STOCHASTIC COMPLETENESS AND GRADIENT
REPRESENTATIONS FOR SUB-RIEMANNIAN MANIFOLDS

ERLEND GRONG AND ANTON THALMAIER

ABSTRACT. Given a second order partial differential operator L satisfying the
strong Hormander condition with corresponding heat semigroup P, we give
two different stochastic representations of dP;f for a bounded smooth func-
tion f. We show that the first identity can be used to prove infinite lifetime
of a diffusion of %L, while the second one is used to find an explicit pointwise
bound for the horizontal gradient on a Carnot group. In both cases, the un-
derlying idea is to consider the interplay between sub-Riemannian geometry
and connections compatible with this geometry.

1. INTRODUCTION

A Brownian motion on a Riemannian manifold (M, g) is a diffusion process with
infinitesimal generator equal to one-half of the Laplace-Beltrami operator A, on M.
If (M, g) is a complete Riemannian manifold, a lower bound for the Ricci curvature
is a sufficient condition for Brownian motion to have infinite lifetime [47]. Stated
in terms of the minimal heat kernel p;(z,y) to %Ag, this means that

/ pe(,y) du(y) =1
M

for any (¢,x) € (0,00) x M, where pt = pg4 is the Riemannian volume measure.
Infinite lifetime of the Brownian motion is equivalent to uniqueness of solutions
to the heat equation in L, see e.g. [23], [27, Section 5]. Furthermore, let P,
denote the minimal heat semigroup of %Ag and let Vf denote the gradient of a
smooth function with respect to g. Then a lower Ricci bound also guarantees that
t = [[VP; f|| (4 is bounded on any finite interval whenever V f is bounded. This

fact allows one to use the I's-calculus of Bakry—Emery, see e.g. [5, 6].

For a second order partial differential operator L on M, let o(L) € T'(Sym? T M)
denote its symbol, i.e. the symmetric, bilinear tensor on the cotangent bundle T* M
uniquely determined by the relation

1

(1) o(L)df,dd) = 5 (L(f6) — fLo—GLf), f,0€ C=(M).

If L is elliptic, then o(L) coincides with the cometric g* of some Riemannian metric
g and L can be written as L = A, + Z for some vector field Z. Hence, we can use
the geometry of g along with the vector field Z to study the properties of the heat
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flow of L, see e.g. [46]. If o(L) is only positive semi-definite we can still associate
a geometric structure known as a sub-Riemannian structure. Recently, several
results have appeared linking sub-Riemannian geometric invariants to properties of
diffusions of corresponding second order operators and their heat semigroup, see
[8, 10, 12, 24, 25]. These results are based on a generalization of the I's-calculus for
sub-Riemannian manifolds, first introduced in [11]. As in the Riemannian case, the
preliminary requirements for using this I's-calculus is that the diffusion of L has
infinite lifetime and that the gradient of a function does not become unbounded
under the application of the heat semigroup.

Consider the following example of an operator L with positive semi-definite sym-
bol. Let (M, g) be a complete Riemannian manifold with a foliation F correspond-
ing to an integrable distribution V. Let H be the orthogonal complement of V' with
corresponding orthogonal projection pry and define a second order operator L on M
by

(1.2) Lf =div(pry Vf), [feC®(M).

If H satisfies the bracket-generating condition, meaning that the sections of H
along with their iterated brackets span the entire tangent bundle, then L is a hypoel-
liptic operator by Hérmander’s classical theorem [30]. The operator L corresponds
to the sub-Riemannian metric gy = g|H. Let us make the additional assumption
that leaves of the foliation are totally geodesic submanifolds of M and that the
foliation is Riemannian. If only the first order brackets are needed to span the
entire tangent bundle, it is known that any %L—diﬁ"usion X, has infinite lifetime
given certain curvature bounds [25, Theorem 3.4]. Furthermore, if H satisfies the
Yang-Mills condition, then no assumption on the number of brackets is needed to
span the tangent bundle is necessary [12, Section 4], see Remark 3.16 for the def-
inition of the Yang-Mills condition. Under the same restrictions, for any smooth
function f with bounded gradient, ¢ — ||V P, f|| (4 remains bounded on a finite
interval.

We will show how to modify the argument in [12] to go beyond the requirement
of the Yang-Mills condition and even beyond foliations. We will start with some
preliminaries on sub-Riemannian manifolds and sub-Laplacians in Section 2. In
Section 3.1 we will show that existence of a Weitzenbdck type formula for a connec-
tion sub-Laplacian always corresponds to the adjoint of a connection compatible
with a sub-Riemannian structure. Our results on infinite lifetime are presented
in Section 3.3 based on a Feynman-Kac representation of dP;f using a particular
adjoint of a compatible connection. Using recent results of [18], we also show that
our curvature requirement in the case of totally geodesic foliations implies that the
Brownian motion of the full Riemannian metric ¢ has infinite lifetime as well, see
Section 3.7.

Our Feynman-Kac representation in Section 3.3 uses parallel transport with
respect to a connection that does not preserve the horizontal bundle. In Section 4.1
we give an alternative stochastic representation of dP;f using parallel transport
along a connection that preserves the sub-Riemannian structure. This rewritten
representation allows us to derive an explicit pointwise bound for the horizontal
gradient in Carnot groups. For a smooth function f on M, the horizontal gradient
VH f is defined by the condition that (V¥ f) = o(L)(df,a) for any a € T*M.
Carnot groups are the ‘flat model spaces’ in sub-Riemannian geometry in the sense
that their role is similar to that of Euclidean spaces in Riemannian geometry. See
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Section 4.3 for the definition. It is known that there exists pointwise bounds for
the horizontal gradient on Carnot groups. From [34], there exist constants C), such
that

1
(13) V7P flyn < Cy (BIVEF2,)7, pe(1,00),

holds pointwise for any ¢ > 0. This can even be extended to p = 1 in the case of the
Heisenberg group [32]. According to [16], the constant C), has to be strictly larger
than 1. We give explicit constants for the gradient estimates on Carnot groups. Our
results improve on the constant found in [4] for the special case of the Heisenberg
group. Also, for p > 2 we find a constant that does not depend on the heat kernel.

Appendix A deals with Feynman-Kac representations of semigroups whose gen-
erators are not necessarily self-adjoint, which is needed for the result in Section 3.3.

2. SUB-RIEMANNIAN MANIFOLDS AND SUB-LAPLACIANS

2.1. Sub-Riemannian manifolds. We define a sub-Riemannian manifold as a
triple (M, H, gp) where M is a connected manifold, H C T'M is a subbundle of
the tangent bundle and gg is a metric tensor defined only on H. Such a structure
induces a map #7: T*M — H C TM by the formula

(2.1) a) = o a,v)y, = gu(t?a,v), a€TiM, ve H,, 2 € M.

The kernel of this map is the subbundle Ann(H) C T*M of covectors vanishing
on H. This map 7 induces a cometric g3 on T*M by the formula

(22) <O"/6>_l];; = <HHO"ﬁHﬂ>9H7

which is degenerate unless H = T'M. Conversely, given a cometric gj; degenerating
along a subbundle of T* M, we can define 7 o = g% («, -) and use (2.2) to obtain gz.
Going forward, we will refer to g3, and (H, gg) interchangeably as a sub-Riemannian
structure on M. We will call H the horizontal bundle. For the rest of the paper, n
is the rank of H while n + v denotes the dimension of M.

Let p be a chosen smooth volume density with corresponding divergence div,,.
Relative to u, we can define a second order operator

(2.3) Apf =7, f=div,t7df.

By means of definition (1.1), the symbol of Ay satisfies 0(Ap) = g5;. Locally the
operator Ay can be written as

n
Apf=Y Alf+Aof, n=rankH,
i=1
where Ag, A1, ..., A, are vector fields taking values in H such that A;,..., A, form
a local orthonormal basis of H.

The horizontal bundle H is called bracket-generating if the sections of H along
with its iterated brackets span the entire tangent bundle. The horizontal bundle is
said to have step k at x if £k — 1 is the minimal order of iterated brackets needed
to span T,M. From the local expression of Ayg, it follows that H is bracket-
generating if and only if Ay satisfies the strong Hormander condition [30]. We shall
assume that this condition indeed holds, giving us that both Ay and %A g — Oy are
hypoelliptic and that

(24)  dgy(z,y) =sup{|f(z) = f(y)]: f€CT(M), o(Ap)(df,df) <1},
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is a well defined distance on M. Here, and in the rest of the paper, C°(M) de-
notes the smooth, compactly supported functions on M. Alternatively, the distance
dg, (z,y) can be realized as the infimum of the lengths of all absolutely continuous
curves tangent to H and connecting x and y. The bracket-generating condition
ensures that such curves always exist between any pair of points. For more infor-
mation on sub-Riemannian manifolds, we refer to [36].

In what follows, we will always assume that H is bracket-generating, unless
otherwise stated explicitly. We note that if Ay satisfies the strong Hérmander
condition and if dg,, is a complete metric, then Ag|C°(M) is essentially self-
adjoint by [41, Chapter 12].

For the remainder of the paper, we make the following notational conventions. If
p: E — M is a vector bundle, we denote by I'(E) the space of smooth sections of E.
If F is equipped with a connection V or a (possibly degenerate) metric tensor g, we
denote the induced connections on E*, /\2 FE, etc. by the same symbol, while the
induced metric tensors are denoted by g*, A%g, etc. For elements e, e, we write
1/2 . . ..
gler,ea) = (e1,e2)q and |eq]y = (e1,€1)y’ " even in the cases when g is only positive
semi-definite. If y is a chosen volume density on M and f is a function on M, we
write || f||z» for the corresponding LP-norm with the volume density being implicit.
If Z € T(E) then ||Z]|1r(g) := [[|Z]g]lLr-

For x € M, if & € End T, M is an endomorphism, we let &7 € End T M denote
its transpose. If M is equipped with a Riemannian metric g, then &/* € End T} M
denotes its dual. In other words,

(Av,w)y = (v, w),, (ZTa)(v)=a(v), aeTiM, v,weT,M.

The same conventions apply for endomorphisms of T*M. If & is a differential
operator, then «7* is defined with respect to the L2-inner product of g.

2.2. Taming metrics. Given a sub-Riemannian manifold (M, H, g5), a Riemann-
ian metric g on M is said to tame gy if g|H = gg. If dg is the corresponding Rie-
mannian distance, then d,(x,y) < dg, (z,y) for any x,y € M, since curves tangent
to H have equal length with respect to both metrics, while d; considers the infimum
of the lengths over curves that are not tangent to H as well. It follows that if d, is
complete, then dg,, is a complete metric as well, as observed in [41, Theorem 7]. By
[40, Theorem 2.4], if g is a complete Riemannian metric taming gz, then the sub-
Laplacian Ay with respect to the volume density of g and the Laplace-Beltrami
operator A, are both essentially self adjoint on Cg°(M).

Given g, we denote the corresponding orthogonal projection to H by pry. Let
b:TM — T*M be the vector bundle isomorphism v + (v, -), with inverse §. The
fact that g tames gy is equivalent to the statement that #7 = prj . Let V denote
the orthogonal complement of H with corresponding projection. The curvature R
and the cocurvature R of H with respect to the complement V are defined as

(25) R(A7 Z) = prV[er A7 Pry Z]7 R(A7 Z) = Pry [prV Av Pry Z]7

for A,Z € T(TM). By definition, R and R are vector-valued two-forms, and R
vanishes if and only if V is integrable. The curvature and the cocurvature only
depend on the direct sum TM = H & V and not the metrics gy or g.

