LI-YAU HARNACK ESTIMATES FOR A HEAT-TYPE
EQUATION UNDER THE GEOMETRIC FLOW

YI LI AND XIAORUI ZHU

ABSTRACT. In this paper, we consider the gradient estimates for a postive
solution of the nonlinear parabolic equation d;u = Atu—+huP on a Riemannian
manifold whose metrics evolve under the geometric flow 9:g(t) = —284(t)- To
obtain these estimate, we introduce a quantity S along the flow which measures
whether the tensor S;; satisfies the second contracted Bianchi identity. Under
conditions on Ricy(4),S4(¢), and S, we obtain the gradient estimates.

1. INTRODUCTION

We are continuous to consider the gradient estimates for nonlinear partial dif-
ferential equations after our previous works [6, 11, 12]. Let (M, g(t))icfo,r] be a
complete solution to the geomtric flow

on a complete and noncompact n-dimensional manifold M and consider a positive
function u = u(x,t) defined on M X [0,T] solving the equation

(1.2) 0w = Ayu + huP, ¢ € 10,7,

where A, stands for the Laplacian of ¢(t), h is a function defined on M x [0, 7]
which is C? in z and C! in ¢, and p is a positive constant. When metrics are
fixed, the study on the gradient estimates of (1.2) arose from [4]. If h = 0, Sun
[9] derived the gradient estimates and the Harnack inequalities for the positive
solutions of the linear parabolic equation d,u = A;u under the geometric flow.
In this paper, we consider the general case for the nonlinear parabolic equation.
Notice that the A; depends on the parameter ¢, and we should study the equation
(1.2) coupled with the geometric flow (1.1). The formula (1.1) provides us with
additional information about the coefficients of the operator A; appearing in (1.2)
but is itself fully independent of (1.2).

We introduce notions used throughout this paper. Let B, r = {(z,t) € M x
[0, T] = dist g (@, 20) < p}, where disty) (2, 70) denotes the distance between x to
a fixed point o with respect to g(t). Vg and |- |4 stand for the Levi-Civita
connection and norm with respect to g(t) respectively. Set

, 1
8,y(t) = dive)Se) = 5 Vo) (Woit) o)
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Locally, one has
) 1
8,=Visi; — 5V (trgn)Sger)) -

For example, if S;; = R;j, that is, (1.1) is the Ricci flow, we arrive at
. 1 1 1
8; =V Rij = 5ViRyw) = 5ViRyw) — 5Villy) =0

by the second contracted Bianchi identity. Thus, the quantity S,y measures
whether S;; satisfies the second contracted Bianchi identity.

Theorem 1.1. Suppose that (M, g(t))+c(o,] is a solution to the geometric flow (1.1)
on M with —K1g(t) < Sguy) < Kag(t), —K3g(t) < Ricgy) — Sy < Ksg(t), and
‘ﬁg(t)|g(t) < K4 for some K1,Ks, K3, Ky > 0 on Bagrr, with K := max{K;, Ks}.
Let h(z,t) be a function defined on M x [0,T] which is C? in x and C' in t,
satisfying Dgyh > =0 and |V g)hlgqw) < v on Bagp x [0,T] for some nonnegative
constants 0 and . If u(x,t) is a positive smooth solution of (1.2) on M x [0,T],
then

(i) for 0 < p < 1, we have

IVgyul? h 1 C 1—
M—F up—l_,& < 71+L2P>M1M2+n[
p pu pt D

Cy ( 1 VK + K3

3K+ 2(Ks + Ky)p)
2p*(1 —p)

1 (L VEFEK o n
(1.3) H AV +p(lp))

3/2 Ny
n — n/Ky n Ky
<p> p p?V 2n
where Cy is a positive constant depending only on n and

My := max h_, My:= max v”’~', h_ :=max(—h,0).
Bagr,T Bagr,T

(ii) for p > 1, we have

\Y ul? 1 2 2(p—1 3
| 20k o) | hper 1w _ EC | nk 0 =1y B g,
U P pt pt P k—p
k202 1 AV K1 + Kg — kQ’I’L
1.4 — = K4+
(1.4) s (R2+ TR T
2k3n D k2\/ny
+ G—p)p? {Kl + E(K3+K4)] + — My

kn\ /2 2o (— [K
+ <n> 9M4+2n<K+ 4>,
p P 2n

where k > p, Ca is a positive constant depending only on n and

Ms := max h_, M,y := max u’~', M;:= max h.
Bar, T Bar, T Bar, T

As an immediate consequence of the above theorem we have
Theorem 1.2. Suppose that (M,g(t))icjo,r) s a solution to the geometric flow

(1.1) on M. Let h(x,t) be a function defined on M x [0,T) which is C*in x and
Chint.
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(i) For 0 < p < 1, assume that h > 0, |Vyp)hlgwy < v, Dgmyh > 0 along
the geometric flow with —K1g(t) < Sy < Kag(t), —Ksg(t) < Ricgyy — Sy <
K39(t), [Sgw)lary < Ka for some positive constants vy, K1, K2, K3, K4 with K =
max{ Ky, K>}, along the geometric flow. If u is a smooth positive function satisfying
the nonlinear parabolic equation (1.2), then

|Vg(t)u|§(t) N ﬁu”’l 1wy < (& n Cy Ci— 2n K
u? p pu — p*t p*(l-p)  p? p*(1—p)
n/K1 n K4 TL(KS + K4)
1.5 +¥ M+ =y o=+ ==
(1:9) p p?V 2n p(1 —p)

for some positive constant Cy depending only on n, where M := maxy[o,1] uP~ L,

(ii) For p = 1, assume that —K1g(t) < Sy < Kag(t), —Ksg(t) < Ricgy) —
%(t) < Ksg(t), |§g(t)|g(t) < Ky for some positive constants K1, Ko, K3, K4 with
K := max{Ki, Ks}, h > 0, Ayyh > —0 (0 is nonnegative), and |V yyhlga) < v
(v is nonnegative), along the geometric flow. If u is a smooth positive function
satisfying the nonlinear parabolic equation (1.2), then

U C! _

h—;t < 72+02 <1+K1+K2+K3+K4+K+7+\/5>
for some positive constant Cy depending only on n.

(iii) For p > 1, assume that —K1g(t) < Sgu) < Kag(t), —K3g(t) < Ricyy) —
ig(t) < K39(t), Sy lgry < Ka for some positive constants v, K1, K2, K3, Ky with
K = max{Ki, Ka2}. Agph > =0, [Vynyhlge < v, and —k1 < h < ky, where
0,7, k1, ko > 0, along the geometric flow. If u is a bounded smooth positive function
satisfying the nonlinear parabolic equation (1.2), then

o X 9 3 2 .
Nowtlyw \ hops 1w (k> 03+<k) k 03+<k) 03<K+
p pu p/t B/ k-p 4

k [ Ky
— (K1 + K3+ K —
+k_p( 1+ K3+ Ky) + 2n)

(1.7) + (];>2n(p— ks M + :

IVgyul?
(1.6) 79(22 9 |

k°n

k1M
k—p !

kz k 3/2
VR (”) VoM,
p p
Jor some positive constant C3 depending only on n, where M := maxysx 0,7 uP~1
and k > p. In particular, taking k = 2p, we get
2

|V9<t>;‘|g<t> LR _lu G

U D DU t
(1.8) + Cup? [(/ﬁ k)M 4+ M + \/GM] ,

+C5 (1+ K+ Ky + K3 + Ky + K)

for some positive constant Cy depending only on n.
Another type of Harnack inequality is the following

