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POISSON COHOMOLOGY OF HOLOMORPHIC TORIC POISSON
MANIFOLDS

WEI HONG

ABSTRACT. A holomorphic toric Poisson manifold is a nonsingular toric variety equipped with
a holomorphic Poisson structure, which is invariant under the torus action. In this paper, we
compute the Poisson cohomology for holomorphic toric Poisson structures on CP"™, with the stand
Poisson structure on CP™ as a special case. Two conjectures are proposed, one for the holomorphic
multi-vector fields on nonsingular toric varieties, and the other for the Poisson cohomology of
holomorphic toric Poisson manifolds.

1. INTRODUCTION

Holomorphic Poisson manifolds have attracted the interest of many mathematicians recently. The
algebraic geometry of the Poisson brackets on projective spaces was studied by Bondal [2] and Pol-
ishchuk [20]. In [?HitchinO6,[7Hitchinii], Hitchin revealed the connections of holomorphic Pois-
son structures with generalized complex geometry and mathematical physics. The deformations of
holomorphic Poisson structures appeared in the work of [7Hitchini2] and [7Kim14]. The standard
Poisson structures on affine spaces and flag varieties were studied by Brown, Goodear and Yakimov
[?B=G=Y061,[7G=Y09]. Laurent-Gengoux, Stiénon and Xu described the Poisson cohomol-
ogy of holomorphic Poisson manifolds using Lie algebroids. In various situations, the Poisson coho-

mology of holomorphic Poisson manifolds were computed [?Hong-Xulll[?Mayansky15,[?C-F-P16].

This paper is devoted to the study of the Poisson geometry of toric varieties, especially, the Poisson
cohomology of holomorphic toric Poisson manifolds. A holomorphic toric Poisson manifold is a
nonsingular toric variety X, equipped with a holomorphic Poisson structure 7, which is invariant
under the torus action ( Notice that real toric Poisson structures were studied in [6]). Holomorphic
toric Poisson manifold is a special case of the “T-Poisson manifold” in the sense of [7Lu-MouquinI¥].

The main results of this paper are as following.

e In the case of X = CP", we proved that H*(X,\Tx) =0 foralli >0and 0 < j < n.

e The space of holomorphic vector fields and multi-vector fields on X = CP"™ are described
by considering X = CP" as a toric variety.

e For any holomorphic toric Poisson structure 7 on X = CP"™, we give an algorithm for
the Poisson cohomology groups. As a special case, we compute the Poisson cohomology of
standard Poisson structures on X = CP” in some situations.

Key words and phrases. holomorphic Poisson manifolds, Poisson cohomology, toric variety, standard Poisson
structure.
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Two conjectures are proposed at the end of this paper , one for the holomorphic multi-vector fields on
nonsingular toric varieties, and the other for the Poisson cohomology of holomorphic toric Poisson
manifolds. We expect that these conjectures could stimulate meaningful research on related topics.
And it would also be interesting to explore the relations of our results with [?ZB=G=Y06|[7G=Y09].
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Voglaire and Ping Xu for their helpful discussions and comments. Special thanks go to Bing
Zhang for his important opinions to the draft of the paper. I wish to express my deep gratitude
to Martin Schlichenmaier for his support during the author’s stay in Luxembourg. Hong’s research
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2. PRELIMINARY

2.1. Poisson cohomology of holomorphic Poisson manifolds.

Definition 2.1. A holomorphic Poisson manifold is a complex manifold X equipped with a holo-
morphic bivector field 7 such that |7, 7] = 0, where [-, -] is the Schouten bracket.

The Poisson cohomology of a holomorphic Poisson manifold is defined in the following way:

Definition 2.2. Let (X,7) be a holomorphic Poisson manifold of dimension n. The Poisson
cohomology H?2(X) is the cohomology group of the complex of sheaves:

(2.1) Ox 2= Tx 2oy oy NPTy By ATy o AT Sy AT

where d, = [r,].

Lemma 2.3. [?PL=S-X08] The Poisson cohomology of a holomorphic Poisson manifold (X, ) is
isomorphic to the total cohomology of the double complex

000X, T20x) % Qol(x,T20x) & Qor(x,T20x) & L.
a1 a1 a1

Q00(x, TH0x) & olx,Tox) & orx,Tiox) &
dr | dr ] dr ]

00X, T00X) & Qol(x,T00x) & Qo(x,T00x) & ..