2.3. Connections compatible with the metric. Let V be an affine connec-
tion on TM. We say that V is compatible with the sub-Riemannian structure
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(H,gu) or gj if Vgi; = 0. This condition is equivalent to requiring that V pre-
serves the horizontal bundle H under parallel transport and that Z(A1, As)g, =
(VzA1, Ad)g, + (A1, V zAs)g, for any Z € I(T'M), A1, Ay € T'(H). For any sub-
Riemannian manifold (M, H, gy ), the set of compatible connections is non-empty.
Let g be any Riemannian metric on M and define V as the orthogonal complement
to H. Let pry and pry, be the corresponding orthonormal projections. Define

9 =Pty gm + pry V.
Then g is a metric taming gg. Let VY9 be the Levi-Civita connection of g and define
finally
(2.6) VY :=pry V9 pry +pry V9 pry, .

The connection V° will be compatible with g}; and also with g.

2.4. Rough sub-Laplacians. In this section we introduce rough sub-Laplacians
and compare them to the sub-Laplacian as defined in (2.3). Let g%, € I'(Sym? T'M)
be a sub-Riemannian structure on M with horizontal bundle H. For any two-tensor
£ € T(T*M®?) we write try £(x, x) := &(g};). We use this notation since for any
x € M and any orthonormal basis vy, ...,v, of H,

try §(x)(x, x) = 25(90)(%%‘)

For any affine connection V on T'M, define the Hessian V2 by
Va5 =VaVs—Vv,s.

We define the rough sub-Laplacian L(V) as L(V) = trg V% . Since V induces a
connection on all tensor bundles, L(V) defines as an operator on tensors in general.
We have the following result.

Lemma 2.1. (a) Let p be a volume density on M with corresponding sub-Laplacian
Apg. Assume that H is a proper subbundle in T M. Then there exists some con-
nection V compatible with g3 and satisfying L(V)f = Auf.

(b) Let g be a Riemannian metric taming gg and with volume form u. Let V be
a connection compatible with both g3 and g. Let TV be the torsion of V and
define the one-form B by

B(o) = trT% (0, ).
Then the dual of L = L(V) on tensors is given by
L*=L—2Viug—div, t"8 =L+ (Vyug)* — Vyug.
In particular, Lf = Ap f + (8,df)gz, for any f € C(M).

Proof. (a) If H is properly contained in T'M, then there is some Riemannian metric
g such that g|H = gg and such that p is the volume form g. Define V° as
in (2.6) and for any endomorphism valued one-form « € T'(T*M ® End T* M),
define a connection V% = V9 + k(v). The connection V* is compatible with
gy if and only if

(2.7) (k(v)a,a)g: =0, veTM,aecT"M.
Furthermore, L(V*®)f = L(V°)f + (trg x(x)Tx)f.
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Define Z = Ay — L(V?). We want to show that there is an endomorphism-
valued one-form « such that try x(x)Tx = Z and such that (2.7) holds. By a
partition of unity argument, it is sufficient to consider Z as defined on a small
enough neighborhood U such that both TM and H are trivial. Let n be any
one-form on U such that

nlgy, =1, n(Z) =0.
Let ¢ be a one-form such that ¢ = Z. Define x by
K(v)a = n(v)(a(Z)n - a(tn)C).

We observe that (k(v)a,a)g: = n(v)(a(Z)a(t"n) — a(t?n)a(Z)) = 0. Fur-
thermore, if we choose a local orthonormal basis Aq,..., A, of H such that
Ay = tHn, then n(A;) = &1 ; while ((A1) = 0. Hence

altry £(x)7x) = Zn(Aj)(Oé(Z)n(Aj) —a(tn)((4)) = a(2),

and so the one-form x has the desired properties.
(b) For any connection V preserving the Riemannian metric g, we have

(2.8) div, Z = (Va,Z, A)g+ Y V2.2, Z.)g — B(2),
i=1 s=1
with respect to local orthonormal bases Aq,..., A, and Z,...,Z, of respec-
tively H and V.
For any pair of vector fields A and B consider an operator F(A ® B) =
bA ® Vp on tensors with dual

F(A® B)" = —t@ivB)A — tvpA — LAVB.

Extend F to arbitrary sections of TM®2 by C>°(M)-linearity and consider the
operator F(g};). Since V preserves H, its orthogonal complement V' and their
respectice metrics, around any point x we can find local orthonormal bases
Ay,..., A, and Zy,...,Z, of respectively H and V that are parallel at any
arbitrary point x. Hence, in any local orthonormal basis

Fg5)* =umg— > _1a,Va,,
i=1
and so
F(gy)"F(g) = —L+ Vg = —L" + (Vyug) . .

Remark 2.2. As a result of the proof of Lemma 2.1, we actually know that all
second order operators on the form L(VY) + Z for some Z € I'(H) is given as the
rough sub-Laplacian of some connection compatible with the metric gz .

3. ADJOINT CONNECTIONS AND INFINITE LIFETIME

3.1. A Weitzenbéck formula for sub-Laplacians. In the case of Riemann-
ian geometry gy = g, one of the central identities involving the rough Lapla-
cian of the Levi-Civita connection L(V9) is the Weitzenbock formula L(V9)df =
Ricy (#df, -) +dL(V9) f = Ricy(8df, -) + dA4f. A similar formula can be introduced
in sub-Riemannian geometry, as was observed in [20] using the concept of adjoint
connections. Adjoint connections were first considered in [15].
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If V is a connection on 7'M with torsion 7'V, then its adjoint V is defined by
VaB=VAB-TY(A B).

for any A,B € T(T'M). We remark that —TV is the torsion of V, so V is the
adjoint of V.

Proposition 3.1 (Sub-Riemannian Weitzenbock formula). Let L be any rough sub-
Laplacian of an affine connection. Then there exists a vector bundle endomorphism

o T*M — T*M such that for any f € C*(M),
(3.1) (L—)df =dLf

if and only if L = L(@) for some adjoint V of a connection V that is compatible
with gf;. In this case, & = Ric(V), where

(3.2) Ric(V)(a)(v) := trg RY (x,v)a(x).
We note that the bracket-generating assumption is not necessary for this result.

Remark 3.2.
i) Let V be a connection satisfying Vg3, = 0 and let V be its adjoint. By
H
[22, Proposition 2.1] any smooth curve v in M is a normal sub-Riemannian
geodesic if and only if there is a one-form A(¢) along ~y(t) such that

tHA(t) = 4(t), and VsA(t) =0.

See the reference for the definition of normal geodesic. In this sense, adjoints
of compatible connections occur naturally in sub-Riemannian geometry.

(ii) A Weitzenbock formula in the sub-Riemannian case first appeared in [20,
Chapter 2.4], see also [19]. This formulation assumes that the connection V
can be represented as a Le Jan-Watanabe connection. For definition and the
proof of the fact that all connections on a vector bundle compatible with some
metric there are of this type, see [20, Chapter 1]. We will give the proof of
Proposition 3.1 without this assumption, in order to obtain an equivalence be-
tween existence of a Weitzenbock formula and being an adjoint of a compatible
connection.

Before continuing with the proof, we will need the next lemma.

Lemma 3.3. Let V be an affine connection with adjoint @.AAssumAe that V is
compatible with g§; and denote L = L(V), Ric = Ric(V) and L = L(V). For any
endomorphism-valued one-form k € T(T*M @ End T*M) let V" be the connection

(3.3) Vi=V,+k), veTM.

(a) If the horizontal bundle H is a proper subbundle of TM and bracket-generating
then the connection V does not preserve H under parallel transport.

(b) Define L" = L(V"). Then
L =L+ Vg +2D" + k(Z7) + trug(V k) (X) + trg s(x)x(x)

where Z® = try k(x)Tx and D = try k(x)V«. In particular, for any function
feC>(M),
Lf=Lf+2Z"f and Lf=LJ.
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(¢) The adjoint V" of V* is given by V% =V, + &(v) where
((v)a)(w) = (k(w)a)(v), forv,w eTM, o« € T*M.
In particular, if V* is compatible with g} then k(% a)a =0 for any o € T*M.

Proof. (a) Let A,B € T'(H) be any two vector fields such that [A, B] is not con-
tained in H. Observe that VoB = VA + [A, B] then cannot be contained
in H either.

(b) This follows by direct computation: for any local orthonormal basis Ay, ..., A,
of H, we have
L% =" (Va, + £(A) (Va, + r(4))

i=1

- Z (VVAiAi—H(Ai)TAi +r(Va, Ai — H(Ai)TAi))
=1

=Y VA Va, + Y Va4 Z IV A, +Z
1=1 1=1

n

+ Ve +6(25) = (Va, a, +5(Va,A))
=1

=L+ 2trg k(X)Vx +trg(Vyr)(X) + trg 6(X)6(X) + Vze + £(Z7).

For the special case of V* = V, we have x(v)Tw = —TV (v, w) and hence
Z" =0 as a consequence.
(c) Follows from the definition and (2.7). O

Proof of Proposition 3.1. Notice that 14V gdf = LB@Adf. Since V is compatible
with gj;, for any € M there is a local orthonormal basis A, ..., A, of H such
that VA;(z) = 0. Hence, for an arbitrary vector field Z € I'(T'M), with the terms
below evaluated at © € M implicitly,

LzdL(V)f = 1zdL(V)f = ZZVA df (A ZVZVA df (A;)
=D taRY(Z,A)df + Z V4, V2df (As) + Viz,4,df (A;)

= — Ric(df)(Z) + ZA Vzdf (A;) — VA 20 (As)

i=1

= — Ric(df)(Z +ZA Va,df(2) = Va,df(Va, Z)

i=1

tz(= Ric(df) + L(V)df).

Since x was arbitrary, it follows that L(V) satisfies (3.1).

Conversely, suppose that L = L(V’) is an arbitrary rough Laplacian of V.
Let V be an arbitrary connection compatible with g}; and define « such that V! =
V5 = V, + #(v), where V* is defined as in (3.3). We introduce the vector field
Z = tryg k(x)Tx and the first order operator D = try #(x)V . Using item (b) of
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Lemma 3.3, modulo zero order operators applied to df, Ldf — dLf equals —dZ f +
Vzdf + 2Ddf. Furthermore, —dZf + Vzdf = (Vz — Lz)df and (Vz — Lz) is a
zero order operator. Hence, it follows that (3.1) holds if and only if Ddf = €df for
some zero order operator € and any f € C°°(M).

Let Aq,..., A, be a local orthonormal basis of H and complete this basis to a
full basis of TM with vector fields Z3,...,Z,. Let A,..., A% Zy, ..., Z} be the
corresponding coframe. Observe that Z7,...,Z} is a basis for Ann(H). For any
B eT(TM) and f € C™(M),

(Ddf)(B Z B)) Va,df (A) +ZZ B))Va,df(Zs).

i,k=1 1=1 s=1

)

In order for this to correspond to a zero order operator, we must have ~(4;)Z% =0
and #(A;)(A5) = —&(Ax)(AF) which is equivalent to (7 a)a = 0 for any a €
T*M. Hence, V* is the adjoint of a connection compatible with g7,. (Il

3.2. Connections with skew-symmetric torsion. For a sub-Riemannian man-
ifold (M, H, gy ) with H strictly contained in T'M, there exists no torsion-free con-
nection compatible with the metric. Indeed, if V is a connection preserving H, then
the equality VoAB—V A = [A, B] would imply that H could be bracket-generating
only if H = T M. For this reason, it has been difficult to find a direct analogue of
the Levi-Civita connection in sub-Riemannian geometry.