Theorem 1.3. Suppose that (M, g(t))+c(o,] is a solution to the geometric flow (1.1)
on M, satisfying —K1g(t) < Sgu) < Kag(t), —Ksg(t) < Iﬁcg(t) — Sy < Kzg(t),
\Vg(t)ﬁg(t)|g(t) < Ky, for some Ky, Ko, K3, K4 > 0, with K := max{K;, Ks}. Let
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h(x,t) be a nonnegative function defined on M x [0,T] which is C? in x and C* in
2

t, Agayh+hy —QC’n’pp% >0 on M x[0,T] (where Cpp = 225 if p>1 and

Cpnp=nifp<1),and0<p< 522 (n>3). If u is a positive solution of (1.2),

2n—1
then
|Vg(t)u|?](t) h 2u C 88—  8n 2n
MR I ORI ol B D S il T P '
u? +pu pu p2t+p2 +p2 p2—p) "
4n 1
(1.9) + ——— (K1 + K3 + K4) + —/8nKy,
p(2—p) P

for some positive constant C' depending only on n.
This theorem has three important consequences.

Corollary 1.4. Suppose that (M, g(t))icpo,r) s a solution to the geometric flow
(1.1) on M, satisfying 0 < Sy < Kag(t), —Kz < Ricgyy — Sy < Kzg(t),
IVoySywlgty < Ka, for some positive constants Ko, K3, Ky. Let h(z,t) be a
nonnegative function defined on M x [0, T] which is C? in x and C' in t, Agiyh +

2
he — 2Cn7pp% >0 on M x[0,T] (where Cp,p = L= ifp>1and Cpp=n

p—1
ifp<l),and0<p< 23ﬁ1 (n>3). If u is a positive solution of (1.2), then
IVowyulzey 2u, _ C 8n 4n 1
1.10) ——20 4 Zypt 2t o K K3+ Ky)+—+/8nky
(110) u? p pt —pt p* 7 p(2 —p)( : p?

for some positive constant C depending only on n.

Corollary 1.5. Suppose that (M, g(t))icpo,r) 95 a solution to the geometric flow
(1.1) on M, satisfying —K1g(t) < Sgu) < Kag(t), —K3g(t) < Ricgy) — Sy <
K39@), [VgySymlgry < Ka, for some K1, Kz, K3, K4 > 0, with K := max{K1, Ko}.
Let h(z,t) be a nonnegative function defined on M x [0, T| which is C? in x and C*
int, Agiyh + he — QCn,pp% >0 on M x[0,T] (where Cy, p, = p’%l ifp>1
and Cpp=nif p<1), and 0 <p < 23’_11 (n > 3). If u is a positive solution of
(1.2), then

-C/p :
u(wa,t2) (tz) 1 ) / 2
= T exp | — 7= min t dt —2n(ty —t
u(zy,t)  — \h P 2p veO(z1,t1,22,t2) Jy, )y (t2 — 1)

1— 2 [ 2 1 1
(1.11) SR+ Ky 4+ —— (K1 + K3 + Ky) + —\/2nK;,
p p\p2-p 2—-p p

for some positive constant C' depending only on n, where (x1,t1), (x2,t2) € M X
[0, T with t; < to.

When K; = 0, we have the following

Corollary 1.6. Suppose that (M, g(t))iefo,r) i a solution to the geometric flow
(1.1) on M, satisfying 0 < Sy < Kag(t), —Ksg(t) < Ricgny — Sy < Kag(t),
\Vg(t)ﬁg(t)|g(t) < Ky, for some Ko, K3,K4 > 0. Let h(x,t) be a nonnegative
function defined on M x [0,T] which is C? in x and C' in t, Agyh + hy —

h2
QCn’ppw > 0 on M x [0,T] (where Cpp = S5 if p > 1 and Cpyp = n
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ifp<1), and 0 < p < 32% (n>3). Ifu is a positive solution of (1.2), then

—-C/p t
u(@s, t2) <t2> 1 . / N
TN > ex _ — min t dt
u(zy,t) T\t P 7 ) sco@itmats) t F®lg)

K K3+ K. 2nK.
~ on(ta—t1) <2+ st Ky, VK, 4)1
D 2—p D

for some positive constant C depending only on n, where (x1,t1), (x2,t2) € M X
[O,T] with t1 < to.

2. AUXILIARY LEMMAS
Suppose u is a positive solution of (1.1), and as in [4], we introduce a function
(2.1) W=u1,

where ¢ is a positive constant to be determined later. For convenience, we always
omit time variable t and write Q; for the partial derivative of Q relative to ¢t. For
example, throughout this paper, A, V,|-| mean the correspondence quantities with
respect to g(t). Write

O:=A-— 3t.
A simple computation shows that
VW = —qu 9 'Vu, |[VW]? = ¢u21?|Vul?,
W, = —qu T lu, AW = qlg+ Du 9 %Vul® — qu 7t Au.
The relation (2.1) yields (see [4, 6])
. VW B Wy
(2.2) IVul” = e =~ gy
and hence
g+1|VIW|? 1412
2.3 aow =-—-— AW "a .
(2.3) . w4

Since |VW|[2/W? = ¢?|Vu|?/u? and hWW(~P)/4 = hyP~1 we consider again the
same quantities as in [4, 6],

[Viw|?

(2.4) Fy o= e +ahW=P/e = | VInW|? + ahW-P)/a,
W,

(25) B = Wt = 9,InW,

(26) F = Fo—‘r‘ﬁFl.

Here o, 8 are two positive constants to be fixed later.
Introduce a 1-form S, defined by
. 1
(2.7) S,y = dive)Sew) = 5 Vo) (gt So))

Locally, one has

. 1
S, =V'S;; — §vi (trg(t)Sg(t)) ‘
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For example, if S;; = R;;, that is, (1.1) is the Ricci flow, we arrive at
j 1 1 1
§i == V RZ] - §V1Rg(t) = §szg(t) - §v1Rg(t) = O

by the second contracted Bianchi identity. Thus, the quantity S, measures
whether S;; satisfies the second contracted Bianchi identity.

A analogous quantity like (2.7) also naturally appears in the general relativity,
see, for example, Proposition 13.3 in [8].

Lemma 2.1. Suppose that (M, g(t))ic(o,r) is a complete solution to the geometric
flow (1.1) on M. If u is a positive solution of (1.2), then
2 -p
OFR = a<VF1, VInW) + (1 — p)hW o % + gh,w—P)/a

2(S,V2W
(2.8) +2<1+;> S(Van,Van)f2<§,v1nw>f%.

Here div and tr are respectively divergence operator and trace operator of g(t).
Proof. As in [6], we have

AW, =Wy, 2AVW,VIV,)  W(AW —W,)  2|VW[*W,
(29)  OF = = = S - 7 +

Since g(t) evolves under the geometric flow (1.1), it follows that

(AW), = 9, (¢"ViV;W) = (0ug7) ViV, W + g7 9, (0:0,W —T,0,W)
= 25;VVIW + A(W,) — g7 0, WO,
= A(Wy) +2(S,V*W)+2(S,VW)

using the fact that g0,y = —2VIS;* + VF(tr(S)) = —25%. The term AW, —
Wi = (AW = Wy), — 2(S, V2W) — 2(S, VW) can be simplified as [6] into

1\ (VW, VIV;) 1\ [VW[2W, Lplor
AW, — S Y G ARSI Y P e AL a
Wi — Wy <+q> W (+q) W2 + qhW
1\ 25(VW, VW)
14— ) 220 98 VYW
()P AR

+h(g+1—p)W W, —2(8,V2W).