Lemma 2.4. Let (X, 7) be a holomorphic Poisson manifold. If all the higher cohomology groups
H (X, NTx) vanish fori > 0, then the Poisson cohomology H2(X) is isomorphic to the cohomology
of the complex

(2.2) HO(X,0x) 25 HO(X, Tx) <= HO(X, A2Ty) = ... 4= HO(X, A"Tx),

where d = [, ].
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2.2. Holomorphic toric Poisson structures. Let us recall some classical knowledge of toric
varieties. One may consult [7], [9] and [19].

Definition 2.5. A toric variety is an irreducible variety X such that

(1) (C*)™ is a Zariski open set of X, and
(2) the action of (C*)™ on it extends to an action of (C*)” on X.

Example 2.6. Let X = CP" and let [20, 21, . . ., 2,] be homogenous coordinates on it. The map
(CH)" —Ccp™

defined by (t1,t2,...,tn) — [1,t1,t2, ..., t,] allows us to identify (C*)™ with the Zariski open subset
{[z0, 21, .-, 2n] €ECP™ | 2; #0, 0 < i < n} of CP™. The (C*)™ action on CP" given by

(t1,. -y tn) 20,21, - -5 20 = [205 L1215« -« L 2]
shows that X = CP" is a toric variety.
A toric veriety can be described by a Lattice N = Z"™ and a fan A in Ng = N ®z R = R™. Let
M = Homz(N,Z), Ng = N ®z R and Mg = M ®z R. The canonical Z-bilinear pairing
():MxN—Z
extending to the field R of real numbers gives a R-bilinear pairing (,) : Mg x Ng — R.

Let Ty = Homyz(M,C*) = N ®7 C*. Then Ty = (C*)"™. Moreover, we have M = Hom(Ty,C*)
and N =2 Hom(C*,Ty).

Each element m in M gives rise to a character x™ € Hom(Tn,C*), given by
X"(t) = (t,m) for teTn.
And each element a in N gives rise to a one-parameter subgroup v, € Hom(C*,T) given by
Ya(A)(m) = Ae™ for XeC* and me M.

Choose a Z-basis {ey,...en} of N and let {e7,...e;} be the dual basis of M. Let t; = x(ef). Then
we have an isomorphism

TN = ((C*)" it (tl,t2, tn),

where t1,ts,...t, € C* can be seen as the coordinates on Tx. For m = Z?:l mge;, we have
X™ = 7" t5"2 .t which is a Laurent monomial on Ty. For a = Y"1 | a;e;, the one-parameter
subgroup 7, can be written as v,(A\) = (A, .. \%).

Definition 2.7. A subset o of N is called a rational polyhedral cone (with apex at the origin O),
if there there exist a finite number of elements eq, es, ..., es in N such that

o= Rzoel + ...RZQ@S
={a1e1 + ... +ases | a; € Rya; > 0 for all 0 < i < s},

where we denote by R>( the set of nonnegative real numbers.

(1) o is strongly convex if o N (—0o) = O.
(2) The dimension of o is the dimension of the smallest subspace of Ng containing o.
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In this paper, a cone is always a rational polyhedral cone.
For a cone o € N, its dual cone in My is defined to be

o' ={z € Mg| (z,y) >0 forallye o}

A face of o is a subset of o, with the form m*t No = {z € o | (x,m) = 0} for an element m € 5.

Definition 2.8. A fan in N is a nonempty collection A of strongly convex rational polyhedral
cones in Np satisfying the following conditions:

(1) Every face of any o € A is contained in A.
(2) For any 0,0’ € A, the intersection o N ¢’ is a face of both ¢ and ¢”.

The union |A| = Ugyecao is called the support of A.

For a fan A, the set of one dimensional cones in A is denoted by A(1). The primitive element of
a € A(1) is the unique generator of &N N, denoted by n(a).

Let S, = 0V N M. For a strongly convex rational polyhedral cone ¢ in Ng, the semigroup algebra
(C[SU] = @mesaxm

is a finitely generated commutative C-algebra. The corresponding affine variety U, = Spec(C[S,])
is a n-dimensional toric variety. If 7 is a face of o, then U, can be regarded as a Zariski open set
of U,. Especially, Up = Spec(C[M]) = Ty = (C*)™ is a Zariski open set of U,. This leads to the
following definition.