For a Riemannian metric g, the only compatible connections with the same
geodesics as the Levi-Civita connection V9, are the compatible connections with
skew-symmetric torsion, see e.g. [3, Section 2]. These are the connections V com-
patible with g such that

C(v1,v2,v3) := —(TV (v1,v2),v3)g, 1, V2, v3 € TM,

is a well defined three-form. The connection V is then given by formula VB =
V94 B+iTV (A, B) = V4 B—11asp¢. Equivalently, the connection V is compatible
with g and of skew-symmetric torsion if and only if we have both Vg = 0 and
@g = (0. One can not have a direct analogue for proper sub-Riemannian structures
g3y, since by Lemma 3.3 (a) it is not possible for both V and V to be compatible
with ¢g7;. In some cases, however, we have the following generalization.

Let (M, H, gg) be a sub-Riemannian manifold with taming Riemannian metric g
and V = H+. Let £, denote the Lie derivative with respect to the vector field A.
Introduce a vector-valued symmetric bilinear tensor II by the formula

1 1
(34) (II(AA),Z)g = —=(Lpry, z9)(pry A, pry A) — 5 (Lpry, 29)(Pry A, pry, A)

2 2
for any A, Z € T'(T'M). Observe that I = 0 is equivalent to the assumption
(3.5) (Lag)(Z,Z) =0, (Lzg9)(A,A) =0,

for any A € I'(H) and Z € T'(V).

Proposition 3.4. Let V be a connection compatible with g3, and with adjoint V.
Assume that there exists a Riemannian metric g taming gg such that Vg = 0.
Then II = 0. Furthermore, if Ay is defined relative to the volume density of g,
then

(L(V) = Ric(V) ) df = dL(V)f = dL(V)f = dApf, f€C=(M),
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Conversely, suppose that g is a Riemannian metric taming gy and satisfying
II = 0. Define R and R as in (2.5) and introduce a three-form ¢ by

(36) C(’Ul,vg,vg) = O<R(U1, 1}2),’[}3>g + O<7§,(1}1,U2),’03>g,

with O denoting the cyclic sum. Then the connection
1
(3.7) VaB=V%B - §ﬁLA/\B<

is compatible with g3;, and both it and its adjoint VB = V4B + %ﬁLA/\BC are
compatible with Vg = 0.

Furthermore, among all such possible choices of connections, V gives the maxi-
mal value with regard to the lower bound of a — (Ric(V)a, a)gr. .
Remark 3.5. (i) Analogy to the Levi-Civita connection: Applying Proportion 3.4

to the case when gy = g is a Riemannian metric, the Levi-Civita connection
can be described as the connection such that both V and V are compatible
with g and that also maximizes the lower bound o — (Ric(V)a, a)g+ which
was observed in [20, Corollary C.7]. In this sense, the connection in (3.7) is
analogous to the Levi-Civita connection.

(ii) Ewxistence and uniqueness for a Riemannian metrics g taming gg and sat-
isfying (3.5): Every taming Riemannian metric g with II = 0 is uniquely
determined by the orthogonal complement V of H and its value at one point
[24, Remark 3.10]. Conversely, suppose that (M, H, gy ) is a sub-Riemannian
manifold and let V' be a subbundle such that TM = H @ V. Then one can
use horizontal holonomy to determine if there exists a Riemannian metric g
taming gp, satisfying (3.5) and making H and V orthogonal. See [14] for
more details and examples where no such metric can be found. Two Rie-
mannian metrics g; and g, may tame gg, satisfy (3.5) and have the same
volume density but their orthogonal complements of H may be different, see
[24, Example 4.6] and [14, Example 4.2].

(ili) Geometric interpretation of (3.5): From [22], the condition (3.5) holds if
and only if the Riemannian and the sub-Riemannian geodesic flow commute.
See also Section 3.7 for more relations to geometry and explanation of the
notation IT for the tensor in (3.4).

(iv) If we define V as in (3.7) and assume R = 0, then its adjoint V equals the
connection V¢ in [7] with & = 1.

Proof. Let V9 be the Levi-Civita connection of g. Define the connection V° as in
(2.6) which is compatible with both ¢}, and the Riemannian metric g. Let T be
the torsion of V°. Define R and R as in (2.5). We write Tz for the vector valued
form T (A) = T(Z, A) and use similar notation for R, R and II. By the definition
of the Levi-Civita connection, we have

1 _ 1= 1 1 -
Tz =-Rz+ 4Ry =Rz + Ry + 1, — "2~ JR'Z ~ SR Z,
with dual
* * 1 D * 1* * 1 * 1 DES
Ty =-Ry+ 53Rz —Ry+Ra+ 1z —1I"Z+ RIZ+ RZ,

(Ty + T}) then

Hence, if we introduce T3 := 3

(Rz +Ry)+ Iy +1I7) —21IF Z.

1 1
25 = —= 2)— =
A 2(RZ+Rz) 2
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Let V' be a connection compatible with gg. Define an End 7™ M-valued one-
form r such that V! = V% = V% + k(v), and let V) = V! + &(v) be its adjoint.

Define 1 )
R2(2) = 5 (R(Z) + &(2)"). #(2) = 5 (R(Z) = R(2)").

In order for the adjoint to be compatible with g, we must have
(V59)(A, A) = 2((Tz + ~(2)T)A, A)y = 0,

giving us the requirement #%(Z)" = —T5. However, since V" is compatible with
gm, we also have #(#7a)a = 0 by Lemma 3.3. The latter condition is equivalent to
R(A)T™*(A+ B) =0 for any A € I'(H) and B € T'(V). This means that

0= (R(A)™(A+ B),A+ B), = (#,*(A)T(A+ B),A+ B),
—(T3(A+B),A+ B)y = —(II(A,A),B)y+ (A, II(B, B))g.

The condition holds for any A € T'(H) and B € I'(V) if and only if II = 0. It
follows that 4k°(Z)T =Rz + Ry + Rz + R,
For the anti-symmetric part, we observe that

0= —4i&(A)™(A+ B) = 4i“(A)"(A+ B) — 4#°*(A)"(A + B)
=4k*(A)"(A+ B) - R B
for any A € I'(H), B € T'(V). This relation and anti-symmetry give us
~a ~a 1 *
R*(Z)T(A+ B) = &*(pry Z)(A+ B) - Z(RZ —RZ)(A+ B) +fznab,

where 3 is a three-form vanishing on V.
In conclusion, for any 73, Zy € T'(T'M),

VY, Zs = VY, Zo — k(22)"(Z1)
1 _ — N
=V% 2y — 1(273*22 + Rz, +Ryz,)Z1 + & (pry Z2)(Z1) + 2,12, 8-

Furthermore, since

1 1 1
O =V + Ty — =Ty —-T"Z
Vz=Vz+312-3512 -5

1 1 S | 1-
(—Rz+R*Z—RZ+2R*Z—2RTZ—2RTZ>
. _o1- 1., 1.,
~RY + RZ RZ+RZ+R.Z+R.Z>
R*Z—fRZ—R*Z—fRZ—&— RZ+ RZ)

(—RZ -‘rR*Z —722 +7§'*Z) ,
we get
1 _ _ _
VY = V‘qZ+§ (-Rz+ Ry —Rz+ Ry — R Zy — R*Z1) Zo+NZ2) 71 +17 17,72,

where AN(Z)A = (Rz — Ry)A — i%(pry Z)A. Tt follows that if V/ and V' are
compatible with ¢}; and g respectively, and V is defined as in (3.7), then IT = 0
and

(3.8) b Zo =Ny’ Zy =N 7, Zs + NZ2) Z1 + 7 12,02, 8,
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for some three-form 3 vanishing on V' and some End T'M-valued one-form A\ van-
ishing on H and satisfying A(v)* = —A(v), v € TM. It is straightforward to verify
that trTvA'B(v, ) = 0 for any v € H, and hence L(V')f = L(V')f = Anf by
Lemma 2.1.

All that remains to be proven is that

(a,Ric(VA’B)oOg;{ < (o, Ric(V)a)gs -

If V8 = V% then L? := L(VP) = L(VMP) since X vanishes on H. If we define
L= L(@), then for any smooth function f and local orthonormal basis A4,..., A,
of H,

LPdf(2) = Ldf(Z +2ZVA df (§24,125)

=1

+ D df(tranz(VaB) + > df(Fansia,nz60)

i=1 i=1

= Ldf(Z +de (Ai,fLa,n28)) +Z V. B)(df, Ai, Z) — 2{tar B, 128) p2gy,

=1
= Ldf(Z) + 2<Lndf, LzB) nzgs, — (Vi B) (X, 4df, Z) — 2{tgar B, 12B) nzgs, -
‘We use that

(LP — L)df, )y = ((Ric(V?) = Ric(V))df, )y = ((Ric(VM) — Ric(V))df, o).
As a consequence, for any o € T*M,
(mRic(V&B)a)g* = (o, Ric(V) ) g« + 2(tray, Lol Azgz, — 2<Lﬂaﬂ,bﬁaﬁ>/\2g;l
Denoting ay = prj; o, we get
(o, Ric(VM)a) gy = (am, Rie(V)am) g — 2ltsan BlRzg:
The result follows. O

3.3. Infinite lifetime of the diffusion to the sub-Laplacian. Assume now that
the taming metric g is a complete Riemannian metric. Then both the sub-Laplacian
Apg of p = pg, and the Laplacian A, are essentially self-adjoint on compactly
supported functions. We denote their unique self-adjoint extension by the same
symbol.

Let V be a connection compatible with g}; and let X;(-) be the stochastic flow
of 1L(V) with explosion time 7(-). For any z € M, let //; = //i(z): T,M —
Tx,(z)M be parallel transport along X;(z) with respect to V. Using arguments
similar to [24, Section 2.5], we know that the anti-development W;(x) at x deter-
mined by

dWi(z) = //;7 o dX(x), Wi(0) =0¢€ T, M,

is a Brownian motion in the inner product space (Hy, (-, *) g, (z)) With lifetime 7(z).
Consider the semigroup P; on bounded Borel measurable functions corresponding
to Xt( . )

Pof(x) = E[licr () f(Xe(2))]-

We search for statements about the explosion time 7(-) using connections that are
compatible with gj;. Let Cp°(M) denote the space of smooth bounded functions.
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For a vector bundle endomorphism &/ of T*M write .27/, (z) = /7 e (X () )/

and let /7 + denote the parallel transport along X; with respect to V.
We make the following three assumptions:

(A) If II is defined as in (3.4), then IT = 0.
(B) Consider the two-form C € D(A\® T* M) defined by

(3.9) Clv,w) = trR(v,R(w, -)) — tr R(w, R(v, ")), wv,w € TM.

