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MABUCHI AND AUBIN-YAU FUNCTIONALS OVER COMPLEX
THREE-FOLDS

YI LI

ABSTRACT. In this paper we construct Mabuchi £M functional and Aubin-
Yau functionals Zj}y, jﬁy on any compact complex three-folds. The method
presented here will be used in the forthcoming paper [5] on the construction
of those functionals on any compact complex manifolds, which generalizes the
previous work [4].
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1. INTRODUCTION

Mabuchi and Aubin-Yau functionals play a crucial role in studying Ké&hler-
Einstein metrics and constant scalar curvatures. How to generalize these func-
tionals from Kahler geometry to complex geometry is an interesting problem. In
[], the author solved this problem in dimension two and proved similar results in
the Kéhler setting. By carefully checking and using a trick, we can construct those
functionals on any compact complex three-folds. Moreover, the idea in this paper
will be used in the forthcoming paper in which we deal with higher dimension cases.

1.1. Mabuchi and Aubin-Yau functionals on Kahler manifolds. Let (X, w)
be a compact Kahler manifold of the complex dimension n. then the volume

(1.1) Vo, :z/XoJ"
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depends only on the Kahler class of w. Let P, denote the space of Kéhler potentials
and define the Mabuchi functional, for any smooth functions ¢’, ¢"” € P, by

. I
(12) O A N
VW 0 X

where ¢; is any smooth path in P, from ¢ to ¢”. Mabuchi [7] showed that (I.2)
is well-defined.
Using ([2]) we can define Aubin-Yau functionals as follows:

1
AY ,Kahler . n n
(13) Vi) = o [ e - u),
anler anler 1 n
(14) FRVKMr(p) = g0, ) o [

So Aubin-Yau functionals are also well-defined.

However, if w is not closed, then the above definitions do not make sense. Hence
we should add some extra terms on the definitions of those functionals. These extra
terms should involve Ow and dw, but, the essential question is to find the structure
of the extra terms. In the next section, we will answer this question.

1.2. Mabuchi and Aubin-Yau functionals on complex three-folds. Through-
out the rest part of this paper, we denote by (X, ¢g) a compact complex manifold
of the complex dimension 3, and w the associated real (1, 1)-form. Let

(1.5) P = {p € C°(X)r|w, = w +/—100¢p > 0}

be the space of all real-valued smooth functions on X whose associated real (1,1)-
forms are positive.
For any ¢', ¢"” € P,,, we define

1 1
EM roon - p 3dt
w(907(p) Vw/o ‘/Xsptwsat
1
- i/ /3\/—18w/\(5<,bt-g0t)/\w%dt
|2 0 JX
1 1
(16) + V/ /3\/—18&)/\(8(/.715'@,5)/\60%:(#
w JOo JX

1 1
— i/ /&pt/\gcpt/\aw/\gcpt—i/ /ggot/\&pt/\gw/\&pt
Vw 0 X Vw 0 JX

where {¢;}o<i<1 is any smooth path in P, from ¢’ to ¢”. Our first result is

Theorem 1.1. The functional (1.8) is independent of the choice of the smooth
path {¢ito<i<1 in Py

For any ¢ € P, we set
(1.7) L3 () = L0, ).

Then we have an explicit formula of £M (y):
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Corollary 1.2. One has
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Now we define Aubin-Yau functionals Z2Y, 72Y for any compact complex three-
fold (X,w):

1
(19) ) = g [ et -ud)
wJX
3 = 3 =
- — AV—=10w A dp — — AV—=10w A0
2V, tiww Wy 2V, tiw « v

+ i/goo.)g,/\V—l&u/\@g@—f—i/goo.)/\V—l@w/\&p,
2V, I 2V, I
1
(1.10) TN (e) = —ﬁff(w)ﬂL—/ pw?
Vo Jx

3 = 3 —
_ m/Xgpwg,/\\/—law/\&p—m/Xgow/\\/—law/\&p

3 3
+ —/ gowg,/\\/—law/\(?go—i——/ ww AV —10w A Op.
2V, Jx 2V, Jx

An important result is

Theorem 1.3. For any ¢ € P,, one has

(111) I -T2 0,
(1.12) ATN(P) =I5 (9) > 0

In particular

Z w = = Z w

4

STV (e) < IV(e) < ATV ()
1 1
STV < I < TV(e) - T (p)

< 2IA() < 30M(0).

1.3. Volume estimate. For any compact Ké&hler manifold the volume (] de-
pends only on the Kahler class, but, this fact doesn’t hold for the general compact
Hermitian manifolds. To understand the change of volumes for compact Hermitian
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three-fold (X,w), the author [4] introduced three quantities associated to w:

(1.13) N / nopeP.,

(1.14) SupErr, = sup (Err,(¢
pePY

(1.15) InfErr, := inf (Err,(p)).
peP?

where PY = {¢ € P,|supy ¢ = 0} is the normalized subspace of P,. In any case,
we have

(1.16) InfErr,, <0 < SupErr, < / w
X

It implies that the quantity SupErr,, is bounded, but the quantity InfErr,, may not
have a lower bound. Notice that the lower boundedness of InfErr,, is equivalent to
the upper boundedness of sup,cpo S x Wp- We can ask a natural question [6]:

Question 1.4. Under what condition (weaker than the Kahler condition), the quan-
tity
(1.17) sup / wy
pePY JX
is bounded from above?

