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1. Introduction

The nonlinear parabolic equation is a classical subject that has been extensively studied, which leads to
lots of important results especially in researches of differential geometry. One of the important technique in
studying the heat equation is the differential Harnack inequality developed by Li and Yau [7]. This is also
applied to Ricci flow by Hamilton [6], and plays an important role in solving the Poincaré conjecture [9].

Now we will study the case where M is a complete manifold without boundary. Consider positive solutions
of a nonlinear parabolic equation on the manifold M, which evolves under the Ricci flow. A series of gradient
estimates are obtained for such solutions, including several Li-Yau-type inequalities. Let (M, g(t))c[o,7] be
a complete solution to the Ricci flow

* Yi Li is partially supported by the Fonds National de la Recherche Luxembourg (FNR) under the OPEN scheme (project
GEOMREYV 014/7628746). Xiaorui Zhu is partially supported by CPSF (grant) No. 2014M551721 and Zhejiang Province Natural
Science Foundation of China (grant) No. Q14A010002.
* Corresponding author.

E-mail addresses: yilicms@Qgmail.com (Y. Li), zju-zxr@163.com (X. Zhu).

https://doi.org/10.1016/j.difgeo.2017.10.017
0926-2245/© 2017 Elsevier B.V. All rights reserved.


https://doi.org/10.1016/j.difgeo.2017.10.017
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/difgeo
mailto:yilicms@gmail.com
mailto:zju-zxr@163.com
https://doi.org/10.1016/j.difgeo.2017.10.017
http://crossmark.crossref.org/dialog/?doi=10.1016/j.difgeo.2017.10.017&domain=pdf

68 Y. Li, X. Zhu / Differential Geometry and its Applications 56 (2018) 67-80

Oeg(t) = —QRng(t), t €10,T]. (1.1)

We assume that its Ricci curvature remains uniformly bounded for all ¢ € [0, T]. Consider a positive function
u = u(z,t) defined on M x [0,T] solving the equation

(Agy = ¢ =) u=au(lnu)®, te0,T], (1.2)

which has been first studied in [14] where g(t) = g is a fixed metric. Qian [10] and Wu [13] got a series of
similar conclusions. Here Ay stands for the Laplacian of g(z,t) defined on M x [0,T] and q(z,t) is a C?
function defined on M x [0, T]. Notice that the Laplacian A,;) depends on the parameter ¢, and we should
study the nonlinear parabolic equation (1.2) coupled with the Ricci flow (1.1). The formula (1.1) provides
us with additional information about the coefficients of the operator A appearing in (1.2) but is itself fully
independent of (1.2).

2. Gradient estimates I: o = 1

Firstly, we introduce a cut-off function (see [1,3,7,8,14]) on B,r := {(x,t) € M x [0,T]
distge) (X, 20) < p}, where disty()(x,zo) stands for the distance between x and x with respect to the
metric g(t), which satisfies a basic analytical result stated in the following lemma.

Lemma 2.1. Given 7 € (0,T), there exists a smooth function ¥ : [0,00) x [0, T] — R satisfying the following
requirements:

(1) The support of W(r,t) is a subset of [0, p] x [0,T], 0 < W(r,t) <1 in [0, p] x [0,T], and ¥(r,t) = 1 holds
in [0, 5] x [7,T).

(2) W is decreasing as a radial function in the spatial variables.

(3) The estimate |0;¥| < g@lp is satisfied on [0,00) x [0,T] for some C > 0.

(4) The inequalities —%E“ <0,V <0 and [02¥] < %Ta hold on [0,00) x [0,T] for every a € (0,1) with
some constant C,, dependent on a.

Proof. See [1]. O

These properties are derived from Calabi’s argument (see, e.g., [2,4,11]). Using this auxiliary function and
applying the maximum principle, we are able to establish Li-Yau-type inequality for the system (1.1)—(1.2).