Plugging it into (2.9) yields

2 (VW,VW,) 2 |VW|*W, i 1y
OF = PR VR TE + (1 =phW e = Wy + qhy W4
(s 1\ 2S(VW, VW)  2(S, VW) 2(S,VIW)
w w W
The desired equation (2.8) immediately follows. O

Similarly, we can find the evolution equation of (2.5).
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Lemma 2.2. Suppose that (M, g(t))icjo,r] is a complete solution to the geometric
flow (1.1) on M. If u is a positive solution of (1.2), then

V2w |2
W

1 2
OFy > 2(1—¢) +2(1—) |Van|4+*<VF0,V1nW>
€

(210)  — ZPWE (VW Vh) + oW (AR~ hy) + (RIC_SV)SW’VW)
q

+(1-p) <2 - p) W IV In W2 + a(1 — p)R2W T
q?

where € € (0,1] is any given constant.
Proof. Recall from [6] that AFy satisfies
2|V2W |2 . VW, AVIV) 8<V2W, VW e VW) 2]VW |2 AW

Afy =~ we w3 e
6|V - 1-— -
211) + %4' + aW T AR+ 2a (qp> W TN YW, VA)

1— 1-— 2 1-— -
+a <p> (p ) hW WVZ' ta (p> W TLAW.
q q w q

On the other hand, the time derivative of Fy equals

2AVW,VW,)  2]VW|W, -
o = % W2 22 WL -+ ah W
1-p\, iey . 25(VIW,VIV)
(2.12) +a (q) W

From (2.11), (2.12) and the Ricci identity AV, W = V;AW + R;;V/W, we have

AVIW, V(AW —Wy))  2[VW P (AW — W)
w2 a w3
2AVEW2  §(VEW,VW @ VW)  6/VIW|*
\Twr o e T yn

OF =

+aW @ (AR — ht)—l—a(l
q

) AV T AW — W)

2(Ric — S)(VW, VW)
W2

1-— 1-p
(2.13) + 20 (qp) WYY, Vh) +

1-p\(l-p P|VW|2
+a< q >< q >hW w2 -

The following argument is the same as Lemma 2.2 in [6]. g

Combing Lemma 2.1 with Lemma 2.2, we get

Proposition 2.3. Suppose that (M, g(t))e[o,r] is a complete solution to the geo-
metric flow (1.1) on M. If u is a positive solution of (1.2), Define

2
W=u1 F= |VW|

+ah W +B—
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Then for all € € (0, 1] we have

2 2
OF > 2(1—e) VWW +2<1—1) |V1nW|4+2<VF,V1nW>
+26(1 1>S(V1nWV1nW)qW (VIn W, Vh)
(2.14) —|—(1—p)<2—q>hW SIVInW)2 + W e [aAh + h(gB — a)]

2(1—p) —Pp t V2
1—p)h2W ™ 1—p)hW =t o ~
a(1 - p)h + 8l pav ' - 25 (5,500

+2(Ric— 8) (VIn W, VInW) — 28 (S, VIn W)

3. TWO SPECIAL CASES

As in [6], we consider two special cases. The first special case of (2.14) is to
choose

(3.1) 8=

Then ¢f — o = 0 so that (2.14) becomes

2 2
1 2a(1
OF > 2(1—e) VWW +2(1—) |Van|4+a(q2+q)S(Van,V1nW)
2
+ 2R VI W) — 2P (v W, V)
q q
(3.2) +(1-p) (Q—Ogj)hWIqPWInWP—S—anquh
q
wen ol —p), 1 We 20 VW
RPW™ e 4 ——hW e — - — (S
+a(l-p) = W g < o7

2
2(Ric — §)(VIn W, VIn W) — ?a (S, VInW).
Recall the inequality in [6] (cf. (3.4))

2
_2£ S,VW 22 | |2
q w  4bg

for any positive real numbers a,b satisfying a + b = £, with the equality if S =
20V2W/W. Using the inequality |[V2W|? > (AW)?/n, we conclude from (3.2) and

V2
w

ax
q

(3.3) 2 ' =




HARNACK ESTIMATES 9

(3.3) that
2
UurF > 2<aa€> — +2(11) |V1nW\4+g<VF,V1nW>
q w € q
20(1 2
+ 0‘(q2+)3(v1nw Vin W) - =W (VW vh)
(3.4) +aW T Ah+(1-p) <2 - O‘p> KW |V In W2
q?
- 1 ) JWt (0%
|-z e =), LAY
a(1 - p) + S - s

2
2(Ric — S)(VIn W, VIn W) — §|§||V1nW|.

By (2.3), we get

AW _ g+ 1| VW2 I+q 9
L ghWw —F Vin Wi
W g W2 + W Pt T Vin W]
Because of the assumption o = kq?/p, we arrive at
AW 1+q—p/k 9
3.5 - Lp —— | |VInW
(35) = (PR

Substituting (3.5) into (3.4), we obtain

Lemma 3.1. Suppose that (M, g(t))icjo,r) is a complete solution to the geometric
flow (1.1) on M. If u is a positive solution of (1.2), then

OF > q(VFVan> n(“kq e>F2 (1—phW " F

p k*q®
BN T
+ 2D g5 W, VW) — 20k T (VI W, TR
kq

W AR+ (1= p)(1 — k)RW " [V In W2
p

. 2kq
2(RlC*S)(V1HW,V1nW)*7|§||VIHW‘,

where € is a positive real number satisfying € € (0,1], p,q,k,a,b are positive real
numbers such that a + b= p/kq, and

W=u"1 F=

(3.6) =2 a=L
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n (2.14). Then the inequality (2.14) becomes

V2w | 1 L2
OF > 2(1—c¢) +2(1—=||VInW|*+ —(VF,VIn W)
w € q
4(1 1-p
+ (;@S(vm W,VInW) 4 (1 —p)hW 7 |VIn W |?
2 1-p 1 1-p)
(3.7) + %WT (Ah+ hy) + ¢ (p ) R2W T oqW T (V In W, Vi)

1 1 W, \velis
aql=—1)mw =t - g
- q(ﬁ ) woop < w >
2(Ric—S)(V1nWV1nW)—$<S ,VInW).

For any positive real numbers a,b with a + b = ¢/2a = p/2q, we have (cf. [6])
V2

2 2
_da g VIV dag
w p w ~p w
Together (3.7), (3.8) with [V2W|? > (AW)?/n implies

2 (2aq
oF > —|—-— —_—
- n( p 6) w

N 4(1+ q)

q
|SI2.

Cbp

(3.8) 2 ‘

1
+2<1—>|VInW|4+2<VF,VInW>
€ q
S(Van,Van)+(1—p)hW1?Tp|V1nW|2*bi|5|2
1 = W,
+2(-—1)h
q(p )W w

4
— 2qW (VI W, V) + 2 (Ric — §) (VIn W, VIn W) — ;q (S, VInW).