Remark 1.5. (1) In [4] the author showed that if 00w = 0w A Ow = 0, then
the volume fX wg does not depend on the choice of the smooth function ¢ € P,.

Consequently, [ xWo = /  w" for any function ¢ € P, which gives an affirmative
answer to Question[1.4] In the surface case, we can only assume 00w = 0.

(3) Let (X,w) be a compact Hermitian manifold of the complex dimension 2. By a
theorem of Ganduchon [2], there exists a smooth function u, unique up to a constant,
such that

(1.18) 00w =0, wg = e'w.

V. Tosatti and B. Weinkove [9] showed that {I.17) is bounded by [, (2e*~mfx v —
w? from above.

Using the idea in [9] we can show that, under a suitable condition, InfErr,, is
bounded from below when n = 3 and, consequently, (LIT) has an upper bound.

Theorem 1.6. Suppose that (X, g) is a compact Hermitian manifold of the complex
dimension 3 and w s its associated real (1,1)-form. If 00w = 0, then InfErr,, is
bounded from below. More precisely, we have

(1.19) InfErr, > 3 (1 _ 62'OSC(u)) . / w3,
X

Here u is a real-valued smooth function on X such that wg = e"-w is a Gauduchon
metric, i.e., 00(ws) = 0. In particular

(1.20) / w? < sup / 3;< (362'0“(“) —2)/ w?.
X p€ePY X

Another interesting question [6] is
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Conjecture 1.7. For any compact Hermitian manifold (X,w), one has

1.21 inf "> 0.
( ) @1€n7’8 /wa

Remark 1.8. (1) When w is Kdhler, for any smooth function ¢ € P,,, we have
Jxwi = [y w". Henceinfyepy [y wl = [y w" > 0.

(2) In [9], the authors confirmed Conjecture[I7 for n = 2 provided that u satisfies
supy (u) — inf x (u) < log2. More precisely

(1.22) inf [ wr> (2e“—supx<“> - 1) w? > 0.
eePd Jx ¥ X

We can prove Conjecture [[.7] for n = 3 provided that a similar condition holds
for u.

Theorem 1.9. Suppose that (X, g) is a compact Hermitian manifold of the complex
dimension 3 and w is its associated real (1,1)-form. We select a real-valued smooth
function w on X so that e* - w is a Gauduchon metric. If

1 3 —
= —1 < —. — =
osc(u) s;p(u) 1£1(f(u) <3 ln2, d0w = 0,
then
: 3 3
(1.23) (/)16n7£3/x(,u¥J Z/Xw > 0.

2. MABUCHI ﬁg/[ FUNCTIONAL ON COMPACT COMPLEX THREE-FOLDS

Let (X, g) be a compact complex manifold of the complex dimension 3, and w
be its associated real (1,1)-form. In this section we define Mabuchi £ functional
and prove the independence of the choice of the smooth path. As a consequence,
we give an explicit formula for £M.

Let ¢, ¢" € P, and {p;}o<i<1 be a smooth path in P, from ¢’ to ¢”. We define

1 1
0 _ .3
(2.1) e =g [ [ e
Set
(2.2) P(s,t) =85, 0<s,t<1.

Consider a 1-form on [0, 1] x [0, 1]

(2.3) 0= </}(2—f-wi)ds+</}(%—qf-wi)dt.

Taking the differential on ¥°, we have
dv® =1°-dt nds

where the quantity I° is given by

o_ [ 2(%% s\ [ O (%
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As in [4] we simplify I° in two slightly different ways. Directly computing shows

I = /X[a%. 3+a¢ 3wm/_aa( w)]

Ot0s 0s
2
_ /[gsgt ww—l-(:;—w/\?)ww/\\/ (’“)8(61/])}
= gwwi/\\/—wE(—) /%w wy, A V=10 a( )

_ / % 2 m/“a( >—/ asz\/_%( )

Notice that the last two steps are the differential expressions for I°. Using the first
expression, we have

I = /38_%/\\/_86( ) ?;f i/\\/Ta( )

[s0(5) (3] (3)0(2)
() e ma] (3)
o () B ()

(2.5) = /—6\/_—ww/\6w/\6((?;f)—|—/X—6\/—_1§ww/\5w/\8(g—f).