Theorem 2.2. Suppose that (M, g(t))¢cjo,1] 95 a complete solution to the Ricci flow (1.1) on an n-dimensional
manifold M with supp . [Ricy(s)|gr) < K for some K >0, and u is a smooth positive function on M x [0, T]
satisfying the nonlinear parabolic equation (1.2) where the function q(x,t) is defined on M x [0,T] which is
C? in the x-variable and C* in the t-variable. If u(z,t) <1 on B,r, a =1, IVawyalgwy <, and

b= 5 + ME?[%}T] q — max{a,0} > 0,

then there exists a constant C' that depends only on n such that

IVawyulgwy ~ C (1 1 1
VT X (2 VK414 Ay +1ln= .
" 5 i 1+~ lal 141 " (2.1)

on By, e with t # 0.
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When ¢ is nonnegative and a < 0, the constant C/b can be a universal constant which means a constant
depending only on the dimension n. The number 1/8 in b is not essential, because in the following proof we
shall see that we can replace 1/8 by 1. To prove the above theorem, we need the following crucial lemma.

Lemma 2.3. Let (M, g(t)):cpo,r] be a complete solution to the Ricci flow (1.1) on an n-dimensional manifold
M with supg, . [Ricg(4)lg(t) < K for some K > 0, and u is a smooth positive function on M x[0,T] satisfying
the nonlinear parabolic equation (1.2) with oo =1, a < 0. We assume that u <1 on B, r. If f :=Inu and
w = |V In(1 = f) z(t) = |Vg(t)f|3(t)/(1 — f)?, then the inequality

(A—d)w> %(Vf, V) +2(1 - f)u?

AVE V), IVIE | 2AVSP(+af)

oo T pE T T G-

(2.2)
holds on B, .

Proof. Since u is a positive solution to the nonlinear parabolic equation (1.2) with « = 1 and a < 0, direct
calculation shows that

Af'i‘|Vf|2—ft—q—(lf=0, fe:=0f.
The partial derivative of w with respect to ¢ is given by

_2AVEAVA)  2VPf | 2Rie(VS, V)

R Ty R iy SR (5
_ AVL VAL VI —g—af)) | 2Rie(VL, )
72 a-7?
L AVIPAS+ VI —g—af)
(g

Using Bochner’s identity (Vf, VAf) = (Vf, AV f) — Ric(V f, Vf) we obtain

_ 2V AVE) + 2V, VIV — g - af)) n 2AVIPAS + IV —g—af)
(1—1)? (1—1)? '

The partial derivative of w with respect to x is given by

Wt

IR (VAAVS) | (VAVIVAR) VAL IVIRAwS
S (L | T R ) T L (e
Combining those partial derivatives imply
LIV VAVIVSR) | VA (VEAVIVEP)
(B=dw =2 T4 Sy g
v VIR VAV L dVIP L VP
T A T A (W ot (R DA ey O

On the other hand, the gradient term (V f, Vw) is determined by

(VI VIV P, , 1961

A A (e - (R
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Plugging it into the evolution of (A — 9;)w we conclude that

VRSP (V£ VIV 2 V£
(A—Bt)w—Q(l_f)2+2 e +1_f<Vf,Vw>—|—2(1_f)4
— 2V f,Vw)+2 v + 2a VP

(1-f)3 (1—1)2
(Vi Vg  , adVf? o fIVfI?

TR TP T g

Because of the identity

IV2f12 (VEVIVIR) VI _‘sz +Vf®Vf2

(1—f)? (1—f)3 (1=-H* [1—-f (@Q-1)?
we therefore arrive at
v vrevi] 2 VI
(A—0)w=2 1—f+ =72 +1_f<Vf,Vw>+2<1_f)3—2<Vf,Vw)
(Vf,Vq) VAP 2IVFP (g +af)
B T e iy R gy %

which immediately implies

AV | AVEVa) | 20lVIE | 2AVSPa+af)

2f
(A_at)w2—<Vf,Vw>+(1_f>3+ (1 f)p2 (1—f)2+ (1—f)3

1—f

This complete the proof. O

Proof of Theorem 2.2. Pick a number 7 € (0,7] and fix a function W(z,t) satisfying the conditions of
Lemma 2.1. We will establish (2.1) at (2, 7) for all 2 such that disty(,y(x,20) < §. Define ¥ : M x[0,7] - R
by setting

U(z,t) =W (distg(t)(a:, xo), t) )

Then, using (2.2) and a straightforward calculation, one has

(A= 8y) (Pw) > W(—A, Vw) + [2(1 — [l + 2(<1vf’xg> + 2@(1|V_fj|0)2

+ 2%} U4 2(Vw, V) + wAY — wd, ¥
> (—A, V(Tw)) 4 20(1 — flw? + w(A, VU)