Theorem 2.9. Given a lattice N = Z" and a fan A in Nr = R™, there exists a toric variety Xa,
obtained from the affine variety Uy, o € A, by gluing together U, and U, along their common open
subset Uyn, for all o,7 € A.

For the toric variety Xa, Uo = T is the algebraic torus embedding in it. There is a Ty-action on
XA, which extends the T action on itself.
A cone o is called nonsingular if o can be written as
o =Rxpe; +..Rypes,
where {e1, e, ...,e5} is a subset of a Z-basis of N.
Theorem 2.10. Let Xa be the toric variety associated with a fan A in Ng. Then

(1) Xa is compact <= |A| = Ng.
(2) Xa is nonsingular <= each o € A is nonsingular.

For a nonsingular toric variety Xa, the action map T X Xa — Xa is a holomorphic map. Let
Nc = N®zC. Then Lie(Txn) = N¢. The infinitesimal action of Lie algebra Lie(Tn) on X induces
a map

(2.3) p:Nc=N®zC— X(Xa)

by identifying Lie(Tn) with N¢. The image of p are holomorphic vector fields on Xa. For any
a € Nc and m € M, we have

(2.4) pla)(X™) = (a,m)x™,
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where ™ is considered as a rational function on X, (a,m) is defined by the C-linear extension
of the pair (,) : M x N — Z. By abuse of notation, we denote the induced map A* Ne — X¥(XA)
also by p.

Example 2.11. As we have shown in Example [Z.6] X = CP" is a toric variety. We will associate
the toric variety X = CP™ with a fan A in Ng, where N = Z". Let ¢g = (—1,—-1,...,—1),e1 =
(1,0,,..,0),....,e, = (0,...,0,1) be vectors in N C Ng = R"™. Choose the Z-basis {e1, e, ...,e,} of
N and let {e},e3,....,e;} be the dual basis of M. Let t; = x(ef). Then there is an isomorphism
Tn = (C)™ : t < (t1,t2,...t,). For m = Y7 mef, we have x™ = t7"¢5"...t7. which is a
Laurent monomial on Ty .

Let the fan A be the collection of the cones of the following form:

k
U:ZRZOeis7 {il,ig,...,ik} g {O,l,...,n}.
s=1

By gluing together U, and U, along their common open subset U,n, for all o,7 € A, we get that
XA = CP" as a toric variety.

Let .
oi =Y Rsoei,, {i, g, mrin} = {0,1,...,n}\{i}.
s=1

Then we may identify U,, with the affine open set U; = {[z0, 21, ..., 2] € CP™ | z; # 0}. And
(t1,t2,...,t,) can be identified with the affine coordinates on Uy = {[20, 21, ..., 2n] € CP™ | 29 # 0},
ie., t; = j—; For m = Z?:l mje}, the rational function x™ on Xa = CP" can be written as

(2.5) X =t = 202

where mo = — >, m;.

Definition 2.12. Let X be a nonsingular toric variety. If a holomorphic Poisson structure m on
g Y

X is invariant under the torus action, then 7 is called a holomorphic toric Poisson structure on X,
and X is called a holomorphic toric Poisson manifold.

Proposition 2.13. Let XA be a nonsingular toric variety associated with a fan A in Ng. Then
the set of holomorphic toric Poisson structures on X coincide with p(A?Nc).

Suppose e1, e, ..., e, is a basis of N C N¢. Then v; = p(e;) (i = 1,2,...,n) are holomorphic
vector fields on Xa. The Proposition 213l can be state in an equivalent way:

Proposition 2.14. Let XA be a nonsingular toric variety associated with a fan A in Ng. Suppose
€1,€2,...,en 18 a basis of N C Ng¢, v; = p(e;) (i = 1,2,...,n). Then 7w is a holomorphic toric
Poisson structure on X if and only if m can be written as
™= Z aijv; N vj,
1<i<j<n

where a;; (1 <1< j <n) are complex constants.