Similarly, we have

_ oy 9 o A
I = _/Xa—im/—wa(g)—/x B 2/\\/_88< )

B = oY = [ OY
(2.6) = /XG\/ 1asww/\6w/\5<at)+/x6\/ 18tww/\(’“)w/\8(88>.
Therefore, from (2X) and ([26) it follows that

20 [ aw aw aw o

2.7 — 8 a_w —w/\w A Ow — 0 6—1/] a—Q/J/\w A Ow.
ds ) ot ot ) o ¥
S X S
Next we define
1
@8) L) = [ ] e ownen @ e
w JO X
1
@9) 26 = | [ e Tenw, a0 eod
0 X

Here a1, as are non-zero constants and we require a; = ao. Similarly, we consider

[ atonson (3(22)6)] s+ [ [ o (3(22) )]
fonson (o) ) o[ s (5]

\Ill

\:[12
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Therefore
AUt =T dt Ads

where

- o s G L feren (6(3) )

Consequently,
o) s I o e
5(8—?>+¢-5((§:§)]/\ww/\6w
[3%.5(%_‘?)+¢ 8<gjg)t)]/\w¢/\8w
¢.5<g_f)/\—\/—_185<?;f>/\6w
)A\/—_185<(Z—w)Aaw
o) renaee [ () recrn

— (O _ (O
/){¢-8<E)A—\/—_188<E>/\8w

_ (0 _ (99
4+ /}(w.a(E)A\/—_l(?a(E)/\aw.

In the same fashion way, we have

dU? = I? . dt A ds,

+

+

where

r (O oY (0
- /X n 8(6 )Aw¢A8w+/ s 8(at)Aw¢/\8w
+ /w 8( )/\\/—1 a( )A&u
A o\ -
+ /Xw-a(E)A—\/—laa (g)/\(?w.

To simplify notation we set

(2.10) A = /X1/JE<Z—1§>A&L;A \/_aa<‘?;f>
(2.11) B = /¢3<5—¢)A3WM/_83<3¢>

Using the above symbols gives

o oy = (Y oy = (0P
— = /X—Eﬁ(%)Awl/,Aanr/Xa—ﬁ(E)Aw¢A8w+A+B,

aq S

o oy (o ~ oy . (Y - o=
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and the last two terms can be determined completely as follows:

Jovlia () o] 2 ()
Jor(v2(50) 2o ()
Jorrlpena (G) wo-om (5] roe
:/ ¢a< ¢>/\8w/\\/—_188< >

+ /—\/—_181/;A8wA5<8—¢>A5<6—¢>

—B+/ \/_WAaw/\a(g—w> 5(‘?;?)

A

2(5)

Adding the term B on both sides we obtain

/. \/_aymawm@w) 5( )
[ (ool

The final step is to introduce

(2.12) A+B

(2.13) A+

sy
I

I =, =
(2.14) L3¢ ¢") = A / / az0pr A\ Ow A Opr A Oy,
o Jx

1
(2.15) L") VL/ /a45<pt A Bw A Opy A Depy,
0o Jx

where a3, a4 are non-zero constants determined later and we require a3 = a4. Con-
sider

U3 = :/Xagf)w/\(“)w (%)A% ds
+ :/XagawAaw (%)A% dt,
Ut = :/Xa4(’“)w/\(’“)w/\6(g—w>/\6w ds
+ :/Xa451/)/\5w/\8<%—1f> /\81/)_ dt.

We take the differential on W2 and W%, and these differentials can be written as

dU3 =13 . dt Nds, dU*=T*-dt Nds
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where
3 _ 9 (%% A5
Ir = /Xagat [aw/\aw/\a(as>/\aw}
0 =[O —
- /Xagg |:81/)/\8W/\8(E)/\81/):|,
4 _ 915, .3 N
1 [ fondsns (2 o
— /a4Q[E¢A5wA8(8—¢)A8¢].
Calculate
r o o %
P [ 0(2) n0wn3 (2) a5+ unond (2
¢ ounauna(2) na(20)]
oY oY 0% _
— /[8<65)/\8 /\8< >/\81/)+81/1/\8 A8<88t>/\81/)
oY o
o ounaund (%) a3 (%)

_ MW\ = (00 _ 2 v _
o o) 3 (2) naendios [ o(2) n3(2L) nsn
_ AWETLL. . oY v .
o o (23 (%) wvnder [ 8(2) (%) s

+ —1(A+B).