2

+ wAV —w¥, + %(V\P, V(Tw)) — Q@w
2 2

(2L g, 917 201 o

A PPaopet oo )Y

where A = —%Vf. By our assumption that |Ric| < K on B, r and Lemma 2.1 that —%@1/2 <V, <0,
and the identity
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—wW¥; = — [@t + TTatdistg(t)(-,xo)] w,
we have (because —0;disty() (-, z0) < 44/(m — 1)K, cf. Lemma 8.33 in [5])

4C1/(m — 1)K —1/2

—w¥, > —T,w — wW¥
P

Suppose that Yw achieves its maximum at (xg,to). By [7], without loss of generality, we may assume that
Zo is not in the cut-locus of M. At the point (zo, tg), one has A(VYw) < 0, V(Yw) = 0, (Pw); > 0. Therefore

N 2
2U(1 — flw?* < —w(A, V) + Q%w — wAY 4+ w¥,

2(V/f,Vq) VA2 2IVIP(a+af)
+ 2a + v 2.3
e 2
at (xg,t9). We need to bound each term on the right-hand side of (2.3):
w|f| 3/2 2, 27 |f\4|V\1/\4
AV <2—— Ul = Ul <P(1 - —_—
i V)| < 27855099 = 20299 < w1 put + TS

where we used the Young’s inequality that ab < eaP? + bq/(q(pe)q“’) for any a,b,e > 0 and p,q > 1 with

p~t 4+ ¢! = 1. This together with Lemma 2.1 implies

f4
w(A, V)| < T(1 - flHu? 4+ Co—L——. 2.4
(A V)] € B0~ ot + Cod—s (24)
Using again Lemma 2.1 we have
‘V\IJ|2 _ \111/2 ‘V\IJP < I\II 2 2|V\I]|4 < I\II 2 03 (2 5)
Furthermore, by the properties of ¥ and the assumption of the Ricci curvature, one has (cf., [12,15])
1 C
—wAW < S0+ p—f + K> (2.6)
The estimation for wW,; is given by (cf. [1])
1 C
lwl,| < §\Ilw2 + 7_5 + CsK2. (2.7)
Since f < 0 it follows that
2(V/f,Vq) IVf? +[Val? 2
T < Fty < weey
1
< g\I/wQ + (24927, (2.8)
2
1
‘m%\p = 2awl < gw + 2% (2.9)

and
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VIR oy (_ vot >

(1= 1—f "1-f
: —f
< 2Uyw? (— MIE[IOI,IT]q +a T f) (2.10)

<2 <max{a,0} - Mm[lng] q) Tw?.
X

Substituting (2.5)—(2.10) to the right-hand side of (2.3), we deduce that

2 *
— < - <
T(1l— flrw* < Cs P e
Cs  C
+—6+p6+C6K2 (2+7% +24%)

3
+ Z\I/w2 +2 (max{a70} - MIS[I(?T] q> Tw?

at (zg,tp). Since f < 0, then f4/(1 — f)* < 1. It follows that

1 2Cs
(4+2M1§1[10n]q—2max{a 0}) 2<p—6+—6—|—C’6 + (2+7* + 2a%)

at (xg,tp). When

1
3 + M1’>I<1[1n ]q — max{a,0} >0 (2.11)

we can conclude that

Cr

% +miny (0,77 ¢ — max{a, 0}

11
w? < <F+§+K2+1+72+a2>

at (xo,t0). Because W(x,7) = 1 when disty(,)(z,z0) < p/2, we finally arrive at

C 1 1
w(z,7) < 3 . : (—4+—2+K2+1+v2+a2>
§ +minysx 0,7y ¢ — max{a, 0} \ p T

on B,/ 7, which, since 7 € (0, T was arbitrary, implies

VA Cs (1 %+\/?+1+\/:Y+\/|;)~

l—f &+ minys« (0,77 ¢ — max{a, 0}
We have completed the proof of Theorem 2.2.