Proof. <: Suppose 1 = Elgiq‘gn a;;v; A vj with a;; (1 <i < j < n) being complex constants.
Since Ty is abelian, we have that [v;,v;] = 0 for all 1 < ¢ < j < n, which imply [r, 7] = 0.
Obviously, 7 is holomorphic and T'ny-invariant. Hence 7 = 7, <icj<n @ijVi A Vj s a holomorphic
toric Poisson structure on Xa.
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=-: Suppose 7 is a holomorphic toric Poisson structure on Xa. Then the restriction of 7 on
Tn C X is a holomorphic toric Poisson structure on T, which is denoted by 7. Any Tn-invariant
holomorphic bi-vector field on Ty C Xa can be written as

E CLl'j’Jl‘ /\’U~j,
1<i<j<n

where a;; (1 <i < j < n) are complex constants, and ¥; (1 < ¢ < n) are the restriction of the
vector fields v; (1 <i < n)on Ty. Thus 7 can be written as

T = E aijv]- A\ ’JJ
1<i<j<n
Since Ty is a dense open set of X, we have
™= E aijv; N vj.
1<i<j<n

O

Example 2.15. Let X = CP" and let [z, 21, ..., 2,] be homogenous coordinates on it. As we
have shown in Example 2.6 and in Example 21T, X = CP" is a toric variety. Let P = C"™1\{0} =
{(20,21,--,2n) | 20,21,...,2n are not all zeros}, and let p : P = C"*1\{0} — CP" be the canon-
ical projection. Then v; = p*(zia%i) (i =0,1,...,n) are holomorphic toric-invariant vector fields
on X, and Y i, v; = 0. Moreover, by Equation (Z4) and Equation (23], we have

v; = ple;) for i=0,1,..,n.
Thus any holomorphic toric Poisson structures on X can be written as
™= E aijv; N vj,
1<i<j<n

where a;; (1 <i< j <n are complex constants.

2.3. The standard Poisson structure on CP”. In [?B=G=Y06|[?G=Y09], Brown, Goodear and
Yakimov studied the geometry of the standard Poisson structures on affine spaces and flag varieties.
Let us review the definition of the standard Poisson structure on flag varieties.

Let G be a connected complex reductive algebraic group with maximal torus H. Denote the
corresponding Lie algebra by g and h. Denote A} (A_) the set of all positive (negative) roots of g
with respect to b.

The standard r-matrix of g is given by
(2.6) rg = Z ea N\ e_q,
aE€A

where ¢, and e_,, are root vectors of @ and —«, normalized by (en, fo) = 1. The standard Poisson
structure on G is given by
mg = L(rg) — R(ry),
where L(ry) and R(rg) refer to the left and right invariant bi-vector fields on G associated to
€ N2g =2 N TG
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For a parabolic group P containing H, X = G/P is a flag variey. The action of G on X = G/P
induces a map p : g — X(X). By abuse of notations, the induced maps AFg — X¥(X) are also
denoted by p. The natural projection

$p:G—-X=G/P
induces the following Poisson structure on the flag variety X = G/P:
(2.7) Tot = ¢u(ma) = p(rg),

called the standard Poisson structure on the flag varieties. The standard Poisson structure mg; is a
holomorphic Poisson structure on the flag variety G/P.

Next we will focus on the standard Poisson structure on CP™.

Set G = GL(n + 1,C), H consisting of the diagonal matrices in GL(n 4+ 1,C), P consisting of
matrices of the following form (6\ lb)>, where A € C*,b € C",D € GL(n,C). Then X = G/P

becomes the projective space CP™.
The left action of GL(n + 1,C) on X = CP" can be written as:
A 20,21, e 2] = D((20, 21, oy 20) AY),

where A € GL(n + 1,C), [20,21,.-,2n] € CP", (20,21,...,2n) € C""1 and p is the canonical
projection

C"+1\{O} Locpr: (205 21y +eey Zn) = (205 21, oy 2]

The standard r-matrix of g = gl(n + 1,C) can be written as

(2.8) Ty = Z €ij /\ €ji,

0<i<j<n

where e;; denotes the matrix having 1 in the (i + 1,7 + 1) position and 0 elsewhere. Now we are
ready to compute the standard Poisson structure on CP™.

Lemma 2.16. Let X = CP"” = GL(n+ 1,C)/P. Let v; = p*(zi%) (1t =0,1,..,n). Then the
standard Poisson structure on X = CP" can be written as

(2.9) Tt = Z v A ;.