Similarly,

I ) o a2 AN
a_4 = /X <8t>/\8( )/\3&)/\31/)—1—/){ (a)/\3< >/\8w/\81/)
. o

If we set

(0 2 o W\ oo
i [ -0(2) 43(2) nawngios [ o(2) 3 (28) nun,

then those two terms have the shorted expressions:

I3 2 ) - 2
=H+ A+B), —=H+ —
as —/— ( ) a4 v—1
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On the other hand, directly by definition, we have
_ o N oLl o
W [ 5(2) nawnai] no (%) « [ o(2) nounai] a3 (2)
oy oY oy o
/6{6(8 >/\8 /\814—4—/8{6(85)/\8 /\(’“)14
/a—qf[&?< >/\8 /\31/)+8<8w)/\8 /\881/)]
+ /‘ [8< >A8 A Oy — 8<8¢>A&MA5%
x ot ds
¥ _ oY .
= /X_t ( )Aaumaaw—/—- (as>/\88w/\6¢
_ v = (0 WY =
~ ]2 3(2) na] nov— [ 20 (%) nannds
0 w oy
- < ) 03 (28 masnou— [ 2-5(28) ndns now
—/ (aw)/\[)&u/\&/)
_ oY oy
= /61/1/\6w/\6<g) (815)

o oY
+ rn 6(8 )/\66 N OY +

Taking the complex conjugate gives

- fnero()eo(3)

_ %.a(aw)mawa /a—w ( )A@@w/\aw

=
QQE

=
<l
M@“

>
Q’)Q’)|

o a(a_w

rn 85) A 00w N O

x Ot 0
Hence
7 _ Y oy
wor = [ ounsna(2)a (% ) [ AW(S)M(E)
_ A+B+A+B ~ (A+B)-(A+B
V=1 -1 \/_1
Consequently
2 £—I—2+(A+B) (A+B)
6v/—1 a1 a» ’
r o — 2 — -
a_3+a_4 = ’H,+’H+_\/__1[(A+B)—(A+Bﬂ = 3V-1[(A+B) — (A+B)]

it follows that
1° 1° 12 1 (13 14)

3T @ a 3/1
_ _ 3 4
e P Y Pl

aiy as as a4

or

I° =
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Selecting

a; = —3\/—1, a9 = 3\/ —1, az = Q4 = -1
we deduce
(2.16) P+I'+P+P+1'=0.

Theorem 2.1. The functional

1
i) = o [ et
Vw 0 X
1t _
- ?w/o /X3\/—18w/\(8cpt-g0t)/\w%dt
1 1
(2.17) + 7/ /3\/—13w/\(3¢t~g0t)/\w%dt
w JO X

1 1
— i\/1 /8(/715/\5(/715/\8&}/\5(/7t—i/ /ggat/\awt/\gw/\&pt
Vw 0 JX Vw 0 JX

is independent of the choice of the smooth path {¢i}o<i<1 in P, where o = ¢’
and p1 = ©".

Proof. Tt immediately follows from (2.16]). O

Corollary 2.2. For any ¢ € P, one has

3
1 L
) = o) = g3 [elnd
“ =0

1 . , _
Lt / pw,, AwrTEA V=10w A Dy

(2.18) - 2

M-

>

0

P11 . _
+ 12_‘2 / pwi, A WAV =10w A .

.
=l

b

<
Il
o

Proof. In Theorem [21] we take ¢; =t - ¢, then the last two terms vanish and

I 1 /! _
LM () = V/o /Xgpwf’@dt—vfo /X3\/—1<9w/\(8<p-t<p)/\wwdt
1 1
+ V_/ /3\/—18w/\(830-t30)/\wwdt =Jo+ J1 + Jo.
wJo Jx

Three terms are computed as follows by using the identity wy, = tw, + (1 — t)w:
1 1
Jo = ?/ / Pltw, + (1 — t)w]dt
wJo Jx
e o 32 (3, 3—i
= — ! - t'(1 —¢)°*dt
7, forpesne (o
1 e 18
_ i 3—i i 3—i g, _ i 3—i
= EgéwwwAw -/0 (i)t(l_t) dt_MZ/X(pr/\w .

i=0
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For J;, we have
1! =
J = ——/ / 3V—10w A (D¢ - tp) A wi,dt
Vw 0 JX
I =
— _—/ / 3vV—10w A dp - tp A [twy + (1 — t)w]dt
Voo Jx
1 _ 1
= ——/ 3\/—1<p-8w/\830/\wg,-/ t2dt
Vw X 0
1 _ 1
- —/3\/—1<p-8w/\8<p/\w~/ t(1—t¢)dt
Vw X 0
1 — 1 v—1 =
= _—/ V=1l 0w A dp Nwy, — — ——p-OwAIp Aw.
Vw X Vw X 2
Taking the complex conjugate gives the third term Js. O

Remark 2.3. (1) When (X, g) is a compact Kahler three-fold, the functional (2.1])
or (Z18) coincides with the original one.

(2) The last two terms in (2.17) may not be zero since O A @y is not identically
zero in general. For instance, take o = t@" + (1 — t)¢'; then

_ _ d-
8<pt A\ 8g0t = 8(/715 A\ a@gpt
= (t39" + (1 = t)pp) A (09" — 9¢')
= 10 NOY" + (1 —1)0' NOY" = 0’ NOY".

If o' =0, then dp; A Ops = 0 and hence, by taking the complex conjugate, dp; A
0ps = 0. This is a reason why in the Corollary[2.2 there are only three terms.