The number 1/8 in (2.11) is not essential, because in the above argument we can replace 1/8 in (2.5)—(2.9)
by a given positive number ¢, and hence we need only to require that

1—5+2 min ¢q—2max{a,0} >0
Mx[0,T)

instead of (2.11). When

142 min ¢—2 0
+ MI>I<I[10r,lT]q max{a,0}

is positive, we choose € to be this number divided by 5.
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3. Gradient estimates II: general case

In this section we extend Theorem 2.2 with o = 1 to the general case.

Lemma 3.1. Suppose (M, g(t))icjo,r) is a complete solution to the Ricci flow (1.1) on an n-dimensional
manifold M, with —Kyg(t) < Ricgyy < Kag(t) for some K1, Ko > 0 on B, 7. If u is a smooth positive
function satisfying the nonlinear parabolic equation (1.2), then, for given 8 > 1 and any c¢,d > 0 with
c+d=1/8, we have

(A 0)F > —2(v,vF) - T4 2

(VISP —afi—af?)’

= 2(8 = DKV, V) = 2(8 — Dtaa f* [V f|?
npt—2

— Baatf*H (=|VfI?+ fi + ¢+ af*) — BtAq,

— Btaa(a = 1) f* 2|V f|* = 2BtKL |V f|* —

where K = max{Ky, Ka}, f :=Inu, and F :=t(|Vf|> — Bf; — Bqg — Baf®).

Proof. The proof of this lemma was original from [1]. Now we will find a convenient bound on AF' like the
way in [16]. Notice that

ViF =t (2V/ fV,V,f — BVifi — BViq — Baaf* 'V, f) .
Then the Laplace of F' equals
AF =V'V,F

=t [2|V2f|2 +2Vf,AVf) = BAf: — BAq
— faa ((a = )2V + FOAS) }
Using the Bochner’s formula AV f = VAf + Ric(Vf, ), we get
AF =t {2|v2f|2 +2(Vf,VAS) 4+ 2Ric(V £, Vf) — BAF;
- 880 faa( (@ = DF VIR + oA )
> | 2R o p. v — 28 91 - B(AT - 54
—~ Baa((a — D) fVE + fa—lAf) + zﬁRijvivff}
since [V2f|2 > L(Af)2 and Af; = (Af); — 2R;; V'V f. Recalling from the result

AF= VI +at fitaf* =2~ (B-1)(a+ fitaf®),

we arrive at
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AF > 20&

(IVF2—q—fr—af*) + (Wt( h)? +2tﬂRijvivff)
- 2t<Vf,V (5+ 6D+ firar))

—2KuVIP =18 (=5~ (5 - D+ bar)) - i (5:2)

t

— Baat [(a = IV + fTIAS]
in the set B, 7. Because

2d6t Qdﬁt { ERijViij]

T (Af)2 + 2BRVIVIf = y

(Af)* +

2d/8t 2 . 2 nﬁt - 12
‘V f+ dec’ — W|RIC|
——d|RiC|2,

the inequality (3.2) can be written as

AF > 266 (VI —q—fi—af*)’ - nl@t|RIC|2
. 2t<Vf,V (§ Bt it af”‘))>

~ 2V =5~ — (= Da+ fi+af)) - e (53)

t
— Baat [(a — 1)f* 2|V + f*7'Af].
To get the time derivative of F', we shall use the identity

Fo= 2 o197 - 85— Ba - a8s®)

t
Subtracting this from (3.3), we get

QCﬁt

(A—8)F > -2(Vf,VF) - - + (IVf2=q— fo—af*)?
— Bt — 25~ V)I{Vf, Va) — L [Ric]?
— 2(8 — Dtaaf* ' |Vf? = Btac(a — 1) f* |V f|?

— Baat f*1 ( — VP + fita+ af”‘) — 28KtV f[*.

Now the inequality (3.1) follows immediately by noting that |Ricg(t)|g(t) < K. O

Now we can consider the local space-time gradient estimate with Lemma 2.3. In the following part, n is

the dimension of M.