1 2
(3.9) +pW “(Ah+ hy) + ¢ (p )h

Substituting the identity (by (2.3))

AW 14+q—p/2 )
=2 _Pp hW — = ) | VInW 2
W 2q * ( q Vin Wl

into (3.9) yields

1 (2aq 2 2 2
n q? ng®> \ p 2

) (0

+ g<VF,v1nW> + @S(vmw Vin W)+ 2 W *(Ah+ hy)

2(1-p 2 1-p
+ L (2‘“1 e> n2w T 4 { (aq - e> +(1 —p)} hW T
2n n p

2 (2
+<‘“16> <1+q,8) VI W2 — 2qW 7 (VIn W, Vh)
n\p 2

—% (S, VInW) +2(Ric — S) (VInW,VInW).

+ VInW|* — |S|2
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The term 2qWFTp (VInW, Vh) is bounded from above by (where we assume that
h is nonnegative)

1-p 2 1-p h2
nhW " [V In W2 + %WT Wh'

for any given 1 > 0. Therefore

1 /2 2 2 (2
OoF > — (2% _\Pp2, P (209 @+q—2)ﬂvmWW
2n \ p q? ng* \ p 2

2 (2 14+q—p/2\> 1
+ [ (“q —e> (“’p/> +2(1_> Vinw |t — Lig)?
n\ p q € bp
2 4(1
£ (VE VW) + (;")S(vmw,vmW)
2 —p h2
(3.10) v Lyt (Ah+ht—p|v|>
P n h
2 —p —-p
+ L <2aq —e> R2w T 4 {p <2aq —e) +(1 —p)} WV F
2n \ p n\p
2 (2aq p 1-p 9
S ) (14q=2) = i T [V Inw|
n\ p 2

+
[N}

4
Ric — §) (VIn W, VIn W) — ;q<§,V111W>.

By choosing the same conditions on positive real numbers p, q,a,b, € as in [6],
Lemma 3.2, we obtain

Lemma 3.2. Suppose that (M, g(t))icjo,r] is a complete solution to the geometric
flow (1.1) on an n-dimensional manifold M. Let h(z,t) be a nonnegative function
h 2
defined on M x [0, T] which is C? inx and C* int, and Agyh+hy— %% >0
on M x [0,T) for some p,n > 0. Let p,q,a,b, e be positive real numbers satisfying

(i) q is a priori given positive real number;
i) 0<e<l;
)
)

(iv either0<e§2aq%fp_l)and1<p<l+m% (then we choose 0 < n <

%), or0<p<1 and%76>0 (then we Ch00560<7]S%(2;¥*6)).

If w is a positive solution of (1.2), F(xo,to) > 0 for some point (xo,to) € M X
[0,T], where
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then at the point (xo,ty) we have

1 (2aq P’ o, 20 (2aq p 2
OoF > — (24 _JPp2 2P (29 (1 PYpvmw
- 2n<p 6) q? +nq2 D ¢ (+q 2) Vin Wi

2 /2 1+q—p/2\° 1
22 ) () (o )] V- L5
n D q € bp

2 41
+Z(VEVIW) + %S(vmmvmm

(3.11) +

g,

+ 2(Ric— 8) (VIn W, VIn W) S, VInW).

4. GRADIENT ESTIMATES AND SOME RELATIVE RESULTS

In this section, we will use previous lemmas to get the gradient estimates for the
positive solution of the equation (1.2) under the geometric flow.

Theorem 4.1. Suppose that (M, g(t))+c(o,] is a solution to the geometric flow (1.1)
on M with —K1g(t) < Sguy) < Kag(t), —K3g(t) < Ricgy) — Sy < Ksg(t), and
‘ﬁg(t)|g(t) < K4 for some K1,Ks, K3, Ky > 0 on Bagr, with K := max{K;, Ks}.
Let h(x,t) be a function defined on M x[0,T)] which is C% in x and C* int, satisfying
Ayh > —8 and |Vih|y <y on Bagr % [0,T] for some nonnegative constants 6 and
v. If u(z,t) is a positive smooth solution of (1.2) on M x [0,T], then

(i) for 0 < p < 1, we have

Vywyul? 1 1— K, +2(Ks+ K
| g(t)2 |g(t)+ﬁup_1_7% < %+n( 217)]\411\42_~_n[i3 1+2( 3 + K4)p
u P pu p3t 2p2(1 —p)

1 VK +K; —
(4.1) Ll YK g, n
p? \ R? R p(1—p)
3/2 TR %
n Vv n 1 n 4
- VOMy + YL 22
* (p> 2t p 2+p2 2n’

where Cy is a positive constant depending only on n and

M, := max h_, My:= max v”~', h_ :=max(—h,0).
Bar,T Baor,T

(ii) for p > 1, we have

Vyyul? h 1 k2 K2(p—1 k3
| 20k o) | hper 1w _ Co R0 1) g B,
u D pt Pt D k—p
k202 1 VvVKi+ K3 — k%n
4.2 S Sl S e Yy " R L
4.2) i (R?+ I
2k3n D k2 /ny
2 K+ YK+ K M.
+(kfp)p2{ 1+k( 3+ 4)}-1- 4

kn\ /2 2o (. [K
+ (= oMy + 0 [ K44/ 52 ),
p p? 2n

where k > p, Cs is a positive constant depending only on n and

Ms = max h_, M, := max u?~, M;:= max h.
Bar,T Bar,T Bar,T
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Proof. The proof is along the outline in [1, 4, 5] and is identically as it in [6]. For
completeness, we give a proof here. Firstly, we introduce a cut-off function (see
[3, 1,5, 6, 7, 10]) on B, 7 := {(z,t) € M x [0,T] : disty(x,20) < p}, where
disty(¢)(w, 20) stands for the distance between x and x with respect to the metric
g(t), which satisfies a basic analytical result stated in the following lemma.

Lemma 4.2. Given 7 € (0,T), there exists a smooth function ¥ : [0,00) x [0,T] —
R satisfying the following requirements:

(1) The support of W(r,t) is a subset of [0,p] x [0,T], 0 < ¥(r,t) < 1 in
[0, p] x [0,T], and ¥(r,t) =1 holds in [0, §] x [1,T].

(2) W is decreasing as a radial function in the spatial variables.

(3) The estimate |0,¥| < §@1/2 is satisfied on [0,00) x [0,T] for some C > 0.

(4) The inequalities —%@a < 9,V <0 and |929| < %@a hold on [0, 00) X
[0,T] for every a € (0,1) with some constant C,, dependent on c.