Let S be a non-empty set and A an additive group. A mapping N/ : S x S — A
is said to satisfy the 1-cocycle condition if

(i) N(Ul,dz) +N(02,01) =0;
(11) N(O’l,Uz) +N(02,03) +N(O’3,0’1) =0.

Corollary 2.4. (1) The functional LM satisfies the 1-cocycle condition.
(2) For any ¢ € P,, and any constant C' € R, we have

w

(2.19) L, p+C)=C- (1—E”+(9")>.

In particular, if 00w = dw A 0w = 0, then LM (o, + C) = C.
(8) For any @1, 2 € P, and any constant C € R, we have
Err,,
220) L+ 0) = g +0- (1- ZelEd),

In particular, if 90w = 0w A Ow = 0, then LM (p1, 02 + C) = LM (p1, p2) + C.

Proof. The proof is similar to that given in [4]. O
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3. AUBIN-YAU FUNCTIONALS ON COMPACT COMPLEX THREE-FOLDS

Let (X, g) be a compact complex manifold of the complex dimension 3 and w be
its associated real (1,1)-form. We recall some notation in [4]. For any ¢ € P, we

set
(31) TN = — /sﬁ(wg—wi’;),

1 TAY (g 1
(3.2) jwl.() = /O#ds = Viw/o /Xg)(wg—wf,w)ds.

Two relations showed in [4] are

2 .
63) {0 - T = [ VTN S A

- L _J/=159 1 w2 Al
@) AT - ) = g [ VT Y=

According to the expression of LM (), we set

1.
(3.5) Au(p) = ZZ—’—l/cpw;/\wl_i/\—v—laoJ/\g%
X

pe 2V,
! i+ 1 ) )
(3.6) Bule) = Do / i, A w =t A /=10 A .
. w X

Using ([33]) we obtain

Iw\o( ) jw|o( )

2 .
= Viw/x <p;iw2_j/\wi A (—vV—=100y)
= i/ V=18 iiw—jw A D
Vw x ¢j214 @ 90
1 N
= Vw/xx/—l 8<p/\ZZw TAWL | Aoy

+ V/\/ QDZ wl™ ]/\&u/\wj—i—oﬂ J/\joﬂ LA Ow] A Dy;
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setting % :j — 1 in the third term gives

Iw|o( ) jw\o( )

_ J 5 2-5 A j
- V_W;Z/X\/—lagp/\agko TAW,
2. .

1 2 — . S
+ V—Zj“fj)/\/—lgowlﬂ/\aw/\wfa/\&p

w i D'

R

o i . _

+ V—M;Z/X\/—hpw TAWLT A Ow A Op

2 .
1 _ o _

= VE i/\/—law/\agp/\w%z/\w;—l— /sﬁwwAv—13WA3%ﬁ
W= "X X

1
4V,

1.
1 (i+1)? i 1—i 5
+ V—wiéo 1 /chwy,/\w AV —=10w A D¢

2 .
1 ¢ 3 i —i
= VE Z/\/—1&;7/\8@/\%{,/\cu2

+ 4‘5/ wep AV — (?w/\&p—l——/gaw/\\/ 10w A O¢p.

To simplify the notatlon, we set,

(3.7) Cul(p) ==

Therefore

3
A cpwg, AV—=10w A De.

3

(338) ST - T )

1 i — ) 1
= =Y - [ VE10p NI Awl AT Z A, Cu ().
vw;4/)< o N A, AW~ 2 Au(9) +Cul)

On the other hand, using the slightly different method, we obtain (see [A.1))

(3.9) Iw|.( ) = ot ()

I — 5 i 2 1
= Vw;‘lfxv L0p N Op N wy, Aw 2Bw(<p)+Dw(<p)

where
(3.10) Do(p) = — | pwy, A=V —10w A Op.
V. Jx
Equations B.8) and (39) implies
?’I()j()fL 1/\/8A8AA1'
4 w|e\¥ wle ¥ - Vw 4 « ¥ PAW w
(3.11) B Awwi o) Cw(@)‘;pw(</7).
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By the definition we have
2t = [ oo = & - [ ot
W" o Vw 0 wa <Pws<p ° Vw X<Pw Vw 0 X@wttp
1
= i et = (@) - Aul) - Bute)
1
= o [ et = ) + Aule) + Bue).

If we define
(3.12) Eo(p) = %/ ow A V/—10w A D,
(3.13) AL(p) = 2‘1/ ow A —/—10w A Dy
(3.14) L) = o /X pwy A —v/"10w A Dy,

then AL (¢) + A2 () = Ao () and it follows that (see [A])

1
jw|o Iﬁg( ) = 1 Z —1 / VvV — 8(/7/\8@/\(«} /\w —i

V, 4
(3.15) + &y )+8AL( ) — AZ(p).
Introduce

(3.16) Folp) = Vi/gow/\—\/—law/\ago,
wJx

(3.17) Bl(p) = L/goo.)/\V—l@w/\(’?cp
W Jx

(3.18) Bi(e) = VL/ Ywy AV —10w A Dp.
w Jx

Then B (¢) + B%(p) = B, (¢) and hence (see [A3)

WO -TI) = o) [ VoA Al Awt
1=0

w .