Theorem 3.2. Suppose that (M, g(t))¢cjo,1] 95 a complete solution to the Ricci flow (1.1) on an n-dimensional
manifold M with —K1g(t) < Ricgyy < Kag(t) for some Ki,Ky > 0 on B,r. If u is a smooth positive
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function satisfying the nonlinear parabolic equation (1.2), then there exists a constant C' depending only on

n such that, on Bp/Q)T,

(1) for a >0, we have

o np (A+9)np n?p*C?
|vg(t)f|3(t) —Ah = Bg=Faft < 2¢(1—e)t + 2¢(1—¢) N dec?(1 —€)(B —1)p?
nBBK: +a(B — Dalf* ]
c(I=€e)(B-1)
nBaala — 1][f* 7|
2(5 —1)(1— o)

+\/[39+(ﬁ—1)v+”5K] n
2¢(1 —¢) ’

+

(2) fora <0, we have

o np (A+y)nB n?B°Cy
|vg(t)f|§(t) ~Bh=Bg=Faf" < 26( et + 2(1 — ce) N dec?(1 —€)(8 —1)p?

nBBK: — 5(8 — Dalf* ]

(-1
N \/[ﬂ9+(ﬂl)7+”ﬂK] nf
2¢(1 —¢) '

Here f:=Inu, |f|e := maxys |f|, K := max{K, Ky}, 8>1,0<e<]1, IVawyalgwy <7, Bgmyg <0,

1 VKL 1
A=C<—2+ 1+—+K)
P p t

and ¢,d >0 with c+d =1/0.

Proof. We will use the same notation f = Inu and F = t(|Vf|> — Bf; — Bq — Baf®) as in Lemma 3.1. For
the fixed 7 € (0, T}, chose the cut-off function ¥ constructed in Lemma 2.1. Define ¥ : M x [0,7] — R by

setting
U(z,t) = U (disty() (z, 20), 1) .
Lemma 3.1 implies that
(A—=0,)(YF) > -2(Vf,V(IF))+2F(Vf, V)

2P pE g f-ar) - ing

- 2(5 — DUV, Va) = 2(8 — Dtaaf* [V f|?

~ Btaa(o— 1) [V 281KV S1? - U
~ Baot [ (VIR 4 fo 4 q + af®)
+FAU 4 = (V\If vwr) -2 Y o 2%

v ot
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Let (xo,t0) be a maximum point for the function WF in the set {(x,t)|0 <t < 7, dy()(z,20) < p}. Then at
the point (zg,to) we have

\1,2
VY

0> 2F(V, V) + F(A—9,)0U— F

L[ + 2051,‘ (V2 —q— f _afa) — BtAq
—2(8- 1)t<Vf, Vq) —2(8 — Dtaaf* |V f|?
— ftac(a — 1)Jm_Q|Vf|2 — Baat f*7 (=|IVf* + fe+ g+ af?)

nﬁt

— 2BtK4 |V f|* - 0.

By Lemma 2.1 and the Laplacian comparison theorem, we have

VP _ Clp
v - p2
C \1,1/2 C \1,1/2
AT > — 1/22 - 1/2p (n —1)y/Kj coth(+/k1p)
dy  dyl? —
Z 5 T Kla
p? p
Cwpl/2 _
—0,U > ¢ — Cy ) KU'/?

where Cy /2,6 and dy are positive constants depending only on n. Plugging those estimates into above
inequality yields that

1 \111/2 \Ifl/
0>ds ( VE — \111/2)F2F|Vf||V\IJ|
p?

2cﬂt nBt—

(|Vf|2—q—ft—afa) - T g TR

- 2(ﬁ - DKV, Vg) —2(8 - 1)taaf°“1|Vf|2 — 2Btk [V f|? (3-4)

— Btaa(a — 1) f* 2|V f|? = Baat f*~ (=|VfI* + fe + q + af®) } T

at (xg,to), where dy is equal to max{d;, C, Ci/2, 2012/2}. Introduce a function

1 w2 ot/
A=dy <—2+ \/K1+—+K\111/2>.
p P
If one multiplies by t¥ and makes a few elementary manipulations, one will obtain

2
0> 2F|Vf|v\1/|x1/t—AF\1/t+[ C’Gt(

|Vf|2—q—ft—afo‘)

— BtAq—2(8 — DV f,Vq) — 2(8 — Dtaaf* |V f|?
— Btaa(a — 1) f* 2|V f1? = Baat f*~ (=|V > + fe + ¢ + af®) (3.5)

— 2BLKL |V f|? — "—BtK ]\11215 — P2
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at (xo,%0). As in [3,14], we set

V1P 0. t0)