Proof. See [1]. O

For the fixed 7 € (0,T], choose the above cut-off function W. Define ¥ : M x
[0,7] — R by setting

U(z,t) =T (distg(t)(z, x0), t)

with p := 2R in Lemma 4.2. Consider the function ¢(z,t) = tF(x,t). Using the
argument of Calabi [2], we may assume that the function G(z,t) := ¢(z,t)¥(z,t)
with support in Bag  is smooth. Let (zg,t9) be the point where G achieves its
maximum in the set {(z,t) : 0 <t <7, di(x,20) < p}. Without loss of generality,
assuming G(xg,tp) > 0, we have

VG=0, G>0, AG<O0
at (xo,to). Now apply Lemma 4.2 and the Laplacian comparison theorem (observe

that the hypothesis implies that —(K; + K3)g(t) < Ricyy) < (K2 + K3)g(t)), we
have

V|2 < Cls
5 = R

p

C.owl/2 o pl/2
A > - 1/;2 Gy (n —1)/K1 + Ks coth(v/K; + Ksp)

\Dl/Q
> 0 WY R,

cut/? 7

—615\11 > - - —Cl/QK\Ill/Q

where C} /276 and dy are positive constants depending only on n. It is easy to show
that

(4.3) 0> 0G = 0T + 2(Vep, V) + Uy
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at (xzp,tp). Setting p € (0,1) and k¥ = 1 in Lemma 3.1, we obtain from Oy =
tOF — /t that

2p? 4 1 G0t 1-p
0p > 2 (aq_e) wzw(aq_e) (M)W wp - Ty
ntgc \ p n \p q? p

1 -\’ K2
Lfag _ \(1ta=p\" (;_1 ngK
n\p q € 2bp
_2(1+q)K1t+2pK3t

p
_ 24t
— 2qytW |V In W | — %K4\VIHW| - %.

t

(4.4) + 2t VInW|* —

2 1-p
|VInW|? + 5<W’ VInW) + (1 —p)hW = ¢

According to Holder’s inequality,

1-p (14 q)K1t 9 pgy? 9l-p
20tW T [VInW| < PR gm w24 LT g2
W T [V VW + 2

2qt ’K
a KV < 2KtV In W% + q2 ¥
14

we have

2p? 4 1+q-— 20t 1y
Op 2 2 (M- )@ 2 () (B ) v - T
ntg= \ p n\p q p
2 T2
]_ —
Lfag _ \(1ta=p\" (;_1 ngK
n\p q € 2bp
~3(1 + q) Kt + 2p(K5 + Ka)t
p

+ 2t VInW|* — t

2
IVIn W% + (Ve Vinw) - %
pg*y? 2tz Ky
(1+q) Ky 2p?
Using Holder’s inequality again we have
3(14 q) K1t + 2p(K3 + Ky)t

+ (1—p)hWkTp<p— t.

|V InW|?
p
(4.5) < n[3(1+q>K1+2p<K3+K4>]2t< a )2
- 8p(ag — pe) 1—-p

1/a 1-p\°
+ = (q —e> (p) 2|V In W,
n\p q

Substituting (4 5) into (4.4) yields

2 4 1 -
Op > 7p %_6 I+ta-p @\Van|2
tq2 no\p 7
1 2—-2 1 K?
Bl s 272ptd4 + (12 \Van|4—£t
n q € 2bp

314 q)K; + 2p(Ks + K ’ 2

+q) 1+ 2p(Ks + Kq)p)*t ( q ) 2o VW) - @
8p(agq — pe) p q t

+(1-phW " L P et O K
P v (1+a9) K P 2p2
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Take € € (0,1/4) and choose ¢ so that 1/q > n(1 — €)/2¢*(1 — p). For such a pair
(p,q), we may choose a positive real number a such that ag/p > 2¢ and then the
condition a + b = p/q holds for some b > 0 (because in this case 0 < ag/p < 1).
Under the above assumption, we have (as in [6])

1 2—2 1
(‘“’—g) (W)+<1—>20.
n\p q €
and hence
2p? 4 1 —
Op > (% _ 902+—p X ~+a-p | VIn W |?
ntg? \ p n \p 7

(4.6) _nq?zt - B+ q) K+ 2p(Ks + K)pl*t (g ? e q2K4t
' 2bp 8p(aqu6) l—p t 2p?
2.2
pg Y 2oz ¢0t 2 1-p
- ¢ LW L SV, VInW) + (1 — p)hW o .
(1+q)K: P q< )+ {1-2)

Plugging (4.6) into (4.3) and using the estimate for 0¥, we arrive at, where p := 2R,
2

0 > ¢Ov-— %)IV\I’IQ + Uy

2

dl o+ UOp

2p? 1
p2 <¢1q_€> \IJ<p2+ < ) ( +q p) ©U|VIn W2
ntq D

n[3(1 +q) Ky + 2(K3 + K4)p >2 (9M2 n pM3~? > e
8p(agq — pe) p (1+q)Ky
K2 v 1 JVE +Ks 1 —
— (1 - p) M Mapw — 4 t\IISDJrgadQ(mK)

Y
©
S~

Y

2bp t
K4q
2p?

o — 7<W VinW)e,

where d;, ds are positive constants depending only on n, and

M, == sup h_, Msy:= sup uP~'.

Bagr,T Bagr,T

Multiplying the above inequality by ¥ on both sides, we get, where G = ¥

2p? 4 1 —
0 > P (M _ Ny (M) (1P Gy v WP
ntq® \ p n\p q>

(ar - "MBO+ @K 2Ky + Ku)p)*t ( q )2 B (0M2 pM3~? ) e

8p(aq — pe) l—p p (49K
K? G 1 VK + K 1 — 2
_ t— — + Gds f—fgfffl( — (V¥ , VIn W)G
2bp t P> p T q

—(1 = p) M MG —
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Using Holder’s inequality

%V@vmww < @(?—%<1igﬁjamvmwﬁ

n

7 |W|2

() (Bge)

the inequality (4.7) gives us the estimate (because ¢ < T)

G,

2 2
0 Z L (aq — €> G2 — (1 —p)MlMQGt — d3G

ng? \ p
1
1 JVE +Ks — =
(4.8) S| YR Ry e dsG
p p 4p (ﬂ _ 6) (1+q—p)
n \ p q?
2 2 2
_ 2 {n[S(l + ¢) K1 + 2(K3 + Ky)p < q ) Yy
8p(agq — pe) 1-p P
2 2
q°p 9, Nq—  Kuq
1P (M AEK .
+(1+Q)K1( 27)" + 2bp * 2p? }

for some positive constant ds depending only on n. The following inequality

b
aG? —bG —c <0 (a,b7c>0):>G§a+\/§,

implies
1
ds + (1 — p) My Myt + td3< + K1+K5 + K+ 4p<aqq)2(1+q_p)>
G < n \p 2
- 2p? (ﬂ _ 6)
ng* \ p
n[8(1+q) K1 +2(K3+Ka)p]2 (_q q2M 0 | ¢>p(M27)? | ngK?2 | Kaq?
8p(ag—pe) (1—17) + =+ (1+q) K1 + 2bp 5
+ ¢ 5
(59
Recall the conditions on p, q, €, a, b that
1 1 n(l—e) P P
O0<p<l, O0<e<—-, —2>2——"—, a+b==, a>2-.
4" q " 2¢(1-p) q q

Choose p, €, q as above and

(! Py (L ,\P
(4.9) a—<2—|—26> 7 b—<2 26) .