(3.19) +  Fulp) +8BL(p) — BZ(p).

BI0) and BI9) together gives

[y

1T () ~ I () = 722—2/\/_890/\8<p/\w A1
(3.20) v BEERE) a4 Bl

A2 (¢) + B2 (p)
L
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Now, we define Aubin-Yau functionals over any compact complex manifolds as
follows:

IV (e) = I5%(e)
+  ar AL (@) + A AL () + 1B () + bIB2 ()
(3.21) +  c1Cu(p) + diDy(p) + e1€u(p) + frFu(p),
) = o)+ [ et
+ az AL (@) + a5 AL () + b3BL() + b3B2 ()
+ CzC (¢) + doDu () + e2€u () + faFu(w),
= w\. (90)
+ (a3 — 1D)AL(@) + (a3 — 1)AZ () + (b3 — DBL(¢) + (b3 — 1)B3 ()
(3.22) +  2Cu(p) + daDy () + e2u(9) + faFu(p).

Plugging (3:21) and [3.22)) into (B:20) and (B.I1), we obtain
3 1 i . |
62 O -I@ = - X g [ VTIoeATenul a2 0
“i=1
and

(3.24) 4T3 (9) =T (0) = 20

i= O

where we require that constants satisfy the following linear equations system

3 1 3 1
(3.25) Za} —(ad—1) = n Zaf (a2—1) = T
3.4 L 1 3, ) 1
(3.26) i--1 = 4b -1 = 7.
3 1 1
(327) ch —C2 = —5, Zdl —dy = —5,
3 3
(3.28) e = 0, Zfl —f, = 0,
1
(3.29) 4(ay —1) —a] = —4, 4(dd—-1)—a3 = 3
1
(3.30) 4By —1)—bl = —4, 4Bi-1)—bp? = 5
(331) 402 — C1 = 0, 4d2 — d1 = O,
1 1
(3.32) deg —e; = ~5 Afs—f1 = -5
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The constants a’, b ¢, d;,e; and f; | calculated in Appendix B, are

1?7

3 3
(3.33) ap = b = —5» al = bl = o
3 3 3 21
(@34 @ = b = p @ =K = 1(”1) T
3
3.35 = d = -1 = - 2
( ) 1 1 , €2 f2 167
1
(336) cy = d2 = e = fl = _Z'

The explicit formulas for ZAY (¢) and J4Y () are given in Proposition [C1] and
respectively. Namely,

1
(3.37) @) = g [ et -ud)
w Jx
3 = 3 —
-2 V=1 -2 e
3V, Xgaww/\ Ow A Oy 3V, Xgaw/\ Ow A Dy
+ 3 gacu%,/\\/—18&1/\8@4—i ww AV —10w A dp,
X o Jx
1
(3.39) K e
Vo Jx

3 = 3 =
- — AV—=10w A Op — — AV—=10w A9
oo TT0onBo =5 [ on Ty
3 3
+ —/gowg,/\\/—law/\ago—f——/gow/\\/—l(f?w/\&p.
2Vw X 2Vw X

From 3.23), 324), 331) and B3], we deduce the following

Theorem 3.1. For any ¢ € P,, one has

v
o

(3.39) %IL*Y(@) - T ()
(3.40) 4T () =I5 ()

In particular

v
o

TN < TN < 21,
gij() < IV(p) < 4TM(e),

%Jﬁy(@ < ijﬁy(w) < I5V(0) - TN (p)
< ZIf}Y(sﬁ) < I (p).

4. VOLUME ESTIMATES

Let (X, g) be a compact Hermitian manifold of the complex dimension n and w
be its associated real (1, 1)-form. Define

(4.1) Py = {p € C°(X)r|wy = w +V—109¢p > 0},
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and P = {<P € Pw‘ Supy p = 0}. Consider the quantity

(4.2) InfErr, := inf Erry,(p),
PEPY

where

(13) Bin(e)i= [ o= [ o,

It’s clear that InfErr, < 0. But we don’t know whether the quantity InfErr,, is
finite. For n = 2, V. Tosatti and B. Weinkove [9] showed that InfErr,, is always
bounded from below, using the existence of Ganduchon metrics on any compact
Hermitian manifolds. If w satisfies the condition (see [3], [9])

(4.4) 2OW*) =0, k=1,2,

one can show that the quantity InfErr,, = 0 (see [1I, [4], or [9]).
When n = 2, the condition (4] reduces to

(4.5) 0w = 0,

which is a Ganduchon metric; however, if n = 3, we can show that InfErr, is
bounded from below under this condition.