> 0.
F(xo,t0) —

Because |V f| = p'/2F'/? and

IVfIQ—ft—q—af"‘=F<u—utﬂt1)7

C
(VF, VW) < |Vf||IVE| < 71W1/2|Vf|

we can simplify (3.5) into the following inequality

2C4t

2
AFHD > 2L g3/2)1/2p3/2 _ g2p 4 2c¥ nB—o
p

oL (8- Dt F? - GIR ()

— 2t0)?[BK, + a(B — Vaf* uF + atViaf* 'l + (8 — 1)tuF
— B(tW)%0 — 2(8 — 1) (t0)*y(uF)/? = B(t¥) aa(a — 1) f**uF

at (xo,%0). If we set G := UF, then at the point (xg, %) the inequality (3.6) becomes

201t 1/23/2 2c 22 nf 2 2
> - J— - — —_—

— 20 [BK + a(f — 1)af* uG + aPtaf* 1+ (B — 1)ut]G
— B(W1)%0 — 2(8 — 1)E2T3 2y 2GY2? — B2 Wan (o — 1) fO2uG

at (xo,t0). According to the Cauchy inequality, where 0 < e < 1,

nBCH2uG
2ecp?[1 + (B — 1)pt]*’

201t 1/2 3/2 2€C 2 ~2
i < —1+ -1
7 H G°e < nﬁ[ (86— DHut]*G= +

2M1/2G1/2 S 1 +MG5
we can simplify (3.7) as
nB2C*2u
2ecp?[1+ (B — 1put]?
— 22U [BK 4+ a(B — Daf* uG + a¥taf* 1+ (B — 1)ut]G
— BUA20 — (B — )20 2y — (B — D)2 2y uG

— Bt*Vaa(a — 1) f*2uG — %FQ(\IM)Q,

2c(1 —¢) 22
AtG > T[l + (B = 1)ut]*G* —¥@G

at (xq,to), or equivalently,

2¢(1 —€)[1+ (B — 1) ut]?G? < nB2C3%u
np T [2ecp?[1+ (B —1)put]

— aWtaf* U1+ (8 — Dut] + (B — DT 2y

5 + Bt*Waa(a —1)f*2u

7
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+ 20U [BK, + a(B — Dafo u+ At + \p} G
Y20 + (B — 1)U/ 2y + 51{ \112]

at (xo,%p). Note that 0 < ¥ <1 and 1+ (8 — 1)utg > 1. Therefore

2¢(1 — €)G? [ nB2C%2pu 20t [BKy + a(f — Dafeu
i = T S (5 ] 15 (3 P
3 aVtofo! (B—1)yt%u  Bt*Vaala — 1|f‘1_2,u] G
1+ (B-1Dut 1+ (B—-1ut 1+ (8- 1)ut
+ [ﬁe+(,6—1) —&—2—51(}
nB2C2t 20 [BK1 + a(8 — Dol f*sp
<[4+1+ [T+ (5 Du? 3
aVtofo=t Bt¥acla — 1]|f* 2|
M e ey B-1 ]G
+[59+(6—1)7+2—’§ }t
Before completing the proof, we recall a fact: if 22 < az + b for some a, b,z > 0, then
TS+ b+(%) SH+Vh+ S =a+Vh (3.9)
If a >0 in (3.8), then from (3.8) we deduce that
2 _ [(A+y)npt np n2B3C2t
G" < [ 2e(l—e T2(l—o de(l- (B 1)
nfaala — 1| f* 2|t nB[BK: +a(B — Dalf* ]t
2p-N0-a | di-aG-1  |° 310
(86 + (8 — 1)y + 53K Jnpe?
+ 2e(1—¢) '

Applying (3.9) to the inequality (3.10), we get an upper bound for G:

(A+~)np n n?B3C? n nBIBK1 + a(B — 1)a|f* ]
2c(1—¢)  4dec2(1—¢)(B—1)p? c(l—e)(B—-1)

n nﬁ2aa|a—1|f°‘_2|oo}T+\/[594'(5—1)7"‘2 K] s nB

2e(B—1)(1 —¢) 2e(1—¢) Tt =

G <

since t; < 7. By the construction of ¥, we have supg_ ., F < supp, ~(WF) < G(w,to) for all t € [0,7].
Because 7 < T is arbitrary, it follows that

nf___ (A+y)ns n?p*Ct
T 2c(1—e)t  2c(1—€)  4dec?(1—€)(f—1)p?
nBBK:L +a(B — alf* o]
c(l-e)(B-1)