The additional condition (4.9), plugging into the inequality for G, yields

tng” [dTS A pMM +ds ( TR AR 2<1+2!)Lp(1fp))}

G <
- (1 + 2¢)
n[3(1+q)K1+2(Ks+K4)p)> | Mob
4t ng* ( 4(Ci+2legp"’(1ip)24 s i )
2 (M27) K2 K
PRI\ + il + 4
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at (xg,to). Since
2 hn 1
G = tqg? <vz| A g ut) i}
u

p pu
and q < 262(1 —p)/n(1 —¢€), it follows that, by letting € — 0,
2 1 1-—
Vul? By w0 -p)y
u? P pu p*t p?
d 1 K+ K. — n
L (1L VEER
P \R R 2p(1 —p)
[3(1+q)12(—i-3(pl)(§+1(4)p]2 + %9]\42
R\ smipa s
nki 2 2n

on Bpg -, for some positive constant d4 depending only on n. Because 7 € (0,7
was arbitrary, we arrive at

Vel b,y 1w ds  n(l-p) n[3K1 + 2(K3 + K4)p]
Weulp B2t o G4 nC D)y
T pt pu S gt g r 2p*(1 —p)
+ % i + 7M3 _A'_f_i'_ L
p? \ R? R 2p(1 —p)
3/2 /Kl1 - K
+ (2 OMy + Y— My + =K + oy 22,
D D p? 2V 2n

on Br . Arranging terms yields (4.1).
When p > 1, applying Lemma 3.1, we have

2p* 1 -
Op > P (ak:q —e) ¢2+£ (akq_6> (W> @|VIHW|2—%

ntk2¢2 \ p n \p k2q2
kg0t 1p 1 (ak k+kqg—p\° 1
R Y [ <“q—e> (W’> +<1—>] IV In W[*
p n\ p kq €
kngK?

2 1—p
= InW 1—p)hW @
oy t—I—q(Vg&,Vn Y+ (1 —p)h ©

— 2kt W T [V In W + (1 — p)(1 — k)thW " |V In W2
2k(1 Kt +2p(K3 + Ky)t k2q? Kyt
_ 2k(1 + q) Kt 4 2p(Ks + Ka) VIn W2 — ¢ Kt
p 2p?
where € € (0,1] and p, g, k,a,b are positive real numbers such that a + b = p/kq
and k > 1. Define

Ms := max h_, My := max v’~!, M;:= max h,
Bagr,T Bagr,T Bar,T

2
Mg := minmini 9 l qu—e W + 1_1 y2
4>0 y>0 ¢? n\ p kq €

2k(1 + q) K1 + 2p(K3 + Ky)
p

—(p—1)(k=1)M3zMyy — y — 2qkMyyy® }
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Observe that Mg < 0. Therefore, we arrive at the following inequality

2p? akq o 4p (akq k+kqg—p 9
Op > L (2% _ L) (BT g mw
o= ntk2q? ( D 6) vt n\ p ¢ k2q? PV In W~

B kq?0t

My + = <V<p,v1nW> (p — 1)MyMsp + Mgq?t
B k:2q2K4t B lmq?2
2p? 2bp
As before, using 0 = VG = UVp + VU at (x0, o), we arrive at, where p := 2R,

\1,2
0 > @D\P—Z@%—&-WD@
1 K+ K 1 = 2d
(R L)
P P T pt
2p? akq 5 4p (akq k+kqg—0p 9
> ——|— —€|V - — - ———— | e¥|VIn W
- ntk2q2<p 6) T\ e k2q® PHvin W]

kq?0 M,

2
+ Mgq? Ut — §<WI’VIH Whp —

2.2 T2
V2 (4 VETR Lg) (B by,

2p>? 2bp

Ut — (p — 1)M4M5\I’<p

for some positive constants dy, ds. Multiplying the above inequality by ¥ on both
sides, we get, where G = oV,

2
L (ak’q _ 6) G? + 4£ (Cﬂ;f] _ 6) <k‘—|—kqp> G‘II\Van|2

ntk2¢2 \ p n k2q2
kq-ot k2¢’K,  kngK? G
4.10 Meq?t — ——M, — (p — 1) My M5G — - =
410+ Mt~ 00— - G - (CLE L B €

2
— VO, VInW)G.
q

Using Hélder’s inequality, where we choose akq > ep and k + kq > p,

§<v\1:,v1nw>a < (“kq - e) (’Hkqp) G|V In W]

n o\ p k2q?
1
N il VeP
4p (akq ) (k+kq p) v
n \p >
the inequality (4.10) gives the following estimate
2p?  (akq 5
0 nk2q2 (p — 6) G — ( — 1)M4M5Gt — dgG
1
1 VKi+Ks — =
(4.11) —t —2+$+K+ e d3G
P R ()
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that is similar to (4.8) at (xo, %), where ds is a positive constant. Hence

1

d3+(p—1)M4M5t+td3(;2_|_@+K+ P >)

() (B

G <

2p

2 akq
nk2q? (7 - 6)

k2 2K kq?
4 + q M49 M6q
2p2 ak‘q —c
nk2q? \ p

at (zg,tp). Finally, we obtain

kngK?
2bp +

+t

tnk?q® [ds 1 VK + Ks k2n
G =3 COM M 4ds | YT R, M
- p? {tﬂp MMM + 3(p2+ p * +2;0(k+kq—p)ﬂ
nk? [ k2nK? KK, k /2
tg? | — Me M,
i {zﬂ (z>2(126)+ 2p? T Gﬂ

by taking a = (e + %)k%, b= (3 - €) 7 with € € (0,1/2) and k > p. As before, we
conclude that

2 h 1 k2d E(p-1
‘vg‘ +7UP7177E S 24+n (p2 )]\44]\45
U D pt pet D
k2d 1 Ki+K; — k2
K (2+m+mn)
p?> \R R 2p(k —p)
K
\/ M6 M4+K2+f4
2n

on Bpg ,, for some positive constant d4 depending only on n. Because 7 € (0,7
was arbitrary, we arrive at

2 h 1 k2d k2 k%n K
[Vl 4ot o 2 < ‘4z = )M4M5+<K+ 4)

u? P pt p3t p2 2n
k2d 1 vVKi+Ks — k2
+ = (2 + YL R+ n)
p* \R R 2p(k — p)

3/2
k\p/ﬁ v/ —Mg + (kgl) OMy

on Bpg . In the following we shall show that —Ms > 0 is bounded from above by
some constant. For any ¢,y > 0 we have

q2M6>l (HM) +2<1—1>]y2—Ay—By”2
n kq €

Qk(l + Q)Kl + 2p(K3 + K4)
p Y

where

B = 2qkMyy.

A= (p—1)(k — 1)MsMy +
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Since Ay < my? + A?/4n; and By'/? < nyy + B? /4n, for any 11,12 > 0, it follows
that (as in [6]), where we choose n; = [(k — p)/kq]*/2n,

nk? nk?
2(k—p 2(k — p)? [(p — (k- 1)MsM,

L 260+ @)Ky + 2p(Ks +K4)r | KM
p 72

— M6

)2n§+

(4.12)

holds for any ¢ > 0. Because the right-hand side of (4.12) as a function of ¢ is
increasing, letting ¢ — 0 yields

’I’Lk‘g k}2’72M2
—Mg < 2 4
S = ak—pr’ T Ty
nk? 2k K, ?
4.13 P —— —1)(k—1)M3M, 2(Ks + K.
(4.13) +2(k—p)2 (p—1)( YM3 My + +2(K3 + Ky)
where 7 > 0. Using (4.13), we prove (4.2). |

As an immediate consequence of the above theorem we have

Theorem 4.3. Suppose that (M, g(t))icjo,r) is a solution to the geometric flow
(1.1) on M. Let h(x,t) be a function defined on M x [0,T] which is C*in x and
Clint.