Theorem 4.1. Suppose that (X, g) is a compact Hermitian_manifold of the complex
dimension 3 and w s its associated real (1,1)-form. If 00w = 0, then InfErr,, is
bounded from below. More precisely, we have

(4.6) InfErr, >3 (1 — 62'OSC(u)) ) / w3,
X

Here u is a real-valued smooth function on X such that wg = e"-w is a Gauduchon
metric, i.e., 00(wg) = 0.

Proof. As in [9], page 21, we compute
/X wg = /X(w3 + 3w? AV—=190¢p + 3w A (V—100p)?)
= / (—2w3 + 3w? A (w + V—190¢) + 3w A (V—100p)?).
X

Since 90w = 0, the last integral vanishes, and hence

. 2 _
/wi /—2w3+/ 3(6“_‘“f"(“)w> A (w+ vV—=100y)
X X X
/_2w3+362(supx(u)—infx(u))/ w3
X

X
+ / 3e~2infx (W . (2 A /10Dy
b's

_ /_2w3+362.osc(u)/ WS — (362»osc(u)_2)/ w3'
X X X

From the definition of InfErr,,, we immediately obtain

InfErr,, Z/ W3 (362-os0(u) _ 2)/ w3 =3 (1 _ e2»osC(u)) / w3
X X X

where osc(u) := supy (u) — inf x (u). O

IN
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Theorem 4.2. Suppose that (X, g) is a compact Hermitian manifold of the complex
dimension 3 and w is its associated real (1,1)-form. We select a real-valued smooth
function u on X so that e* - w is a Gauduchon metric. If

1 —
osc(u) = s1)1{p(u) - igl(f( u) < 3 -In g, 00w = 0,
then
. 3 3
(4.7) ¢16n7£2 /Xw@ > /Xw > 0.

Proof. Using the similar procedure, we deduce

/ W > (3.62<infx<u>fsupx<u>>_2) / P
X X

Since supy v —infx u < % . 1n%, it follows that 3 - e2(infx u—supxw) _ 9 > 1, d

APPENDIX A. PROOF THE IDENTITIES (B.8), (B3I5) AND (B3:19)
In Appendix A we verify the identities (3.8), (313) and (EI9).

(Al) Iw|o( ) jw\.( )
1 2. j
= — —\/— o y2—J J
Vw/x v—10 cpjzzl4w Awl, | Ay
1 _ 2,
= Z/X—\/—l &p/\ZZwQ_]/\wfa A Oy
+ —/ —/— QDZ 13/\8w/\w3+w23/\joﬂ LA QW] A D

1 ; _ , ,
- ?Zi/\/—lﬁcp/\ago/\w;/\wz_l

+ VZJ / -V - <pw1j/\wj/\8w/\8g0
1 =

+ VZZ/X—\/—lwwzj/\wfpl/\aw/\aga
w i

2 .
1 — ) ) 1 —
_ Vzi/ /__18(p/\690/\w271Aw;+W/ —\/—190(,0(/,/\(900/\690

1 1
+ ZZO i+ / —V—=1lpw!'™ l/\w A Ow A Oy

= Z /\/_(990/\890/\w2 1/\0.) ——B () + Du(yp)
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which gives ([39). Calculate

4TI =T ()
1 2 A
_ E/X\/‘_w gp;@_j)w?*mw; A B
= —/\/_Bgo/\z —Jjw 2J/\oﬂ/\890
7=0

1 . — . i 3 o o _
+ Vw/x V—1¢Z[(2—J)2w1 T A Ow AW + (2 = j)jw? T Awit A dw] A By
=

2

= VLZ —z/\/ 8@/\8<p/\w Aw??
1=0

€

—

1 o _ 1 _
+ - (2—j)2/ cpwl_J/\wi,/\\/—law/\(?go—i-V—/ pw AV —10w A dyp
X w JX

w

.
[}

2

= —Z —z/\/—lago/\gcp/\w;/\w2_i
X

+ V/gaw/\\/—law/\ap—l-i/gawwA\/—lawAgw.
wJX b's

Ve

Using the definitions of &,(p), AL (), A% (), we have AL (p) + A2 (p) = Au(p)
and hence ([3.I5) holds. Similarly, we have BL () + B2(¢) = B (p) and

jw|o( ) Iw\.( )
= 7 / —v/—=10 (@Z w?™ 3/\w3)/\8g0
= S —vV=10¢ A 2 — Hw? Awl Ay
Vv i
w JX §j=0
1 2 o =
+ Vw/x—\/—lgpzoﬂ—j)[@—j)wlj /\(?w/\wfa—l-jwzﬂ /\wf/;l/\(?w]/\aga
j=
1 ¢ _ o
= V_WZ@_Z)/ \/—18(,0/\8@/\4;.}271/\%
+ Z —1) /gpwl l/\w A (= \/—18&1/\8g0)+i/ pw A (—vV—=10w A dp)
V Vw X
1 . 3 —i i
= V—WZ(2—2)/X\/—1890/\6¢/\W2 A wy,
i=0