1<i<j<n

Proof. By computation, we have

plei;) = p*(zia—%)-
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Therefore the standard Poisson structure on X = CP™ can be written as

T = plrg) = Y ple) Aples)

0<i<j<n

7] 0
- Z p*(zia—zj) /\P*(Zja—zi)

0<i<j<n

0 0
= X g Aty

0<i<j<n

= Z v; N vy

0<i<j<n
= E V; A Vj.
1<i<j<n

The last step holds as Y." jv; = 0. O

2.4. Some exact sequences related to CP"™.

Theorem 2.17. [I] Let P be a principle bundle over X with group G. Then there exists an exact
sequence of vector bundles over X :

(2.10) 0—=>Pxgg—TP/G—-TX =0,

where P X ¢ g is the bundle associated to P by the adjoint representation of G on g = Lie(G), and
TP/G is the bundle of invariant vector fields on P.

Recall that for a principle G-bundle P over X, and a representation of G on a vector space V', the
associated vector bundle over X is defined to be P xgV = (P x V)/ ~, and (z.g,v) ~ ((z, g.v)
Vee P,ge GiveV.
Let P = C"*1\{0}, X = CP", and p : C"*'\{0} — CP" being the canonical projection. G = C*
operates by right multiplication on P = C"*!\{0}:

Aiv—o), veCt\{0}, NecC*

Then P is a principle C*-bundle over X. Let L = P x¢+ C be the associated line bundle with the
C* action on C by multiplication. Then L = O(—1) is isomorphic to the tautological line bundle of
CP™, and L* = O(1), where O(1) denotes the line bundle corresponding to a hyperplane section.

Let us show the Atiyah’s exact sequence ([2I0) in this case.

Since G = C* is abelian, the adjoint representation is trivial, we have P xgg = X xC. The G = C*
action on TP = C"*1\{0} x C"*! is given by:

(x X V)X =2\ X VA, r € C"t\{0},v e C"T N e C*.
Hence TP/G = Pxc-C"*1, where Pxc«C" "1 is the associated bundle of P by the C* representation
p on C"*! given by:

p(Mv = A"1o, veCt N e

Thus TP/G = L* @ C"! 22 O(1)®("+1) | where C"*! denotes the trivial bundle X x C**'. So in
this case, the Atiyah exact sequence (ZI0) becomes

(2.11) 0— C — 0(1)2+) 5 TCP™ — 0,
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which is exactly the Euler exact sequence for CP™.

By a similar way, we can prove the vector bundles isomorphisms

(2.12) (NTP)/G = N(TP/G) = 0()®("] ),

where (AVTP)/G denotes the vector bundle of C*-invariant j-vector fields on P, 1 < j < n+ 1.
Let us choose (20, 21,...,2,) as the coordinates on C"™! > P = C"*'\{0}. Then the canonical
map p : C"*1\{0} — CP" becomes (20, 21, --,2n) — [20, 21, -, 2n], Where [20, 21, ..., 2,] are the
homogenous coordinates on CP™. Under the isomorphism TP = C"*1\{0} x C"*!  we choose
8%0, 8%1, cee 8% as a basis for C"*! (the tangent part of T P).

Since TP/G = O(1)2(*+1 " any C*-invariant holomorphic vector field on P can be written as

Z azja

0<i,j<n

where a? are complex constants. And since (AT P)/G = O(j )ee(n?l), any C*-invariant holomorphic
k-vector field on P can be written as

0 0
(213) Z fil’i27“"ik87il VAN

L . azlk ’
0<i1 <ia<...<ip<n

where fi, 4, are homogenous polynomials of degree k with variables zg, 21, ..., zn.

»»»»» ik

The map p : P — CP" induces a map TP/G — TCP"™, which can be identified with the
map O(1)®+1) — TCP" in the Euler exact sequence ([ZII). By abuse of notation, the map
O(l)@(”“) — TCP™ will be denoted by p.«, with ker p, being a trivial line bundle generated by the
Euler vector fields ¢ = Yoo Zine az . Then the Euler exact sequence (ZI1)) can be written as

(2.14) 0 — C— 0(1)2M+) 2oy pepr — 0,
where C < O(1)®("*1) is considered as the embedding map ker p, < O(1)®(+1),

Lemma 2.18. Let us denote L = C€ as the trivial line bundle C in Euler exact sequence &1
and let E = O(1)®"+1) Then we have exact sequences

. . — AL .