IV = Bf = Bg— Baf* <
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nB2acla — 1| f*?|w

2¢(B—1)(1 —¢)

186+ (B — 1)y + K |np
2¢(1 —¢)

+

where |f|s := maxys | f|. Similarly, when a < 0, we have

(A +y)nst nf n?p3C% nprK t
= [ S R o s T B s W

3 nﬁata|f”‘_1|oo]G N B0+ (B—1)y+ %fﬂnﬂﬁ
2¢(1 —¢) 2¢(1 —€) '

(3.11)

From (3.9), (3.11), and above argument, an upper bound for desired quantity in this case is

nf (A+y)nB n?p2Ct
c(l—e)t + 2c(l—¢€)  4dec?(1—¢€)(B—1)p?

nBBK1 — §(8 —1alf* ']

\Vf1? = Bfe — Ba— Baf* < 5

c(1-e(B-1)
RN IC R CRR Vel R |ng
2¢(1 —¢) '

Hence, we complete the proof. O

Acknowledgements

The authors thank for Professor Kefeng Liu’s constant guidance and help.

References

[1] Mihai Bailesteanu, Xiaodong Cao, Artem Pulemotov, Gradient estimates for the heat equation under the Ricci flow,
J. Funct. Anal. 258 (10) (2010) 3517-3542. MR2601627 (2011b: 53153).

[2] Eugenio Calabi, An extension of E. Hopf’s maximum principle with application to Riemannian geometry, Duke Math. J.
25 (1958) 45-46. MR0092069 (19, 1056¢).

[3] Li Chen, Wenyi Chen, Gradient estimates for a nonlinear parabolic equation on complete non-compact Riemannian
manifolds, Ann. Glob. Anal. Geom. 35 (4) (2009) 397-404. MR2506242 (2010k: 35501).

[4] S.-Y. Cheng, S.-T. Yau, Differential equations on Riemannian manifolds and their geometric applications, Commun. Pure
Appl. Math. 28 (3) (1975) 333-354. MR0385749 (52 # 6608).

[5] Bennett Chow, Peng Lu, Lei Ni, Hamilton’s Ricci Flow, Grad. Stud. Math., vol. 77, American Mathematical Society/Sci-
ence Press, Providence, RI/New York, ISBN 978-0-8218-4231-7, 2006, xxxvi+608 pp., 0-8218-4231-5. MR2274812 (2008a:
53068).

[6] Richard S. Hamilton, The Harnack estimate for the Ricci flow, J. Differ. Geom. 37 (1) (1993) 225-243. MR1198607 (93k:
58052).

[7] Peter Li, Shing-Tung Yau, On the parabolic kernel of the Schrédinger operator, Acta Math. 156 (3—4) (1986) 153-201.
MRO0834612 (87f: 58156).

[8] Li Ma, Gradient estimates for a simple elliptic equation on complete non-compact Riemannian manifolds, J. Funct. Anal.
241 (1) (2006) 374-382. MR2264255 (2007e: 53034).

[9] Grisha Peleman, The entropy formula for the Ricci flow and its geometric applications, arXivimath/0211159 [math.DG].

[10] Bin Qian, Hamilton-type gradient estimates for a nonlinear parabolic equation on Riemannian manifolds, Acta Math. Sin.
Engl. Ser. 27 (6) (2011) 1071-1078. MR2795355 (2012c: 35438).

[11] R. Schoen, S.-T. Yau, Lectures on differential geometry, in: Conference Proceedings and Lecture Notes in Geometry and
Topology, I, International Press, Cambridge, MA, ISBN 1-57146-012-8, 1994; Conference Proceedings and Lecture notes
prepared by Wei Yue Ding, Kung Ching Chang [Gong Qing Zhang], Jia Qing Zhong and Yi Chao Xu; translated from the
Chinese by Ding and S.Y. Cheng; preface translated from the Chinese by Kaising Tso. MR1333601 (97d: 53001).