We suppose that 6C = 0 where ¢ is the codifferential with respect to g.
(C) Let V be defined as in (3.7). We assume that there exists a constant K > 0
such that for Ric = Ric(V),

(Rica, a)g» > —Kla

2
e
Theorem 3.6. Assuming that (A), (B) and (C) hold, we have the following results.

(a) Ay and Ay spectrally commute.
(b) 7(z) = 00 a.s. for any x € M.
(¢) Define Q1 = Qi(z) € End T} M as solution to the ordinary differential equation

d - 1. . A .
%Qt = *EQ,‘ RIC/7t, QO =id.
Then, for any f € Cg°(M) with ||df|| Lo (4+) < 00, we have

AP, f(x) = B[Q. /)7 df (X4(2))]
and
dP:f || poe gy < eKtdeHLoo(g*)'

In particular,

sup [|dP, | (ge) < €5 ||df || Lo (gv) < 00
te[0,t1]

whenever ||df || o (g+) < 00.

Remark that since V preserves H under parallel transport, and hence also
Ann(H), we have Rica = 0 for any « € Ann(H). For this reason it is not possible
to have a positive lower bound of (Rica,a)y+ unless H = TM. The results of
Theorem 3.6 appear as necessary conditions for the I's-calculus on sub-Riemannian
manifolds, see e.g. [11, 12, 25] . We will use the remainder of this section to prove
this statement.

3.4. Anti-symmetric part of Ricci curvature. Let ¢ and V be as in (3.6) and
(3.7), respectively. The operator Ric(V) is not symmetric in general. We consider
its anti-symmetric part. Letting Ric = Ric(V) we define

1 1
(3.10) Ric® = 5 (Ric+ Ric"), Ric* = 3 (Ric — Ric™).
Lemma 3.7. For any o, 8 € T*M,
2<Rica a, ﬁ>g* = trH(VXC)(Xv ﬁa7 ﬁﬂ) = trH(vXCH)(Xv ﬁOQ ﬁﬁ)a

where (i (v1,v2,v3) = O(R(v1,v2),v3)g and O denotes the cyclic sum. In particu-
lar,

(B, Ric” a)g- = (pry; B, Ric” a)g- — (pryy o, Ric® B) -,
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so if Ric® has a lower bound then Ric® is a bounded operator. Furthermore, if we
define C by (3.9), then whenever the L? inner product is finite,

2<RiCa df, d¢>L2(g*) = <C,df AN d¢>L2(/\2g*) for any f,¢ € COO(M)

The first part of this result is also found in [20, Proposition C.6]. When R = 0,
the condition Ric® = 0 is called the Yang-Mills condition. For more details, see
Remark 3.16.

Proof of Lemma 3.7. For the proof, we will use the first Bianchi identity
(3.11) ORY(By, By)Bs = O(V,T)(B2, Bs) + OT(T(By, By), B3)

and the identity (R(B1, B2)A, A)y = 0 which follows from the compatibility of V
with g. We first compute,

n

2(Ric" a, B) g+ = Z(Au RV(Azw 18)ta — RV(Au fa)iB) g
i=1

=- Z<Ai7 ORY (Ai, #)iB)g = — Y (A, O(Va,T)(fer, £8) + OT(T(As, fev), £8))

i=1

- - Z za VA T)(ﬁa Hﬁ) +T( (Aivﬁa)a ﬁﬁ) + T(T(ﬁﬁvﬁAz)a ﬁa»g

n

D (VA O(Ai fa, 88) = > (T (A e), T(48, Ai))g — Y (T8, Ai), T (4o, Ai))g
i= =1

1 j i=1
tre (Vi Q) (X, fov, £5).
Write ¢ = (i + (v where (g (v1,v2,v3) = O(v1, R(v2,v3)), and (v (v, v2,v3) =
O(v1, R(v2,v3))g. Recall that Ricow = 0 whenever « vanishes on H. Hence, for
o, € Ann(H),
2<Rica a, ﬂ>g* = O = trH(vX C)(Xa ﬁOA, ﬁﬁ) = trH(vXCV)(Xa ﬂO(, ﬁ/B)a

and so we can write 2(Ric, o, 8) = trug(V«<Cy)(x, o, 18). We remark for later
purposes that by reversing the place of V and H and writing gy = ¢|V, we have
also trg, (VxCa)(Xx, fa, 8) = 0 by the same argument.

We note that

2(Ric” o, B) g = tru(V<Ca)(X, fo, 15)
= tru(VxCr) (X, pry fo, pry 86) + tru (V. Cu ) (X, pry fo, pry §8).
We again use that Ric vanishes on Ann(H) to get
2(Ric” «, B) g = 2(Ric” pr o, pry; B) g+ + 2(Ric” pry, o, pry 5) g+
= (Rica, pry; )4+ — (pry a, Ric f) 4+
= 2(Ric® a, pry; B) g« — 2(pry, o, Ric® 5) 4+

Continuing, if Ay,..., A, and Z1, ..., Z, are local orthonormal bases of H and V|
respectively, observe that since V preserves the metric g, for any one-form 7, we
have

dn = ZbAi /\VAm—&—ZbZV ANz, n+ i,

i=1 i=1
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where (7 = n(T(-,-)). The formula above becomes valid for arbitrary forms n
if we extend 7 by the rule that (o A B) = (17a) A B+ (=1)Fa A vpB for any
k-form « and form 5. Observe that trT'(v,-) = 0 for any v € TM. Hence, by
arguments similar to the proof of Lemma 2.1 (b), we obtain a local formula for the
codifferential

(3.12) == taVan—Y tz,Vzn+m.

=1 i=1

By the relation try, (Vx(a)(X, o, §58) = 0, we finally have

tr (Vi Ca) (%, fa, 88) = (1pCar) (B, 88) — (6Cm) (e, 88) = (€ — ¢, a A B) g+

Inserting o A 8 = df A d¢ = d(fd¢) and integrating over the manifold, we obtain
the result. (]

3.5. Commutation relations between the Laplacian and the sub-Laplacian.
Let (M, H,gp) be a sub-Riemannian manifold and let g be a taming Riemannian
metric with II = 0. Define A, as the Laplacian of g and let Ay be defined relative
to the volume density of g.

Proposition 3.8. We keep the definition of C as in (3.9).

(a) We have AgApf =AugAgf for all f € C(M) if and only if 6C = 0.
(b) Assume C = 0 and that Ric(V) is bounded from below by some constant —K.
Then Ay and Ay spectrally commute.

See Example 3.12 for a concrete example where C # 0 while §C = 0. Before
starting the proof, we shall need the following lemmas.

Lemma 3.9 ([33, Proposition], [11, Proposition 4.1]). Let A be equal to the Lapla-
cian Ag or sub-Laplacian Ay defined relative to a complete Riemannian or sub-
Riemannian metric, respectively. Let M X [0,00), (z,t) — us(x) be a function in
L? of the solving the heat equation

(O — Auy =0, uo = f,
for an L2?-function f. Then u(z) is the unique solution to this equation in L.

Lemma 3.10. Let (M, H,gy) be a sub-Riemannian manifold and define Ay as
the sub-Laplacian with respect to a volume form p. Let g be a taming metric of
g with volume form p. Assume that V and its adjoint V are compatible with 9ir
and g, respectively. If L = L(@), then with respect to g,

L*=L=—(V,) Vi,
In particular, Lf = Ay f for any f € C>®(M).
Proof. Define F' (A® B) =bA® Vi and extend it by linearity to all sections of
TM®2. Again we know that for any point z, there exists a basis A,..., A4, such

that VA;(z) = 0. This means that VzA;(x) = TV (A;, Z)(x) for the same basis,
and hence locally

F(gg)*:_LﬁHﬁ_ZLAiﬁAm B(U):trTv(’Uv')'
i=1
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However, since V is the adjoint of a connection compatible with g7; we have B=0
since V has to be on the form (3.8). Hence F(g};)*F(g3;) = —L and the result
follows. O

Proof of the Proposition 3.8.

(a)

It is sufficient to prove the statement for compactly supported functions. Note
that for f,¢ € C°(M), (Aalgf,d)r2 = (f,AgAu@)r2. Hence, we need to
show that A;Ag is its own dual on compact supported forms.

Let V be as in (3.7) with adjoint V. Define L = L(V), L = L(V), Ric =

Ric(V) and introduce Ric* = 1 (Ric — Ric*). By Lemma 3.10 we have L*=1.
In addition,
(AgAp f,¢)r2 = —(dLf,dd) 2y
= —((L - Ric)df,d¢) (4
= —(df, (L — Ric)d¢) 12 (g~ + 2(Ric® df, d¢) 124+
= <f, AgAH¢>L2 -+ 2<RiCa df, d¢>L2(g*)~
Furthermore, 2(Ric® df, d¢) 12(g+) = (C, df Ad}) 12(p2g+) = (OC, fdp)12(g+). Since
all one-forms can we written as sums of one-forms of the type fdg, it follows
that (AgAp)*f = AgAgf for f e C2(M) if and only if 6C = 0.
Write Ay = Ay + Ay and df = du f +dv f, with dgf = pri;df and dv f =
pry, df. Then (Ap f,¢)r2 = —(du f,dud)2(4+) and similarly for Ay .
Observe that for any compactly supported f,
1Agfllz2 1A fllz> = (Agf, An f)r>
= —(df, (L — Ric)df) 2(g+)
= ||@df||%2(g*®2) + <df7 Ric dHf>L2(g*)

1
> E”AHJCH2L2 — Klldf || z2(g%)

dHf||L2((]*)

and ultimately

313) 18uflEe <180 1l8n Al (V180 8l + K112 ).

By approaching any f € Dom(A,) by compactly supported functions, we con-
clude from (3.13) that any such function must satisfy |Agf|lrz < co. As a
consequence, Dom(A,) € Dom(Ag).

Let Q; = e'®9/2 and P, = e'®#/2 be the semigroups of A, and Ay, which
exists by the spectral theorem. For any f € Dom(Ag), uy = AgQ,f is an L?
solution of

9 1A =0 =A
gt~ gte)ur=0, uw=2anf
By Lemma 3.9 we obtain AyQ,;f = Q:Ap f. Furthermore, for any s > 0 and
f € L?, we know that Q,f € Dom(A,) C Dom(Ag), and since
(gt - éAH) Q.P.f =0,
it again follows from Lemma 3.9 that P,Qsf = QsP;f for any s,t > 0 and f €
L?. The operators consequently spectrally commute, see [38, Chapter VIIL5].
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d

Remark 3.11. The results of Lemma 2.1 and Lemma 3.10 do not require the bracket
generating assumptions. The result of L being symmetric is also found in [20,
Theorem 2.5.1] for the case when V and V preserves the metric.