+ i/ cpw/\(—\/—l(?w/\(?go)—i-i/ Ywy A (—V—=10w A 0p).
Vw X |4 X

w
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and hence
AT (9) = Ioe) = V% _22;(2 ) /X V=100 NI Awi AW
(A2) b F(p) +8BL() — B()
Therefore (3.10) and (B19) together gives
W) - T = o é@ R R
" L G EEE) 44t () 4 Bl - DB

APPENDIX B. SOLVE THE LINEAR EQUATIONS SYSTEM

In this section we try to solve the linear equations system ([B.25)-(B.32]). Firstly
we solve ([3:25) and (3.29) as follows: (B.28) and ([B.29) gives us the following equa-

tions
3, 1

(B.1) 1977 T ay—1, 4(ad—1)+4 = al,
3 1 1
(B.2) Za% i az—1, 4(a2—1)— 5 = al.

Plugging the first equation into second equation in (B, we have

3 1
4(1(1%—1)4—4:@}

which implies

3 3
(B?)) a}:—i, G/;:—g
Similarly,
3 1\ 1
4(1*‘1) —g=ai
therefore
3 3 3\ 21
2 _ ° 2 _ 2 o) 2
(B-4) “aTp 2Ty <1+ 4> 16
Secondly, (8:26) and (830) implies
3 1
(B.5) Zb} -7 = by —1, 40k —1) = b} —4,
3 1 1
(B.6) be -7 = b2 —1, 4(b3—-1) = b2+ 5

The above linear equations system gives
3 1 3 1 1
4(119}—1) =bl—14, 4(1173—1) :b§+5,
respectively. Hence

3
(B.7) o= -5 b= -

21
(B.8) b = 3 by = §<1+§> - 5
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Continuously, equations (327) and (33I]) shows that

1
261—02 = —57 462—61 = O,
3 1
Sdy—dy = —=, 4dy—d; = 0.
4 1 2 27 2 1

Eliminating co and ds respectively, we have

3 1 3 1
4(1014—5)—01—0, 4(Zd1+§>_d1_0

Thus
(B.9) o = -1 -1
N 1 - 9 02 - 4
1
(B.10) d = -1, do = 1
Similarly, from ([B:28) and ([332]) we obtain
1
161—62207 462—61 = —57
3 1
—fi—fa=0, 4fy,— = —=
4fl J2=0, 4fo—fi %
and hence
1
(Bll) €1 = fl = _Z,
(B.12) ea = fa = —i
. 2 = f2 = T

ApPPENDIX C. EXPLICIT FORMULAS OF ZAY () AND JAY ()

In this section we give the explicit formulas of Z2Y (¢) and J2Y (). Using the
constants determined in Appendix B, we have

() = —/ (w ~ o
3

+ 4V gow/\\/ Bw/\&p—m Xgowg,/\\/ 10w A Oy
3 3

— gow/\\/—l OwANOp+— [ pw, ANV—=10w A ¢
4V, 4V, Jx
3 3

— / Py A V—10w A Dp + — cpwg, AV—=10w A dp
4V, 4V,
9

T gow/\\/ Bw/\&p—l——/gow/\\/—l Ow A Dy

:_/ (@ —

— 2V gow/\\/ Bw/\&p—l——/gow/\\/—l Ow A Dy

— 2‘3/ Pwe AV — 8w/\390+—/<pw@/\\/—1 Ow N Dep.

Thus
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Proposition C.1. One has

1
) = g [ e -
3
T ww@/\\/ 8w/\8g0——/<pw/\\/ 10w A Oy
3
+ oI <pw¢/\\/—1 w/\(?g&—l——/ww/\\/—l Ow A 0.
Similarly, we have
1
T = L)+ [ e
Vo Jx
+33 AV—=10w A O 32+3 1/ AV=10w A O
82V, J ¥ R Y 17 s cner
- §L w A V—10w A 9 —l—§ 2—0—§ L / w, AV —10w A O
82V, /¥ 7T 2) 2V, [ T 7
— §i/ Wy A V—10w A 9 +§i/ wy, AV —10w A 0
82V, /7 7R, S T 7
27 1 27 1
_ AvV—10w A D —_—— AV—10w A O
s, Y whdet oy | wAoy

1
_ —EM el 3
w(so)+vw/xs0w
— i/cpcu/\\/—1(%}/\530—1-i/cpw/\\/—lﬁw/\agp
2V, Jx 2V, Jx

3 = 3
— —/ cpwy,/\\/—law/\acp—i——/ pwe AV —=10w A Op
2Vw X 2Vw X

So
Proposition C.2. One has
1
TN = )+ [ e
Vo Jx
3
T ww@/\\/ 8w/\8g0——/<pw/\\/ 10w A D¢
3
+ oI <pw¢/\\/—1 w/\(?g&—l——/ww/\\/—l Ow A De.
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