(i) For 0 < p < 1, assume that h > 0, |Vih|y < v, Ath > 0 along the
geometric flow with —Kig(t) < Sy < Kag(t), —Kszg(t) < Ricgy) — Sy <
Ksg(t), |§g(t)|g(t) < K, for some positive constants v, K1, Ko, K3, K4 with K :=
max{ Ky, Kz}, along the geometric flow. If u is a smooth positive function satisfying
the nonlinear parabolic equation (1.2), then

|Vg(t)u|3(t) + ﬁup—l _ 1% < ﬁ 4 Gi + gi 2nk;
u? P pu — p’t p}(l-p) p? p*(1 —p)
/K K. Ks+ K.
(4.14) AL 17M+%\/—4+m
P p?V 2n p(1—p)

for some positive constant Cy depending only on n, where M := maxpsx 0,1 uP~L,

(ii) For p = 1, assume that —K1g(t) < Sy < Kag(t), —K3g(t) < Ricyy) —
Sty < K39(t), 1Sy lgry < Ka for some positive constants K1, K2, K3, Ky with
K := max{Ky, Ky}, h >0, Agiyh > —0 (0 is nonnegative), and |V gyhlgew) < v
(v is nonnegative), along the geometric flow. If u is a smooth positive function
satisfying the nonlinear parabolic equation (1.2), then

2
(4.15) W—!—h—qg < %+C2 (1+K1 +K2+K3+K4+F+’y+\/§)
for some positive constant Cy depending only on n.

(iii) For p > 1, assume that —K1g(t) < Sy < Kag(t), —K3zg(t) < Ricgy) —
Syt < Ksg(t), |§g(t)|g(t) < K4 for some positive constants v, K1, Ko, K3, K4 with
K = max{K;, K>}. Agiyh = =0, [Vywyhlgwy < v, and —ky < h < ko, where
0,7, k1, ke > 0, along the geometric flow. If u is a bounded smooth positive function
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satisfying the nonlinear parabolic equation (1.2), then

o X 9 3 2 .
M+ﬁuz)—l_,% < (k) 03+<’€) k 03+<k) C’3<K+
u p pu p t p/ k-p 4

k [ Ky
— (K1 + K3+ K —
+k‘—p( 1+ K3+ Ky) + 2n>

k2 k3n
(4.16) + (p> n(p — 1)]€2M + A 7pk1M
2 3/2
+’“];/57M + (’Z‘) VoM,

for some positive constant C3 depending only on n, where M := maxysy 0,1 uP~1
and k > p. In particular, taking k = 2p, we get

Vgwyul} h lu C —
M%—;u”_l—;i < T4+Cs(1+K1+K2+K3+K4+K)

(4.17) + Cip? [(kl + ko) M + 4 M + \/QM] ,

u

for some positive constant Cy depending only on n.
In Lemma 3.2, we required that

2
P |Vg(t)h| (t)
Ag(t)h-l- hy — E% >0

for some positive constant p,7n. In the following proof, we shall see that when

0 < p < 522, we need only to assume that

\%
Ag(t) + hy — QC’n,pp

where

n, p<l1,
On,p = { p
= .

Theorem 4.4. Suppose that (M, g(t))ic(o,] is a solution to the geometric flow (1.1)
on M, satisfying —K1g(t) < Sgu) < Kag(t), —Ksg(t) SEng(t) — Sy < Kzg(t),
\Vtﬁg(t)|g(t) < K4, fOT‘ some Kl,K27K37K4 > O, with K := InaX{Kth}. Let
h(z,t) be a nonnegative function defined on M x [0,T] which is C% in x and C* in
2
t, Agyh+hy 72C’n7pp% >0 on M x[0,T] (where Cy, = ;5 if p>1 and

Cpp=mnifp<1), and 0 <p < 522 (n >3). If u is a positive solution of (1.2),

2n—1
then
Vowuley h 2u C Sn_ 8n | 2n
9 ) -1 27 0 2 P20 2 i
u? +pu pu p2t+p2 erz p2—p) !
4n 1
4.1 - (Ky+ K3 + K)) + —=+/8nK
(4.18) +p(2_p)( 1+ K3+ 4)+p2 8nKy,

for some positive constant C' depending only on n.
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Proof. As in the proof of Theorem 4.1, we have
1 2aq p2 9 2p 2aq 9

Op > b2y 2P (294 (1 - 7) Vin W
7S 2nf< 6) 27 T\ p Ta #lVin W]

1/2 1+q— 2 1

1 <aq€> (HP/?) n (1)

n p q €

2 4(1 K, +2(Ks;+ K. 2¢° Kyt

+ (Ve VW) - 1+9) “Lp (B + ‘*)ptlvmwz—qu4 :

where ¢ = tF, from Lemma 3.2. Using Holder’s inequality
1/2 1-p/2\°
<aq - e> <p/> 2|V In W[4
q

t—
Vinw* - LoFk2 - 2
bp t

+ 2t

A0+ QK+ 2K o L
p n p
2nt[(1 + ¢) K1 + 5(K3 + Ka)p)? < q >2
p(2aq — pe) 1—p/2) "~
we see that
2
Op > ﬁ (2Zq - ) 2—2902 5—52 <M—6> (l—l-q—g) ©|VInW|?

1(K3+K4)P]2< q )2

nqK?%t C2nt[(1+q)Ki + 5
bp p(2aq — pe) 1—p/2
2¢% Kyt ¢

2
—(Vo,VInW) — .
+ q( ¢, VIn W) o ;
Writing G := ¢V and using G = 0¥ — 2|V |2 /¥ + Wy, as before, we arrive

1—|—q—p/2) G\I/|V1nW|2

at
2
o= o (e ) (R
p n p q

2ntq?
(4 19) _ 2nt[(1 +q)K1 + %(Kg +K4)p]2 ( q )2 B anQt_ g
' p(2aq — pe) 1-p/2 bp ;
2 1 Ki+K; 1 —\ 2¢K
— 2V, VInW)G + Gdy (p2 _ VT ! K) W,

for some positive constant d; depending only on n. Plugging the inequality
2p (2 1 —p/2

p (aq _ e) (+(12p/> GU|VInW|?

p q

2
—(VI, VInW)G <
q n

Ve,
<2aq 6) (1+q p/2) 1\
into (4.19) yields
2 (2
0 P (2 _¢) 62— dyG
2ng® \ p
1 VK +Ks —
t[2+1+3+K+ il }dQG
p P 2(2aq — pe)(1 +q —p/2)
o [ 20[(1+ @Ky + (K5 + Ky)p)? ( q ) e | 2¢°K,4
p(2aq — pe) 1—p/2 bp p?
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for some positive constant de depending only on n. Hence

1 VKK | T
do +t (/72 to, KA+ 2(2aq—p6)T(L1+q—P/2)>
2:22 (2% N 6)

2n[(I+q) K+ (Kat Ko)pl®* (g \? | ngoo |, 20°Ka
p(2aq27p6) (1*17/2) +pr + p24

p?_(2ag _
2ng? \ p

The above calculation is based on the assumption that

2
Ak by — PIVEREE
n h

for some positive constant 7, p > 0. We now choose appropriate constants, together
with the our assumption that

G <

+ 1

>0

Aih+ hy —2C, pp

Vb7
>0
n =

to verify this assumption in Lemma 3.2. Recall the conditions on p, q, €, a,b. First
we consider the case,

2
(4.20) g>0, 0<e<l, a—|—b:2£q, 0<p<l1, 0<6<%.
Choose
1\ p 1 p 1
4.21 - - b= (L_c\ 2 1
(4.21) a (e+2)2q, (2 e)Qq, 0<e<2

