up,ue] be the first judgement in the enumeration

. .. . . .. km,u1,
E with a top level disjunction that satisfies two conditions: (a) Sp;T), Rk LLE NP

89 0 [up, ue], and (b) s1 V s2 0 [up, ue] & treated,,. (If no such formula exists, set Sy+1 = Sy,

Lypi1 =Dy, treatedy ,; = treatedy, and treated, | = treated].) Now we argue that either

Sni T, 81 0 [up, ue) 7]2% s o [ty,ta] or Sp;Ty, s9 0 [up, ue 7]2% s o [t1,t2]. Suppose

km,ut,uz Km,u1,u2

on the contrary that Sy; Ty, s1 0 [up, ue] —— so [t1,t2] and Sy,; Ty, s2 0 [Up, Ue] ———
s o [ti,ta]. Then, Sp;T, 81 V s2 0 [up, ue) Emuatia o [t1,t2]. Because S,;T', LLICITLEN

.. . km,u1, .
s1 V s2 0 [up,ue], by the cut principle, we also obtain Sp;I', RGLELLE e [t1,t2], which

contradicts condition (2) for (S,,I',). Hence, either S,; Ty, s1 o [up, ue) M s o [ty,t]

or Sp; Ty, s2 0 [up, ue) M s o [t1,ta]. In the former case, set I'yp1 = I'yy, 51 0 [up, uel;
in the latter case set I',, 41 = I'yy, 82 0 [up, ue]. In both cases, set S,4+1 = Sy, treated,vlﬂ =

treatedy , s1 V sa, and treatediﬂ = treated.,.
km7u17u2

Condition (1) holds by construction. Condition (2) holds because S,;T;, ———= s1 V
$9 0 [up, ue], 80 Sy = Spy1 F s; ok. Condition (3) holds at n + 1 by construction.

Case. n+1is odd. Let 3x:0.5' o[uy, uc| be the first formula in the enumeration E with a top

. . . . . " km,u1,
level existential quantification that satisfies two conditions: (a) S,;T, —2%% Jg:0.5' o

[uy, ue], and (b) 3z:0.8" o [uy, ue] & treated;. (If no such formula exists, set S,11 = Sy,
Iypi1 = Dy, treatedy,, = treatedy, and treated.,, = treateds.) Pick a fresh constant
a € U. Set Spy1 = Sp,ai0, Ty = Dy, s’ o [up, uclla/z], treatedy,, = treated),, and
treated | = treateds, 3x:0.5" o [up, ue).

Condition (1) holds by construction. Condition (2) holds: S,41 F s'[a/z] ok because

Spt1 F a0 and S,,z:0 F s’ ok. To prove that condition (3) holds for n + 1, we rea-

k’rruul ;U2

son by contradiction. Suppose not. Then, S,11; 11 s o [t1,to] or, equivalently,

km,u1, .
Spya:o; Ty, 8" o [up, uella/] Imtt2 6o [t1,t2]. From the latter we derive S,; T, 3z:0.5" o
km,u1, . km,u1, ..
Up, Ue ImAR o t1,t2]. Since S,;I, Im 2 0.8’ o up, Ue], by the cut principle,
Yy
km u1,uz

Sp; 'y ———= s o [t1, 2], which contradicts condition (3) for n. Hence (3) must hold at
n+ 1.

This completes our inductive construction. Let S* = U;S;, I = y;I;, and K* =
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{k | S*,T" >k = kp,}. Finally, define I'* = {c | ¢ is a contraint s.t. for some uy, u., we have
uy,u2 uy,u2

S* 17 Kz, [up, ue] } U {s* o [up, ue] | S*; T Fmt iz, o o [up, ue] }-

Clearly, (S*,T*, K*, [u1,uz]) is a theory. Also, by construction, S = Sy C S* and
=Ty CT" CI* (I" CT* follows from the identity principle of the sequent calculus).
Further, K C K* because for every k, S;T' > k = k,, implies S*,T" > k > k,, by (C-
weaken).