Ezample 3.12 (C nonzero and coclosed). For j = 1,2, define g; = su(2) with basis
AJ BI (7 satisfying

[AjaBj] :ij [ijcj]:Ajv [CjaAj} =B
Let g denote the direct sum g = g1®gs as Lie algebras and give it a bi-invariant inner
product such that A', A2, B', B2, C', C? form an orthonormal basis. Consider

the elements A* € g where A* = A' + A? and define B* and C* analogously. As
vector spaces, write

g =@ v =span{A*, B*,C} & span{A~, B~,C?},
Consider the Lie group M = SU(2) x SU(2) with a Riemannian metric g defined
by left translation of the inner product on its Lie algebra g. Furthermore, define
H and V as the left translation of respectively h and v. Then the condition I =0

follows from bi-invariance. Furthermore, observe that if we use the same symbol
for elements in g and their corresponding left invariant vector fields, then

R| At Bt ! R| A= B~ (2
ATl 0 C* -1B- A= 0 C' iIB*f
Bt|-C?* 0 1A B~| -C' 0 —31Af
C'1iB= =14~ 0 C?|-iB* 14T 0

We then have
2Ric*: AT — A~, Bt— B~, C'—2C?
A= — —AT, B~ — —-Bt, (C?— 20!
and C = %ng AbCy. The form C is in fact coclosed. To see this, let V! denote
the connection defined such that all left invariant vector fields are parallel and let
T! denote its torsion. If A and B are left invariant, then T'(A, B) = —[A, B].

Bi-invariance of the inner product gives us tr 7% (v, -) = 0, so formula (3.12) is still
valid when using the connection V!. Hence 6C = %LT*bCQ ADC = —%b[C&, Cy] =0.

3.6. Proof of Theorem 3.6. We consider the assumptions that /C = 0 and that
the symmetric part Ric® of the Ric is bounded from below. By Lemma 3.7, the
anti-symmetric part Ric” is a bounded operator. Furthermore, the operators A,
and Ay spectrally commute by Proposition 3.8.

Let X,(x), //+ and Q; be as in the statement of the theorem. If

Ne = Qu/f; ol Xi(w))
for an arbitrary o € T'(T*M), then by It6’s formula
m. 1. Y — 2 .
AN, % 5@/ (L = Ric)a(X, (x))dt
where '°Z™ denotes equivalence modulo differential of local martingales. Consider
L?(T*M) as the space of L?-one-forms on M with respect to g. Since g is complete
and Ric® bounded from below, the operator L — Ric® is essentially self-adjoint by
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Lemma 3.10 and Lemma A.1. Hence, by Lemma A.4, there is a strongly continuous
semigroup Pt(l) on L*(T*M) with generator (L — Ric, Dom(L — Ric®)) such that
PP a(x) = E[licr(0)Ne] = El[Licr ) Qe /7 (X (2)))-

We want to show that for any compactly supported function f, Pt(l)df =dPbf
where P, f(z) = E[f(X¢(2))14<;(s)]. Following the arguments in [17, Appendix B.1],
we have P,f = e!®#/2 f where the latter semigroup is the L2-semigroup defined by
the spectral theorem and the fact that Ap is essentially self-adjoint on compactly
supported functions. To this end, we want to show that dP;f is contained in the
domain of the generator of Pt(l). This observation will then imply Pt(l)df =dP,f,
since Pt(l)df is the unique solution to

1
Qe = iLah Qo = dfa

with values in Dom(ﬁ — Ric®) by strong continuity, [21, Chapter IL.6].

We will first need to show that dP, f is indeed in L?. Let A, denote the Laplace-
Beltrami operator of g, which will also be essentially self-adjoint on compactly
supported functions since g is complete. Denote its unique self-adjoint extension
by the same symbol. Since the operators spectrally commute, 529 etAH = ethm 589
for any s,t > 0 which implies Aje!2# f = e!2# A, f for any f in the domain of A,.
In particular,

<dPtf, dPtf>L2(g*) = —<A9Ptf, Ptf>L2(g*) = —<PtAgf, Ptf>L2(g*) < 00.
Next, since ((L — Ric®)a, o) r2(g+) > fKHaHQLQ(g*), the domain Dom(L — Ric®)

coincides with the completion of compactly supported one-forms I'.(T*M) with
respect to the quadratic form

q(a,a) = (K + 1){a, a)2(g+) — (L — Ric®)a, a) 124

= (K +1){a, ) 12(g) — <(ﬁ — Ric)a, ) £2(g+)-
Since P f is in the domain of both A, and Ay for any compactly supported f, we
have that for any fixed ¢, there is a sequence of compactly supported functions h,,
such that h, = P.f, Aghy, = Ag P f and Agh, — AgP; f in L2. From the latter
fact, it follows that dh,, converges to dP.f in L? as well. Furthermore,

q(dhp, dhy) = (K + 1)(dhn, dhp) 1209 — (L — Ric)dhy,, dhy) ()
= —(K + 1)<hn, Aghn>L2(g) - <dAth, dhn>L2(g)
= 7(K + 1)<hn, Aghn>L2(g) + <Ath, Aghn>L2(g)7

which has a finite limit as n — co. Hence, dP,f € Dom(L — Ric®) and Pt(l)df =
dPtf

Using that (Rica, a)4+ > —K|a
serves the metric means that

|1t<7(z)Qt/7;1a(Xt(x)) g*

3*, Gronwall’s lemma and the fact that V pre-

S eKt/21t<T(a7) ‘Oé

g* (Xt(x))
Hence,
(3.14) 1PN a(z)] g < X2 P y- ().

We assumed that g was complete, so we know that there exists a sequence of
compactly supported functions g, such that g, 1 1 and such that Hdgn||2Loo(g*) — 0.
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Since |dP;gn|g» — 0 uniformly by (3.14) and we know that P,g, — P;1, we obtain
dP;1 = 0. Hence, we know that P;1 = 1, which is equivalent to 7(z) = co almost
surely.

It is a standard argument to extend the formulas from functions of compact
support to bounded functions with ||df || e (g+) < oc.

3.7. Foliations and a counter-example. Let (M, H, gi) be a sub-Riemannian
manifold and let g be a Riemannian metric taming gy and satisfying II = 0 with
IT as in (3.4). Write V for the orthogonal complement of H. Define the Bott
connection, by
(3.15) Vz,Z2 =pry Vf)rH 7, Py Za + pry Vgrv 7, Pry Z2

+pry[pry Z1,pry Za] + pry [pry Z1, pry Zo]

where V9 denote the Levi-Civita connection. Its torsion 7' := TV equals T =
—R — R and Vg = 0 is equivalent to requiring II = 0. Since V is compatible with
the metric, we have

o 1. 1 1.

If ( and V are as in (3.6) and (3.7), respectively, then

o

C(v1,v2,v2) = —O(T'(v1,v2),v3)g, and Vz = Vz+TF2Z.

The connection V does not have skew-symmetric torsion, however, it does have the
advantage that V4B is independent of g|V if either A or B takes its values in H,
see [24, Section 3.1].

3.7.1. Totally geodesic, Riemannian foliations. Assume that R = 0, i.e. assume
that the orthogonal complement V of H is integrable. Let F be the correspond-
ing foliation of V' that exists from the Frobenius theorem. We have the follow-
ing way of interpreting the condition I = 0. The tensor II(pry -, pry -) equals
the second fundamental form of the leaves, i.e. pry VLW = II(Z, W) for any
Z,W € T'(V). Hence, II(pry -,pry <) = 0 is equivalent to the leaves of F be-
ing totally geodesic immersed submanifolds. On the other hand, the condition
0=—-2(II(A,A),Z) = (Lzg)(A, A) for any A € T(H), Z € T(V) is the definition
of F being a Riemannian foliation. Locally, such a foliation F consists of the fibers
of a Riemannian submersion. In other words, every xq € M has a neighborhood U
such that there exists a surjective submersion between two Riemannian manifolds,

(3.16) 2 (U, glv) = (Mu, gu),
satisfying
TU = H|U @ kerm,, F|U={r"%2): &€ My}
and that 7,: H, — TW(I)MU is an isometry for every = € U.
Let X;(-) be a stochastic flow with generator $Ag where the latter is defined

relative to the volume density of g. The following result is found in [18] for totally
geodesic Riemannian foliations.

Theorem 3.13. If (M, g) is a stochastically complete Riemannian manifold, then
Xi(x) has infinite lifetime.
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In particular, if the Riemannian Ricci curvature Ric, is bounded from below,
X¢(z) has infinite lifetime. We want to compare this result using the entire Rie-
mannian geometry with our result using Ric(V), an operator only defined by taking
the trace over horizontal vectors. For this special case, it turns out that Ric, being
bounded from below is actually a weaker condition than Ric(V) being bounded
from below.

Proposition 3.14. Let (M, H, gi) be a sub-Riemannian manifold with H bracket-
generating. Let F be a foliation of M corresponding to an integrable subbundle V
such that TM = H @ V. Let g be any Riemannian metric taming gg such that
II = 0, making F a totally geodesic Riemannnian foliation. Assume finally that
g is complete. For x € M, let F, denote the leaf of the foliation F containing x.
Write Ricg, for the Ricci curvature tensor of F.

(a) For any z,y € M, there exist neighborhoods x € U, C F, and y € U, C F,,
and an isometry

¢: U, - U, @)=y
As a consequence, if we define Ricy such that
Ricr(v,w) = Ricp, (pry v, pryy w),  for any v,w € Ty M,

then Ricr is bounded.

(b) Let Ric, be the Ricci curvature of the Riemannian metric g. Let V be defined
as in (3.7). Then for anyv € T, M, x € M and for any local orthonormal basis
Ay,..., A, of H about x,

(3.17) Ricg(v,v):Ric(V)(bv)(vH—% 3 |R(Ai,v)|§+i 3™ R o+ Ricr (v, v).

i=1 i=1
In particular, Ricy has a lower bound if Ric(V) has a lower bound.

Before presenting the proof we need the next lemma. Let (M, g) be a complete
Riemannian manifold and let F be a Riemannian foliation with totally geodesic
leaves. Let V be the integrable subbundle of T'M corresponding to F and define H
as its orthogonal complement. Write n for the rank of H and v for the rank of V.
Define

O(n) — O(H) & M

as the orthonormal frame bundle of H. Introduce the principal connection F on p
corresponding to the restriction of V to H. In other words, E is the subbundle of
T O(H) satisfying TO(H) = E@kerp,, Ey-a = Ey.q, ¢ € O(H), a € O(n) and
defined such that a curve ¢(¢) in O(H) is tangent to E if and only if the frame is
V-parallel along p(¢(t)). For any u = (uy,...,u,) € R", define A, as the vector
field on O(H) taking values in F uniquely determined by the property

p*Au(¢):Zuj¢ja for aHY¢:(¢1,'~'a¢n)€O(H)'
j=1

For any ¢ € O(H),, define F¢, as all points that can be reached from ¢ by an
E-horizontal lift of a curve in F, starting in z. We then have the following result,
found in [18], see also [43, Chapter 10] and [35].
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Lemma 3.15. The collection F = {F,: ¢ € O(H)} gives a foliation of O(H) with
v-dimensional leaves such that for each ¢ € O(H) the map

plEs: Fy = Fy(g)
is a cover map. Furthermore, giving each leaf of F a Riemannian structure by

pulling back the metric from the leaves of F, then for any u € R™ and t € R, the
flow W, (t) = et maps Fy onto Fy, ) (p) isometrically for each ¢ € O(H).

Note that the reason for using the connection V in the definition of F , is that
RY(Z,W)A =0 for any Z,W € T'(V) and A € ['(H).

Proof of Proposition 3.14.