2aq _

Then we can choose n = 1 ( »

Ang? 1 VK TK —
G < nqt[d“r( GVt Rs e P N

€) = 5 so that p/n = 2np > 2p, and furthermore

St A\ p p(L+a—5)

4ngt 1 &= [(1 4+ ) K1 + 5 (K3 + Ka)p)? N Ky

2 _ 2 .
D 1—2e (1 _ g) 2n
Letting € — 0 and R — oo implies
2 (|Vul> h 2 dy  —
P<Igl+wlm) < By
4dn U D pt t D (1 +q- 5)
1 2
e [(1+Q)K1+2(K23+K4)p] Jré-
(1 — 11) 2n
2
Now we minimize the above inequality for any ¢ > 0 by the following observation
2 [IVul?2 h 2 d _ l14qg—2
PV B Zu) g i + R K
dn \ u? p pt t p(l+q—15) 1-£

p [ Ky
— (K1 + K3+ K —.
+2—p( 1+ K3+ Ky) + on
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Hence
2 (|Vul®> h 2 d _
4dn U P pt t p(l_i)
D K,
— (K1 + K3+ K =
+27p( 1+ K3+ Ky) + o
do — 2n
= —+4+2K+4+2y—K;
t (2 —p)
p K,
— (K1 + K3+ K —.
+2—p( 1+ K3+ 4)+ on
Next we consider the second case; that is,
2 2aq — -1
(4.22) ¢>0, 0<e<l, a+b:2£, l<p<142 g 20a-np—1)
q n p

We have proved that 1 < p < -5 <2 and 1+ ¢ — £ > 0 in this case. Choose

1\ p 1 p 1
4.23 = =, b=|(=--— —, 0 — 1 <
( ) a (e+2) 2% (2 6) 2% <e<27 <p<

2n—1

and 7 = pz;pl (0, =] so that p/n = Qp]% > 2p. This choice of positive con-
stants a, b, p, q, € satisfies the mentioned condition (4.22). Then we obtain the same

inequality

dng®t | d 1 Ki+Ks —
o s il (1 T e Y

P P p p(1+q-%)

2
_ 2 ’
p? 1—2e (1-2) 2n

N Ang*t 1 o [0+ 9K+ 3 (K3 + Kap]* | Ky

Letting € — 0 and R — oo, and minimizing over all ¢ > 0, we obtain

2 (|Vul? h 2 d — 2
iy A R L R T I B L
dn \ w? p pt t p(2—p)
P Ky
—— (K1 + K3+ K —.
+ 5 7p( 1+ K3+ Ky) + on
In both cases, we proved Theorem 4.4. ([

Corollary 4.5. Suppose that (M, g(t))iefo,r) s a solution to the geometric flow
(1.1) on M, satisfying 0 < Sguy < Kag(t), —K3z < Ricgy) — Squy < Kzg(t),
\Vg(t)ﬁg(t)|g(t) < Ky, for some positive constants Ko, K3, K4. Let h(x,t) be a

nonnegative function defined on M x [0,T] which is C* in x and C in t, Ayph+
2
hy — 2Cn,ppw >0 on M x [0,T] (where Cppp = L5 if p>1 and Cpp =n

ifp<1),and 0 < p< 322 (n>3). If u is a positive solution of (1.2), then

IVowyulZey 20, _ C 8n 4n 1
4.24) L2 90 Byl 2T o 2 VT K (Kt K+ —/8nK
( ) o2 +pu b1 _p2t+p2 2+p(2—p)( 3+ 4)—|-p2 nky

for some positive constant C depending only on n.
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Under the hypotheses of Theorem 4.4, we let f :=Inu. Then

2 C 8n— 8n 2n
V.2 -2 < 4= - —" K
IVefli S m Tt eEt R p2-p) "
dn 1
4.2 ———— (K1 + K3 + K4) + = /8nK
(4.25) +p(2_p)( 1+ Kz + 4)+p2 8nkKy

on M x [0,T]. For any two points (z1,t1), (z2,t2) € M x [0,T] with ¢; < t2, as
[1], we let O(z1,t1,x2,t2) the set of all the smooth paths 7 : [¢t1,t2] — M that
connect z1 to 2. Using the same argument in the proof of Lemma 2.10 in [1] and
the inequality ( 4.25), for any v € O(z1,t1, x2,t2) we have

LI, = VIO + (1))

s=t

OO0+ S (9 SOO08 - 2 - 4)

1. p(C
> - 2_ 2 =

Y

where

8n— 8n 2n 4n 1
A= —-K+ — K+ K+ K3+ Ky) + —=+/8nKjy.
p? p*\/ p(2—p) (2 —p)( L Kt K p? !

Therefore, we arrive at

fwa,t2) = flzy,th) = /Q%f(v(t)’t)dt

t1

o, pA C ity
_% " |*y(t)|g(t)dt—7(t2—t1)——ln—

2p 4t
Corollary 4.6. Suppose that (M, g(t))icpo,r) 45 a solution to the geometric flow
(1.1) on M, satisfying —K1g(t) < Sgu) < Kag(t), —Ksg(t) < Ricgy — Sy <
Ksg(t), |Vg(t)§g(t)|g(t) < Ky, for some K1, Ko, K3, K4 > 0, with K := max{K;, Ks}.
Let h(z,t) be a nonnegative function defined on M x [0, T| which is C? in x and C*
int, Agipyh + hy — 2Cn,pp% >0 on M x[0,T] (where Cy, ,, = ppj ifp>1
and Cpp=nif p<1), and 0 <p < 22’_‘1 (n > 3). If u is a positive solution of
(1.2), then

—-C/p t
t t 1 ’
M > (2> exp [— — min )/ "Y(t) E(t)dt - 2ﬂ(t2 - tl)

U(«Thtl) tq 2p veO(z1,t1,22,t2 ty

1— 2 2n 1 1
(4.26) “K+ | ——K1+—— (K1 + K3+ K4) + —v/2nK,
p p\ p(2—p) 2—p p

for some positive constant C depending only on n, where (x1,t1), (x2,t2) € M X
[O,T] with t1 < to.

When K; = 0, we have the following

Corollary 4.7. Suppose that (M, g(t))iejo,r) i a solution to the geometric flow
(1.1) on M, satisfying 0 < Sy < Kag(t), —Kzg(t) < Ricgy) — Sguy < Kzg(t),
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\Vg(t)ﬁg(t)|g(t) < Ky, for some Ko, K3,K4 > 0. Let h(z,t) be a nonnegative

function defined on M x [0,T) which is C? in x and C' in t, Agiyh + hy —

2Cy pp

h2
w > 0 on M x [0,T] (where Cpp = L5 if p > 1 and Cppp = n

ifp<1),and 0 < p< 322 (n>3). If u is a positive solution of (1.2), then

2n

-C/p b2
t t 1
M > <2> exp | — — min / |'.Y(t)|2(t)dt
u(z1,t1) 11 2p v€O (21 t1,w2,t2) Jy, !

K. Ks+ K. VnK.
— 2n(ty —t1) <2+ T4 4)
D 2—p D

for some positive constant C depending only on n, where (x1,t1), (x2,t2) € M X

[0,

gu

[1

[2

[10
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[12

UN

T) with t; < ty.
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