Next, we check that (S*, T, K*, [u1, us]) is (s o [t1, t2])-consistent. Suppose for the sake

k,u1,uz

of contradiction that it is not. Then, it follows that S*; T ———= so[t1, t2] for some k € K*.
k,ui,ug

Hence, there are finite subsets S/ C S* and T/ C I'* such that S/; T/ =222 50 [ty, ta).

km7u17u2

By the view subsumption principle (Theorem 4.3 of [6]), S/; T/ =225 50 [t1,1s]. Since

m

each s* o [uy, ue] in T/ satisfies S*; T Fmy g o [up, ue], it follows by |T'/| applications of the
cut principle that S*;T” L [t1,t2]. Since S* = U;S; and IV = U;T';, there must be

m7u17u2

some n such that S,;T",, —— so [t1, 2], which contradicts condition (3) for that n. So
(S*,T*, K*, [u1,ug]) is (s o [t1, t2])-consistent.

It remains only to check that (S*,I'™*, K*, [u1,ug]) is prime. To do that we check the
conditions in the definition of a prime theory.

- (Prin-closure) By definition, K* = {k | S*,T" > k = ky,}. Hence (S*,I") Y K*, i.e
(S*,I'*) Y K* by (C-constr).

k7 /’ !
- (Fact-closure) Suppose k € K*, S*;I'* L NS [up, ue] and [ev(uq), ev(uQ)] C
k7 /7 4
[}, uh). We need to show that s o [uy,ue] € T*. Since S*:T* —L2 ¢ o [uy, uel,
k? l7 :
there are finite subsets S C §* and I'Y C I'* such that Sf;I‘f Y1tz s o [up, Ue).

By (C-ground-time), S7;T > w} < u; and S¥;T/ > uy < uf. So by the view

m,UL,U2

subsumption principle, S¥;Tf i s' o [up,ue]. Since each s* o [up,ue] in T

km,u1, s ..
satisfies §*; [V —"™2, g* o [uy, ue], it follows by |I'f| applications of the cut principle

km? ) oy
that S*; T/ =02 ' 6 [uy, ue]. By definition of T*, s’ o [uy, ue] € I'™*.

. . km,u1,
- (Primalityl) Suppose s; V s20[up, ue] € ['*. Therefore, §*; T 2022 o1/ s90([uy, ).

. km,ut,
Hence, there is some n such that S,,; Ty, —2"25 g1V s90 [up, ue]. If 51V sg0[up, ue] €

treated) , then by construction either s;o[up, ue| or s20[up, ue] must be in T';, (whenever
we add s; V s2 0 [up, ue| to treated), we also add either sy o [up, ue] or sg o [up, u]
to I';). Hence, either s; o [up, ue] or sa o [up, ue] must be in I'*, which is a superset
of each T'y,. If s1 V s9 0 [up, ue| & treated,,, let s1 V s2 o [up, ue] have index k in the
enumeration E. Then, in at most 2k further steps we would consider s1 V sg o [up, U]
as a candidate and add either s o [uy, u,] or s2 o [up, ue] to IV,

kmyulyu2

- (Primality2) Suppose 3x:0.8 o[up, ue] € I'*. Therefore, S*;T" ———= Jz:0.5 0 [up, ue].

. kmu,
Hence, there is some n such that S,; T, =222 Jp:0.8 0 [y, we]. If z:0.8" 0 [up, ue] €

treated;, then by construction there must be a constant a such that a:oc € S, and
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s" o [up, ue][a/x] € Ty, (whenever we add Jz:0.5" o [up, ue] to treated;, we also add a
fresh a:o to S; and s o [up, ue|[a/x] to T';). This immediately implies the primality
condition because I'* D T',,. If 3x:0.5" o [up, ue] & treateds, let Ix:0.5" o [up, ue] have
index k in the enumeration E. Then, in at most 2k further steps we would consider

Az:0.5" o [up, ue] as a candidate and add a:o to S and s’ o [up, uel[a/x] to TV.