[12] Philippe Souplet, Qi S. Zhang, Sharp gradient estimate and Yau’s Liouville theorem for the heat equation on noncompact
manifolds, Bull. Lond. Math. Soc. 38 (6) (2006) 1045-1053. MR2285258 (2008f: 35157).


http://refhub.elsevier.com/S0926-2245(17)30227-9/bib424350s1
http://refhub.elsevier.com/S0926-2245(17)30227-9/bib424350s1
http://refhub.elsevier.com/S0926-2245(17)30227-9/bib43s1
http://refhub.elsevier.com/S0926-2245(17)30227-9/bib43s1
http://refhub.elsevier.com/S0926-2245(17)30227-9/bib4343s1
http://refhub.elsevier.com/S0926-2245(17)30227-9/bib4343s1
http://refhub.elsevier.com/S0926-2245(17)30227-9/bib4359s1
http://refhub.elsevier.com/S0926-2245(17)30227-9/bib4359s1
http://refhub.elsevier.com/S0926-2245(17)30227-9/bib434C4Es1
http://refhub.elsevier.com/S0926-2245(17)30227-9/bib434C4Es1
http://refhub.elsevier.com/S0926-2245(17)30227-9/bib434C4Es1
http://refhub.elsevier.com/S0926-2245(17)30227-9/bib48s1
http://refhub.elsevier.com/S0926-2245(17)30227-9/bib48s1
http://refhub.elsevier.com/S0926-2245(17)30227-9/bib4C59s1
http://refhub.elsevier.com/S0926-2245(17)30227-9/bib4C59s1
http://refhub.elsevier.com/S0926-2245(17)30227-9/bib4Ds1
http://refhub.elsevier.com/S0926-2245(17)30227-9/bib4Ds1
http://refhub.elsevier.com/S0926-2245(17)30227-9/bib50s1
http://refhub.elsevier.com/S0926-2245(17)30227-9/bib51s1
http://refhub.elsevier.com/S0926-2245(17)30227-9/bib51s1
http://refhub.elsevier.com/S0926-2245(17)30227-9/bib5359s1
http://refhub.elsevier.com/S0926-2245(17)30227-9/bib5359s1
http://refhub.elsevier.com/S0926-2245(17)30227-9/bib5359s1
http://refhub.elsevier.com/S0926-2245(17)30227-9/bib5359s1
http://refhub.elsevier.com/S0926-2245(17)30227-9/bib535A3036s1
http://refhub.elsevier.com/S0926-2245(17)30227-9/bib535A3036s1

80 Y. Li, X. Zhu / Differential Geometry and its Applications 56 (2018) 67-80

[13] Jia-Yong Wu, Li—Yau type estimates for a nonlinear parabolic equation on complete manifolds, J. Math. Anal. Appl.
369 (1) (2010) 400-407. MR2643878 (2011b: 35432).

[14] Yunyan Yang, Gradient estimates for a nonlinear parabolic equation on Riemannian manifolds, Proc. Am. Math. Soc.
136 (11) (2008) 4095-4102. MR2425752 (2009d: 58048).

[15] Qi.S. Zhang, Some gradient estimates for the heat equation on domains and for an equation by Perelman, Int. Math. Res.
Not. (2006) 92314. MR2250008(2007f: 35116).

[16] Xiaorui Zhu, Yi Li, Li-Yau estimates for a nonlinear parabolic equation on manifolds, Math. Phys. Anal. Geom. 17 (3—4)
(2014) 273-288. MR3291929.


http://refhub.elsevier.com/S0926-2245(17)30227-9/bib57s1
http://refhub.elsevier.com/S0926-2245(17)30227-9/bib57s1
http://refhub.elsevier.com/S0926-2245(17)30227-9/bib59s1
http://refhub.elsevier.com/S0926-2245(17)30227-9/bib59s1
http://refhub.elsevier.com/S0926-2245(17)30227-9/bib5A3036s1
http://refhub.elsevier.com/S0926-2245(17)30227-9/bib5A3036s1
http://refhub.elsevier.com/S0926-2245(17)30227-9/bib5A4Cs1
http://refhub.elsevier.com/S0926-2245(17)30227-9/bib5A4Cs1

	Harnack estimates for a nonlinear parabolic equation under Ricci ﬂow 
	1 Introduction
	2 Gradient estimates I: α=1
	3 Gradient estimates II: general case
	Acknowledgements
	References