(a) For any € M, choose a fixed element ¢ in O(H),. With the notation of
Lemma 3.15, define

O¢o = {‘l’uk(tk) o0-.-:0 \I/ul(tl)((ﬁ) : tj € R, uj; € Rn, ke N}

Clearly, by definition of the set, for any ¢ € Oy, , there is an isometry P F¢0 —
E, such that ®(¢g) = ¢. Consider the vector bundle H = span{A,: u € R"}
and define

Liey H := Span{[Bl, [Ba,- . [Beoy. Bil] ]|, : By €T(H), ke R}

:Span{[Aula[Auza"' 7[1471«19—1’14'“‘}9“'..]}(15: uj € R", k€ R},

for any ¢ € O(H). By the Orbit Theorem, see e.g. [2, Chapter 5], Oy, is an
immersed submanifold of O(H), and furthermore,

Lieg HCTy0,,, foranyeec Oy, -

Since p*ﬁ = H and since H is bracket-generating, we have that p, Lieg H=

TypyM. Tt follows that p(Og,) = M. Hence, for any y € M, there is an
isometry  : F¢O — F¢ with ®(¢g) = ¢ for some ¢ € O(H),. As a consequence,
there is a local isometry ® taking x to y.

(b) Recall that VoB = V4B + 1T(A, B) = V4B — 1fiianp(. Hence, if RY is the
curvature of the Levi-Civita connection, then

1 1
RI(Zy,Z2)By = RY(Z1, Z2) By — §(V21T)(Z2,B1) + §(V22T)(Z1731)

1 1 1
- §T(T(Zl, Z3), B1) + ZT(ZMT(Z% By)) — ZT(Z2,T(Z1, By))

and we can write

1
(RY(Zy, Z2)B1, Ba)y = (RY (Z1, Z2) By, Ba)y + §(VZIC)(Z2,317B2)

- %(VZZC)(ZI7BI7B2) - %<T(Zl7z2),T(B1,Bz)>g

1 1
= 3021, B2), T(Z2, Bv)) + 1 {T(Z1, B1), T(Z2, B2))
for Z;, B; € T(T'M). Since all the leaves of the foliation are totally geodesic,

we have (R9(Zy,Z2)B1, B2) = (R7(Z1,Z2)B1, B2) whenever all vector fields
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take values in V. Using any local orthonormal bases Ay,..., A, and Z4,...,2Z,
of H and V, respectively, then

1
<R9(A1', U)’U, Az>g = <Rv (Al, ’U)U, A1>g + E|T(AZ, 'U)“(z]

1 1, .
= (R (Ai,u), Ay + 1 IR(As, )2 + 1IR3, 0l2
and

1
(RI(Zs,v)v, Z8>g = <RV(ZS7U)Ua ZS>9 + 1|T(Z37U)|§

= (B (Zeyprg 0) by 0. 24}y + 1IR3
Here we have used the first Bianchi identity (3.11) to obtain
(RY(Zg,v)v, Zs) g = (RY (Zs, pryy v) pryy v, Zs) + (R (Zs, pry, v) pry v, Zs)
= (ORY (Zs,pry v) pry v, Zs) + (RY (Zs, pry, v) pry, v, Z)
= (RY(Z,,pry v) pry, v, Zs).

In summary

n v

Ricg(v,0) = > (RI(As,v)v, Ai)g + Y _(R9(Zs,v)v, Za)g.

=1 s=1

= Ric(V) Z|R V)| + Z'RA v]? + Ricz(v,v).

i=1

The result now follows from (a). O

Remark 3.16.

(a)

Let g be any metric taming gz such that IT = 0. Let V be the Bott connection
defined in (3.15). Write V' for the orthogonal complement of H. Then for any
€ > 0, the scaled Riemannian metric

1
g:(v,w) = g(pry v, pryw) + gg(prv v, pry w),

also tames gy and satisfies IT = 0. Since V4B is independent of ¢g|V whenever
at least one of the vector fields takes values only in H, it behaves better with
respect to the scaled metric. Such scalings of the extended metric are important
for sub-Riemannian curvature-dimension inequalities, see [11, 8, 10, 12, 24, 25].
If R = 0 then we have that trg(VxR)(x, ) = trg(VLR)(x, ). If this map
vanishes, i.e. if Ric(V) is a symmetric operator, then H is said to satisfy the
Yang-Mills condition. One may consider subbundles H satisfying this condition
as locally minimizing the curvature R. See [25, Appendix A.4] for details.

3.7.2. Regular foliations. We give a short remark on the case in Section 3.7.1 when
the foliation is also regular, i.e. when there is a global Riemannian submersion
m: (M,g) — (M,g) with foliation F = {F, = n7'(y): y € M}. We can rewrite
(3.17) as

Ricg(v,v) = Ric(V )(bv)v—f\R( |2

\R*

g®g g*®g

+ (v,trH(VXR)( ) g + RIC]:(pI‘V U, Pry, V).
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Furthermore, as Ric(bv)v = Ric(bpry v) pry v, requiring that Ric(V) is bounded
from below is even weaker than requiring this for Ricy. This weaker condition is a
sufficient requirement for infinite lifetime for the case of regular foliations.

To prove this, we need a result in [29]. Fix a point yop € M and let o : [0,1] — M
be a smooth curve with (0) = yo. Define F = F,, and write ¢® for the H-
horizontal lift of o starting at x € F. Then the map

Uoy: F = Foy,  Wou () :=0"(t),

is an isometry, so all leaves of F are isometric. Write G for the isometry group of F'
and @, for the space of isometries g: F' — F,,. Then Q = HyeM @y can be given
a structure of a principal bundle, such that

prQxF—=M=(QxF)/G, (g72)q2).
In the above formula, ¢ € G acts on F on the right by z - ¢ = ¢~1(z). Finally, if
we define

_Jd . 0 eC™([0,1], M)
.E‘_{dt\ljo(ﬁ)oq5 U(O):y07¢EG;t€[O71] }CTQ,

then FE is a principal connection on @ and p.E = H.

One can verify that if Y;(y) is the Brownian motion in M starting at y € M
with horizontal lift Y;(¢) to ¢ € Q, with respect to E, then X;(x) = p(Y(q),2) is
a diffusion in M with infinitesimal generator %A g starting at = p(q, z). Hence,
if Y;(y) has infinite lifetime so does X;(x), as a process and its horizontal lifts to
principal bundles have the same lifetime [39]. Since a lower bound of Ric(@) is
equivalent to a lower bound of the Ricci curvature of M by [24, Section 2], this is
a sufficient condition for infinite lifetime of X;(z).

The above argument does not depend on H being bracket-generating. However,
in the case of H bracket-generating, F is a homogeneous space by a similar argument
to that of the proof of Proposition 3.14.

3.7.3. A counter-ezample. We will give an example showing that the assumption
R = 0 is essential for the conclusion of Proposition 3.14.

Ezample 3.17. Consider M = SU(2) x SU(2) with vector fields A*, B, C* as in
defined in Example 3.12. Consider R with coordinate ¢ and introduce M =M xR.
Let f be an arbitrary smooth function on M that factors through the projection
to R, i.e. f(x,y,¢) = f(c) for (z,y,c) € SU(2) x SU(2) x R. We write O.f simply
as f'. Let Z;, j =1,2,3 be the vector fields on M given by

Zi=elAY, Zy=efBT, Z;=efA",

and define a Riemannian metric ¢ on M such that Zy, Z», Z3, Ct, B, C~, 8,
form an orthonormal basis. Define a sub-Riemannian manifold (M ,H,gg) such
that H is the span of Z1, Zs5, Z3 and 0, with gy the restriction of g to this bundle.
Defining II and C as in respectively (3.4) and (3.9), we have II = 0 and C = 0,
even though R # 0. If V is as in (3.7), then Ric(V) is given by

bZy = (" — X (e* — 1) = 3(f')%) b2y,
bZo > (" — 2627 (e* — 1) — 3(f')?) v Za,
bZ5 > (" — e (e* — 1) = 3(F)%) bZs,
b3 > 3 (" = (f')?) b

Ric(V):
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However, one can also verify that if Ric, is the Ricci curvature of g, then
Ricy(B™,B7)=2—e¢7.

Hence, if ' and f” are bounded and f is bounded from above but not from below,
then Ric(V) has a lower bound, but not Ricy. For example, one may take f(c) =

—ctan"'e.

4. TORSION, INTEGRATION BY PARTS AND A BOUND FOR THE HORIZONTAL
GRADIENT ON CARNOT GROUPS

4.1. Torsion and integration by parts. For a function f € C*°(M) on a sub-
Riemannian manifold define the horizontal gradient V¥ f = ##df. The fact that
the parallel transport /7 ¢+ in Theorem 3.6 does not preserve the horizontal bundle,
makes it difficult to bound V¥ P, f by terms only involving the horizontal part of the
gradient of f and not the full gradient. We therefore give the following alternative
stochastic representation of the gradient.

Let (M, g};) be a sub-Riemannian manifold and let V be compatible with gj;.
Let g be a Riemannian metric taming gy and assume that V is compatible with g
as well. Introduce a zero order operator

(4.1) () := Ric(V)a — a(trg (V< TV)(x, ) — altrg TV (x, TV (x, -)))
= Ric(V)a + altrg TV (x, TV (x, -))).

Let X;(-) be the stochastic flow of 1L(V) with explosion time 7(-). Write //; =
//t(x) : TyM — Tx, (oM for parallel transport with respect to V along X;(z).
Observe that this parallel transport along V preserves H and its orthogonal com-
plement. Let W; = W;(z) denote the anti-development of X;(x) with respect to V
which is a Brownian motion in (Hy, (-, *)g, (2))-

Theorem 4.1. Assume that 7(z) = oo a.s. for any x € M and that for any t; > 0
and any f € Cp°(M) with bounded gradient, we have sup,¢(g 4,1 AP f|| Lo (g+) < 00.
Furthermore, assume that [TV |y24+g, < 00 and that < is bounded from below.
Define stochastic processes Q¢ = Qi(x) and Uy = U(x) taking values in End T M
as follows:

d 1 .
%Qt = —§Qte527//t Qo = id,

resp.

Uia() = / oT (AW, QTo), T, (v,0) = /7 T(//ew, /).
Then for any f € C°(M),
(4.2) AP, f () = E [(Q: + Uy) [/ Hdf (X (2))] -

For a geometric interpretation of 7 for different choices of V, see Section 4.2.
Equality (4.2) allows us to choose the connection V convenient for our purposes
and gives us a bound for the horizontal gradient on Carnot groups in Section 4.3.

For the proof of this result, we rely on ideas from [17]. A multiplication m of
T*Misamapm: T"M @T*M — T*M. Corresponding to a multiplication and a
connection V, we have a corresponding first order operator

D™ma=m(V.a).
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Lemma 4.2. Let V be a connection compatible with g3; and with torsion T'. Define
L= L(V), Ric = Ric(V) and T =TV . Then for any f € C®(M),

Ldf —dLf = —2D™df + &/ (df),
where m(B @ o) = (T B, -)) and o7 as in (4.1).
Proof. Recall that if V is the adjoint of V and L = L(@), then
(Ldf — dLf) = Ricdf.
The result now follows from Lemma 3.3 and the fact that for any A € T'(H),
Va=Va+r(A),

where k(A)a = a(T(A, ) =mObPA® a). O
Proof of Theorem 4.1. Let x € M be fixed. To simplify notation, we shall write
X¢(z) simply as X;. Define //; as parallel transport with respect to V along X;.