- (Primality3) Suppose for the sake of contradiction that L o [up,ue] € I'*. Then,

km7u17u2

S*, T ——5 so[ty, ta], which contradicts the previously derived fact that (S, T*, K*, [u1, ug])
is (s o [t1, ta])-consistent. Hence L o [up, ue] & I'*.

- (Primality4) Suppose c is a constraint such that co[uy, u.] € I'*. Then by the definition
of T*, c € T'*, so S*;T* 1> ¢ by (c-hyp).

O]

Lemma 3.14 (Satisfaction). For any judgement of the form solt1,t2] and any prime theory
(S, T, K, [u1,us]), it is the case that (S,T', K, [u1,us]) |E s o [t1,t2] in the canonical model if
and only if so[t1,ta] €T

Proof. By induction on s and case analysis of its top-level constructor. Most cases can be
treated similarly as in the proof of the corresponding lemma for BL, Lemma 2.13. We show
two cases, the first of which does not exist in the proof of Lemma 2.13, and the second of
which needs some non-trivial modification.

Case. s = §'Q[up, ue].
Suppose s'@Q[up, ue] o [t1,t2] € T'. We need to prove that (S, T, K, [u1,uz]) = §'QJuyp, ue] o

kyu1,u2

[t1,t2]. S;T ——= &' o [up, ue| for any k € K. So by (Fact-closure) s’ o [up,u] € T'. So
by i.h., (S, K, [u1,us]) = & o [up, ue], i.e. (S,T, K, [ur,us]) E s'Qup, ue] o [t1,t2] by the
definition of |=, as required.

Conversely suppose (S,T, K, [u1,us]) E s'Q[up, ue] o [t1,t2]. We need to prove that
§'@Q[up, ue] o [t1,t2] € T. By the definition of |, (S,T, K, [u1,us]) = s o [up, ue]. By ih.,

k,u,uz

s o fup,ue] € T. Now S;T° —= §'Q[up, ue| o [t1,ts] for any k € K. So by (Fact-closure)
§'@[up, ue) o [t1,t2] € T, as required.
Case. s = k says s'.
Suppose k says s’ o [t1,t2] € T. We want to show that (S,T', K, [u1,u2]) = k says
s’ o[t1,ta]. Following the definition of |=, pick any [uf,u5] C [t1,te], (S1,T1, K1, [u}, ub]) and
(S2,Ty, Ko, [ulll, ug]) such that (S, T, K, [u1, us]) <; (S1,T'1, K71, [u’l, UIQ]) <s (52,9, Ko, [u/1/7 ug])
and k € 6(S2,Tg, Ko, [uf,us2]”) = Ks. It suffices to prove that (So,Ta, Ko, [uf,u)]) |E
s'olty,te]. Since I' C T'y, k says s’ o [t1, 2] € I';. By definition of <j in the canonical model,
we obtain s o [t1, t3] € I'y. By i.h., (S2, T, Ko, [uf,u}]) E & o [t1,t2], as required.
Conversely, suppose that (S, T, K, [u1,uz]) E k says s’ o [t1,t2]. We want to show that
k says s o [t1,t2] € T. Assume for the sake of contradiction that k says s’ o [t1,ta] & T.

Pick any k' € K. By (Fact-closure), S;T 7]2&32—) k says s’ o [t1,t2]. So by properties
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of the sequent calculus, S;T| m s' o [t1,t2].> Define Ko = {k' | S;T > k' = k}.
Then (S,T|, Ko, [t1,t2]) is (s’ o [t1, t2])-consistent. By Lemma 3.13, there is an (s’ o [t1, t2])-
consistent prime theory (S*,T'*, K*, [t1,t2]) such that S C §* T'| C T, Ky C K*. Because

k says s’ o [t1,t2] € T, k says ' o [t1,t2] € T'|. Hence, k says s’ o [t1,t2] € T'*. Therefore,

S* T* LU NGV [t1,t2]. By (Fact-closure) and the fact that k € Ko C K*, s’ o [t1,t2] € T*,

which contradicts the (s’ o [t1, t2])-consistency of (S*,T*, K*,[t1,t2]). Hence, we must have
k says ' o [t1,t2] € T. O

Lemma 3.15 (Completeness for closed formulas). Let C be the canonical Kripke model. If

Cl= (- Lhta, o [u1,us]), then -;- Lhte so [u1, ug].