Define @; as in Theorem 4.1. For any t; > 0, consider the stochastic process on
[0,¢1] with values in T M,

= /i AP, 1 f(Xy).

By Lemma 4.2 and It6’s formula

1
ANy = //7Y jsaw, APy o f(X1)— //lemdPtlftf(Xt)ng//flﬂ(dPtlftf(Xt))dt
and so

dQ:N: = Q¢//7 'V jyoaw, APy, —1 f(X¢) — Qi /)7 ' D™ APy, _4(Xy) dt.

Since W, is a Brownian motion in H, and //; preserves H and its inner product,
the differential of the quadratic covariation equals

d[Us, Ny = Q¢ //7 ' D™dP,, — f(X,) dt.
Hence, (Q; + U;)N; is a local martingale which is a true martingale from our

assumptions. The result follows. O

4.2. Geometric interpretation. We will look at some specific examples to inter-
pret Theorem 4.1 and the zero order operator <7 in (4.1).

4.2.1. Totally geodesic Riemannian foliation and its generalizations. Assume that
condition (3.5) holds, so that we are in the case of Section 3.2. Define V as in (3. 7)
and let V be the Bott connection defined as in (3.15). Recall that its torsion T
equals T =-R—TR and that V; = Vz +T*Z. It can then be computed that o/
is given by

<JZ{ pr*H a,pr}} ﬂ>g* <R1C(V) 6>g*7

(o pry a,pryy B)g = C(2" B, 8" a)

(o pryy a, priy B)g- = C(#" . 87 B) + a(try VX R)(x, 16)

(o pryy o, pryy B) g = (Rifa, RMa) gg + (R, ), R(EB, ))g-cg-
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4.2.2. Lie groups of polynomial growth. Let G be a connected Lie group with unit 1
of polynomal growth. Consider a subspace ) that generates all of g. Equip h with an
inner product and define a sub-Riemannian structure (H, gg) by left translation of
b and its inner product. Let g be any left invariant metric taming gz . Let V be the
connection defined such that any left invariant vector field on G is V-parallel. Then
V is compatible with g}; and g. Let X,;(-) be the stochastic flow of £L(V), which
has infinite lifetime by [26]. Furthermore, ||dP;f| 1 4+) < oo for any bounded
f € Cp°(G) by [42]. Hence we can use Theorem 4.1.

Let I, : G — G denote left multiplication on G and write x - v := dl,v. Notice
that since we have a left invariant system, X;(x) = - X;(1) =: - X;. Furthermore,
parallel transport with respect to V is simply left translation so

Ji(@)o = (- X 27h) 0.
If Wi(z) is the anti-development of X, (z) with respect to V then
Wi(z) =2 - Wi(1) = o - W,
As V is a flat connection and since
TV (A1, Az) = —[A1, A3),
for any pair of left invariant vector fields A; and As, we have that 7 in (4.1) equals
o = —altrg T(x,T(x,-))).
In other words, if we define a map ¢ : g — g, by
(43) b = tryg, ad(x) ad(x),
then
do=-[_ "o, acT,G.

Both o7 and TV are bounded in g. Hence, we can conclude that for any v € g and
T € G,

0P, f(z-v) = E {df <(z X)) <QI1} + /Ot ad(Q;v)dWs)ﬂ
where Qu = exp (—t0"/2).

Note that @, is deterministic in this case.

4.3. Carnot groups and a gradient bound. Let G be a simply connected nilpo-
tent Lie group with Lie algebra g and identity 1. Assume that there exists a strat-
ification g = g1 @ - - - @ g into subspaces, each of strictly positive dimension, such
that [g1,9;] = g1+, for any 1 < j < k with convention gr; = 0. Write h = g; and
choose an inner product on this vector space. Define the sub-Riemannian structure
(H, gi) on G by left translation of h and its inner product. Then (G, H, g ) is called
a Carnot group of step k. Carnot groups are important as they are the analogue
of Euclidean space in Riemannian geometry in the sense that any sub-Riemannian
manifold has a Carnot group as its metric tangent cone at points where the hori-
zontal bundle is equiregular. See [13] for details and the definition of equiregular.
Let (G, H,gn) be a Carnot group with n = rank H. Let Ay be defined with
respect to left Haar measure on (G, which equals the right Haar measure since
nilpotent groups are unimodular. Consider the commutator ideal ¢ = [g,g] =
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g2 B - @ gr with corresponding normal subgroup K. Define the corresponding
quotient map
m:G— G/K 2h,
and write |7|: z > |7(2)]g, (1)-
It is known from [16] and [34] that for each p € (1,00), there exists a constant
C, such that |VH P, f|,,, < Cp(PIVH f|,,)'/P pointwise for any f € C®(G). We
want to give a more explicit description of constants satisfying this inequality.

Theorem 4.3. Let ¢ be defined as in (4.3) and assume that 1p|h = 0. Let pi(x,y)
denote the heat kernel of Ay and define o(x) = p1(1,z). Define a probability
measure P on G by dP = odu. Let @ be the homogeneous dimension of G,

k
(4.4) Q=) j(rankg;).

j=1
(a) Consider the function 9(z) = n+|r|(x)-|VH log o|,, (z) and for any p € (1, o0],
the constant

(45) &= ([ et 0°) du(y))l/q, Ll

p q
Then the constants C), are finite and for any x € G and t > 0, we have

VAP gy (z) < Co(PIVHfIP (2)/P, feC™(G).

Furthermore, Cy < n+(nQ—2 Covp[|7|?, log 0])}/? where Covp is the covariance
with respect to P.
(b) For anyn and q € [2,00), define
/4
)>
1 1 1

<2<q+n+1>/ (n=1)/2 (2
Cp, q=
VARSI < (0t g /Q) (BIAI)Y g=

\+

w\: [N
—

Then for p € (2,00), we have

vn I'(
p 2

The condition t|h = 0 is actually equal to the Yang-Mills condition in the case
of Carnot groups, see Remark 4.6. In the definition of g, the choices of ¢t = 1 and
x =1 are arbitrary. For any fixed ¢t and =, if we replace g by 0t ,(y) := pt(z,y) in
(4.5), we would still obtain the same bounds. Taking into account [34, Cor 3.17],
we get the following immediate corollary.

Corollary 4.4. For any smooth function f € C*(G) and t > 0, we have
Bif? = (Bf)? <tC3RIVI I,
with Cy as in Eq. (4.5).

We introduce the theory necessary for the proof of Theorem 4.3. Let g be a left
invariant metric on G taming gg. Let V be the connection on M defined such that
all left invariant vector fields are parallel. As

Bw) =trTV (v, ) =0, veTG

we have that L(V)* = L(V) by Lemma 2.1. Furthermore, if A;,..., A, is a basis
of g, then L(V)f = >, A2f by [1]. Let X; := X;(1) be a 1 Ay-diffusion starting
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at the identity 1 and let //; denote the corresponding parallel transport along X;

with

(i)

(i)

(iii)

(4.6)

(vi)

respect to V. Let m: G — b denote the quotient map.

For any v, w € H we have (v,w)y, = (7.0, T,w),, (1). Hence we can consider
our sub-Riemannian structure as obtained by choosing a principal Ehresmann
connection H on 7 and lifting the metric on h. It follows by [24, Section 2]
that A is the horizontal lift of the Laplacian of (b, (-, -),, (1)) and so we have
that Wy = w(X;) is a Brownian motion in the inner product space h. Since

TV = Pry) z Vv, veT,G,

we may identify W; with the anti-development of X;.
Since Ay is left invariant, X;(z) := - X; is a %AH—diﬂ:usion starting at x,
and P, f(z) = Pi(f ol,)(1) where I, denotes left translation. In particular, if
o+(x) := p¢(1, ) then X

pe(@,y) = o(x™y).
Since the Lie algebra g has a stratification, for any s > 0, the map (Dil;).: g —
g given by

(Dily). A € gj— s'A

is a Lie algebra automorphism. It corresponds to a Lie group automorphism
Dil; of G since G is simply connected. These automorphisms are called dila-
tions. It can be verified that if A € g; and we use the same symbol for the
corresponding left invariant vector field then

A(f oDily) = s/ (Af) o Dil, .
As a consequence of item (iii) we have

Ay (f oDily) = s*(Ap f) o Dily,

and hence

Pi(f o Dily) = (Py2:f) o Dils .
Also, for any function f, we have |df|g: o Dily = s7!|d(f o Dily) g .
Let @ be the homogeneous dimension of G as in (4.4). By definition Dil} p =
59, and considering (iv), the heat kernel has the behavior

0s2¢(Dily(2)) = 5™ 0u(2).
Clearly RY = 0 and VT = 0 since the torsion takes left invariant vector fields
to left invariant vector fields. Hence, for any left invariant vector field A, we

have /TA = A with ¢ as in (4.3). If ¥|h = 0, we can apply Theorem 4.1.
We obtain that for any v € b,

dP.f(v) =E [//{ 'df (X:) (v + ad(Wy)v)] .

Theorem 4.3 now follows as a result of the next Lemma. Note that for any function
f e C>®(M), we have |[VH fly, = |df|g: .

Lemma 4.5. Assume that ¢|h = 0. For every t > 0, define

Uy = n + |7||dlog o

9%

where |7|(x) = |7(x)|g, 1). For anyp € (1,00], let g € [1,00) be such that %—i—% =1
and consider

(4.7)
Then

Ct,p =K [ﬁt(Xt)q]l/q .
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(a) Cyp=Crp=Cy for any t > 0.
(b) The constants C), are finite. Furthermore, we have the inequality

1/2
Cy<n+ (nQ + 2/ (n— |7T|2)Qloggdu> =n+ (nQ — 2 Covp[|7|?, log Q])l/Q.
G

Proof. To keep the notation simple, we write (-, <) 2(nig«) as (-, -) and let r = |z|?.
(a) We use dilations to prove the statement. Observe that r o Dil; = s?r and that
|dlog o¢]gx, o Dily = s~ !|dlog 04 /42|47, , and so 9, 0 Dily = ¥y /,2. It follows that

9

il*

Dill . .
(Ct,p)q = / Qtﬂg dy, :f / (Qt o Dll\/{) (lgt o Dll\/{)q tQ/2 d,u
G G

~ [ avtdn=(c,y
G

(b) We only need to show that for any 1 < ¢ < oo,
1/2 21—
/Gg(r/ |d10ggg;1)’1duz/a7~f1/ 0 q|dg\g;{du<oo.

Define d(z) = dg,, (1,z). Then 7 is distance decreasing, so 7(z) < d(z)?. By
[44, Theorem 1], for any 0 < & < % there is a constant k. such that

ﬁ < k. exp (ngxa)) .

Furthermore, by [45, Theorem IV.4.2], for every ¢’ > 0 there are constants k.

such that d2( )
T
g, (7) < kerexp (2 +€/> .

Since we can always find appropriate values of € and €’ such that

|do

q—1 2—¢
- < ,
q T 2+¢
it follows that [ TQ/le_q|dQ|g%du < 0.
Next, define the vector field D by Df = %(foDill+S)|S:0 for any function f.
If f satisfies f o Dil. = €¥f, then by definition Df = kf. By item (v), we have
div D = @ since

d .. d
Lpp = s Dily  ptls=0 = %(1 + S)Qﬂ|3=0 = Qp.

Furthermore, again by item (v),
d _
—Qor = £(1 +5) "% 0¢|s=0

. 1
= 7520497t © Dily s |s=0 = 2t - §AHQt + Doy,

SO
(tAg + D+ Q)pt = (tAy — D*)p: = 0.
This equality along with the observation that
Ap(otlog or) = (log 0r + 1) Apror + ot]dlog o5
allows us to compute

(Cy — n)? < (r, o|dlog o

5 ) = (r,Am(ologe) — (logo +1)Apo)
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= (Apgr,olog o) + (r,(log 0 + 1) Do) + Q(r, (log 0 + 1))
= 2n(0,log 0) + (r, (D + Q)elog o) + Q(r, 0)
= 2n(g,log ¢) — (Dr, plog ¢) + Qn
=2((n—r),ologo) +Qn
which equals to the covariance since |, o rodp=mn. ([l
Proof of Theorem 4.5. Again, for simplicity, we write (-, -)r2(nig=) as (-, ) and
r=|r2
(a) By left invariance, it is sufficient to prove the inequality at the point x = 1.
Let v € Hy = b be arbitrary. We will use Theorem 4.1 and item (vi). For
every © € G we have fdr(z) = 2z - w(x). Let us consider the form oV defined
by a(z) =b(z - v). Then
dP;f(v) = E [//7 df (Xy) (v = R(W, 0))]

= E[//; 'df (Xo) (v)] = E[df (Xe)R(//2(m(Xe) Av))]

= B[/ df (X0)(0)] — 5E (AR (tdr, ta")(X.)].

Define F(A,B) = bA A Vg and extend F to general sections of TG®?2 by
C*(G)-linearity. Consider Fz = F(g};) and notice that

Fyf=duf=vprydf, Fif=dfR(-,-).
Hence
E[(dfR(4dr, ) (X¢)] = (FE f, oedr A a”)
= (Fuf, F(oudr A a”))
= —{duf,tgnqedr Na’) —{du f,0:(Ags,7)") + (du f, 0:Vyn odr)

since Va¥ = 0. Using the identities Agr = 2n and Vadr = 2bpry A, we
obtain

E [<Fflf, dr A a”>g* (Xt)} = —(duf, yrgp,dr N’y —2(n — 1)(da f, 0ra”)

—_E [(dHf, gt dtog o A ¥ . (Xt)} —2(n — DE [J/7 du f(X:)(v)] .
Hence, if we define 4;: TYG — T1G by

NiB=nB+ %//;%udmxa(dlog ACORNATY

then dP;f(v) = E[4;//; *df (v)] for any v € H.
Observe that |4;f8]g: < A g3, - Using Holder’s inequality, this leads us to
the conclusion

|dP; flgr, (1) = sup  dP;f(v)

veD,|v|g, =1

= sup  E[A//; N df(Xe)(v)]

veb,|v|gy, =1
<E[W¥!o Xt}l/qIE[|df|§;I o X VP
< Cop(Bildflh. (1)V?.
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(b) Using dP, f(v) = E[A;//; df (v)], for p € (2,00], q € [2,00) satisfying
1 1 1
-+ -+=-=1,
q p 2
we have

|dPy gz, (1) < nE[|df g, (X1)] + E [(|7|[1og 03, [df 14z ) (X1)]

2 )] e[t ]

S nP1|df

sy +Elll?(X1)]/E |log 0

As observed in [9, page 9], we have
2 _
2,(00] = [ ooz

Z/G(AH(QlogQ)—(10g9+1)AH@) dp

E {|d10gg

2
95 dp

- /G(log&Hr (D + Q)edu
=i/lX9bgmdu+%Z/(ng+lmdu
G G

:/(D-!-Q)(Qlogg)du—FQ/ odp=Q
a G

while
9(a+n+1)/2(n-1)/2 F("T*q)
vn I'(3)

The result follows. O

E[lx|*(X1)] = E[[W1]7] =

Remark 4.6. Consider a Carnot group (G, H, gi) and let V' be the complement of V'
defined by left translation of go @ - - - @ gg. Since this is an ideal, we obtain the same
subbundle using right translation. We extend the gy to a Riemannian metric g
by defining a right invariant metric on V. Then condition (3.5) holds, but if V is
defined as in (3.7), then Ric(V) does not have a lower bound for k£ > 3. However,
the Yang-Mills condition trg(VxR)(X, ) = 0 of Remark 3.16 equals exactly the
condition ¥|h = 0.

APPENDIX A. FEYNMAN-KAC FORMULA FOR PERTURBATIONS OF SELF-ADJOINT
OPERATORS

A.1. Essentially self-adjoint operator on forms. Let M be a manifold with a
sub-Riemannian structure (H, gy ) with H bracket-generating. Consider the rough
sub-Laplacian L = L(V) relative to some affine connection V on TM. Let g be a
complete sub-Riemannian metric taming gy such that Vg = 0. Assume that

L"=L=—(Vy,) (Vo)

We then have the following statement for operators of the type L — € where € €
I'(End(T*M)). To simplify notation, we denote (-, )r2(nig=) as simply (-, ) for
the rest of this section.
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Lemma A.1. Assume that €* = €. If A = L — € is bounded from above on
compactly supported forms, i.e. if

(Aa,a)
(a,a)

then A is essentially self-adjoint on compactly supported one-forms.

Ao = Xo(A) = sup{ o€ FC(T*M)} < 00,

We follow the argument of [40, Section 2]. We begin by introducing the following
lemma.

Lemma A.2. [37, Section X.1] Let A be any closed, symmetric, densely defined
operator on a Hilbert space with domain Dom(A). Assume that A is bounded from
above by A\o(A) on its domain. Then A = A* if and only if there are no eigenvectors
in the domain of A* with eigenvalue XA > \o(A).

Proof of Lemma A.1. Let pry be the orthogonal projection to H. Since L =
—(Vpr, )*(Vpr,, ), we have — (€, ) < Ao{a, ). Denote the closure of A|T'.(T*M)
by A as well. Assume that there exists a one-form « in L? satisfying A*a = A«
with A > A\g. We know that « is smooth, since L is hypoelliptic. To see the latter,
consider any point x € M, and let U be a neighborhood of x such that we can
trivialize T*M. Recalling the definition of step from Section 2.1, let r denote the
step of H at x. Relative to the trivialization, we have that L equals Ay along with
terms of lower order derivatives in horizontal directions in each component, so by
possibly shrinking U, we have that L is maximal hypoelliptic of degree 1/r and
hence hypoelliptic on this neighborhood, see [28, Chapter 1] for details. As it is a
local property, L is hypoelliptic globally. Let f be an arbitrary function of compact
support and write dg f = prj; df. Then

/\<f2aa a> = <f2aa~’4*04> = <A(f2a)7a>
= _<f2ver. «, ver. Oé> - <f2<504, Oé> - 2<def ® «, Ver. CY>
[ Vpryy. @l F2 () + Aol P, ) = 2(du f © a, [V, ).

Since (A — Xo){f%a, a) > 0, we have

IN

1 Ve 0y < —2(duf @ 0, fVpr,, a),
and hence

allL2(g) 1lf Vipr,. all2(g+)-

Since we assumed that g was complete, there exists a sequence of smooth functions
f; T 1 of compact support satisfying ||df;||z(+) — 0. By inserting f; in (A.1)

and taking the limit we obtain ||Ver_a||%2(g*) = —(La,a) = 0. However, this
contradicts our initial hypothesis A*a = Aa for A > Ag. Hence, we obtain our
result. O

Remark A.3. By replacing the sequence f; in the proof of Lemma A.1 with (an
appropriately smooth approximation of) the sequence found in [41, Theorem 7.3],
we can deduce essential self-adjointness of L — % just by assuming completeness
of dg,, .
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A.2. Stochastic representation of a semigroup. Let (M, H, gy ) be a sub-Rie-
mannian manifold and let g be a complete Riemannian metric taming gz . Define
L?(T*M) as the space of all one-forms in L? relative to g. Let V be a connection
satisfying Vg = 0 and L* = L. Relative to L(V), consider the stochastic flow
X:(+) with explosion time 7(-). Define //:(z) as parallel transport along X;(x)
with respect to V.

Let € be a zero order operator on M, with

=), = (-0

Lemma A.4. Assume that L — €°* is bounded from above and assume that €* is
bounded. For each x, let Qi(x) € EndT;M be a continuous process adapted to the
filtration of Xi(x) such that for any oo € T (T M), we have

a(Qi(@)//7 a(Xu(@)) "= Qul@) /7 (L = €)a( X (w))dt,

where '°Z™ denotes equality modulo differentials of local martingales.

Then there exists a strongly continuous semigroup Pt(l) on L*(T*M) such that
for any a € L*(T*M),

Pa(@) = E [Licr@Qi(@) /7 a( X)) ()]
and such that limy o %Pt(l)a =(L—%)a for any a € T(TM).

For the proof, we need to consider a special class of Volterra operators. To this
end, we follow the arguments of [21, Section III.1]. Let B be a Banach space and
let Z(B) be the space of all bounded operators on B with the strong operator
topology. Consider any strongly continuous semigroup R>o — Z(8B), ¢t — S; and
let o/: B — B be a bounded operator. We define the corresponding Volterra
operator V(S;.27) on continuous functions R>¢ — Z(B), (t,«) — Fa by

t
(V(S; o) F)ia = / Si o/ F.adr,
0
and introduce the operator T(S; <) by
T(S;o/)F =Y V(S;4)"F.
n=0

The operator T(S;./) is well defined, and if S; has generator (L, Dom(L)) then
St = (T(S;«)S); defines a strongly continuous semigroup with generator (L +
o/, Dom(L)).

Proof. By Lemma A.1 the operator L — % is essentially self-adjoint. Let P} be
the corresponding semigroup on L?(T*M) with domain Dom® = Dom(L — €°*).
Let D™ be an exhausting sequence of M of relative compact domains, see e.g. [17,
Appendix B.1] for construction. Consider the Friedrichs extension (A", Dom(A™))
of L — €* restricted to compactly supported forms on D" and let 15t” be the cor-
responding semigroup defined by the spectral theorem. Since the operators A™ are
bounded from above by assumption, the semigroups P" are strongly continuous
by [21, Chapter I1.3¢c]. Define Pf similarly with respect to the unique self-adjoint
extension of L — €° restricted to compactly supported forms. Let (A, Dom(A))
denote the generator of P? and note that for any compactly supported forms «,
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we have that Pla converge to Pfa in L?(T*M), by e.g. [31, Chapter VIIL3.3].
Define P = (T(P™; </)P™); and finally Pt(l) = (T(P*;€¢*)P?);. These semi-
groups are strongly continuous with respective generators (A" +%*, Dom(A™)) and
(A + %%, Dom(A)). Furthermore, P/*« converge to Pt(l)a in L2(TM) by [31, The-
orem IV.2.23 (¢)].

For € M, let 7,,(z) denote the first exist time for X;(x) of the domain D". For
any form o« with support in D*, we have that for S > 0 and n > k,

N = Qul@)//7H(P§_40)|x, ()
is a bounded local martingale, giving us

Plra(z) = E [Licr@)Qi() /1 (X ()] -
Taking the limit, and using that P;* converges to Pt(l), we obtain

Pa(@) = B [Licr(@i(@)//; a(Xi(x))] O
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