.. Lity, bit1,
Proof. Suppose for the sake of contradiction that C = (-; - bhta, so[uy, ug]), but -; - 7% 50

[ur,u2]. Define K = {k | -;- > k = £}. Observe that because ;- M soluy, ug), the theory

(-, K, [t1,t2]) is (s o [ug,ug])-consistent. Hence, by Lemma 3.13, there is a prime theory
(S*, T, K*, [t1,t2]) that is (s o [u1, ug])-consistent. It follows from (s o [u1, ug])-consistency
of (8*, T, K*,[t1,t2]) that so[uy, us] ¢ I'*. Hence, from Lemma 3.14, (S*, T, K*, [t1, t2]) &

s o [ug,uz]. This contradicts the assumption C = (-;- Ll o [ur, us]). O
Definition 3.16. For a judgment .J we define J by
7o S@[U1,UQ] ifJ:SO[U1,UQ]
| (k says $)@Q[u1,ug] if J =k claims s o [uy, us]

Theorem 3.17 (Completeness). Let C be the canonical Kripke model. If C = (X;T LGN

so[uy,usl), then ;T LT N [ug, uz].

Proof. Suppose C |= (£;T LIGECNJ [u1, u2]). We first argue that C = (-;- Luvte, ys). & says
(AT D (sQ[uy,uz])) o [t1,2]). To prove this we follow the definition of =. This proof does
not use any property specific to canonical models, and will work for any Kripke model C.
We pick any world w; in the model. It suffices to prove that w; = V. k says (AT D
(sQ[uy,us])) o [t1,t2]. Pick any wy such that w; <; wy and any substitution p such that
Y < 12 (C,wo). Tt suffices to show that wy = kpu says (AT D (sp@[uy g, ugp])) o [t1p, tap].
Pick worlds ws, w4 such that we <; wg <g w4, kp € 6(wy) and wy is a [t], th]-world for some
[th,th] C [ev(ti), ev(tap)]. Tt suffices to prove that wy = AT D (spu@[ug i, ugp]) o[t p, tap).

Pick ws with wy <; ws such that ws = Tp. It suffices to prove that ws = sp o [ugp, ugpl.

Applying the definition of = on sequents to the assumption C = (X; T LIRS [u1,u2)),

we obtain ws | spo[uyp, uap] under the assumptions that ¥ < p : (C, ws), that ky € 0(ws),
that ws = I'p and that ws is a [u), ub]-world for some [u],ub] C [ev(tip),ev(tap)]. So it
is enough to check these four assumptions. ¥ < p : (C,ws) follows from the assumption
Y < p: (C,wz) and the fact that D(wy) C D(ws) (because we <; wsy <s wgq <; ws).

3T is defined here as {(k1 says s1 0 [up, ue]) | (k1 says s1 o [up, ue]) € T'}.
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kp € O(ws) follows from (K-viewmon) because ku € 6(ws) and wy <; ws. ws = I'p holds
by assumption. Finally, ws is a [t], t5]-world (since wy is a [t], th]-world and w4 <; ws) and
[t1, t5] C [ev(tip), ev(tap)].

Hence, C |= (- 2% vS. k says (AT O (s@[uy,ua])) o [t1,t2]). By Lemma 3.15,

evubvue

- 222 VS kosays (AT D (sQ@Q[ug, ug])) o [t1, ta]. Using properties of the sequent calculus,
this implies that ;T iz N [u1,uz], as required. O
Theorem 3.18 (Soundness and completeness). ;T LN sQ[uy, ug] if and only if K =
;T ktrta, sQ[uy, ug]) for every Kripke model K.

Proof. Immediate from Theorems 3.6 and 3.17. O
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