. — LN (N — A — LA (N —
2.15 0= LAWNTE iBE 2 LANE) =0
and

) — L AN S NE 25 AT —
2.16 0— L -l I 25 NTX =0

for all 7 > 1, where

(a) LA (NE)=C¢ A(NE) is a subbundle of N'T1E,

(b) LA (NTLE) < NE is the embedding of L A (N~ 1E) as a subbundle of NN E,
_>

(c) NE =25 LA (NE) is defined by the wedge of @ with elements in N'E,

(d) NE 25 NNTX s induced by the map E 25 TCP™ in (ZI4).

Proof. At each point x € X = CP™, for any a, € AE |, we have that

?m/\az:()
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if and only if there exist 3, € A" |,, such that
o ?I A Ba.
It implies that ([Z.I5)) is an exact sequence for all j > 1.

By (ZI4), the kernel of E £ TCP™ is the trivial bundle L = C¢. At each point z € X, the
kernel of the map
B2 TX |,

is C¢,. As a consequence, the kernel of

NE |25 NTX |,
is ‘

T ANTIE ).
Thus (ZI0) is an exact sequence for all j > 1. O

3. THE COHOMOLOGY GROUP H!(CP"™, N Tcpn)

3.1. The vanishing of the cohomology group H!(CP", A/T¢pn) for i >0 and 0 < j < n.
Lemma 3.1. Let us denote L as the trivial line bundle C in Euler exact sequence ZI4)) and let
E =0(1)2"+Y) . Then we have

(3.1) HY(X,NTX)= H(X,LA(NE)) = HT(X,LANT'E))

foralli >0 and j > 1.

Proof. The exact sequence (ZI5]) in Lemma [ZT8 induces a long exact sequence
(32) ... = H(X,NE) = H(X,LAN(NE)) - H™X,LA(NT'E)) - HTY(X,NE) - ....
As
NE = N (012 D) = 0(;)@("7"),

we have that

H(X,NE) = H(X,00)®("")
= H'(x,0())*(""")

= Hi(X,Kx ® O(n+1+))("7"),
where Kx = O(—n — 1) is the canonical bundle of X = CP”. By Kodaira vanishing theorem, we
have .
H(X,Kx®0n+1+j))=0
for ¢ > 0. Thus _ _
H'(X,NE)=0 (i>0).

As a consequence, by the exact sequence ([B:2), we have
(3.3) HY{(X,LA(NE)) = HT(X,LAN'E))
forall¢ > 0and j > 1.
Similarly, by the exact sequence ([2I6]) in Lemma [2.I8, we can prove that

(3.4) HY{(X,NTX)= H™(X,LAN(N'E))
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foralli >0 and j > 1.
Combine (B3) and B4]), we proved the lemma. O

Theorem 3.2. For X = CP", we have
(3.5) HY(X,NTx)=0
foralli>0and 0 < j < n.

Proof. (1) In the case of j = 0, H(X,Ox) = 0 (i > 0) is a well known result. It comes
directly from HY(X,0x) = H{(X,Kx ® O(n + 1)) and Kodaira vanishing theorem, where
Kx =2 O(—n — 1) is the sheaf of canonical bundle.
(2) In the case of j > 1, by Lemma B, we have

H{(X,NTX)2 H(X,LAN(NE)) = H"X,LANT'E) ... 2 HTI (X, L)

As L is a trivial line bundle, we have H'*/ (X, L) = H"/(X,0x) = 0 for i > 0 and
Jj=1
Hence
HY(X,NTx)=0
forall¢>0and j > 1.
0

Remark 3.3. For X = CP", in the case of j = 1, the conclusion H(X,7x) = 0 (i > 0) is a special
case of Theorem VII in [3].

3.2. Holomorphic vector fields and multi-vector fields on CP™. In this section, we will give
a description of the holomorphic vector fields and multi-vector fields on CP™.

Lemma 3.4. Let us denote L = C€ as the trivial line bundle C in Euler ezact sequence 219
and let E = O(1)®"+1) | Then we have exact sequences

(3.6) 0— HYX,LANTE)) - H(X,NE) 25 HY(X,NTX) =0
forall j > 1.

Proof. By the exact sequence (ZTI0]), we have
0— HYX,LANT'E)) - HY(X,NE) 25 HO(X,NTX) = HY (X, LA (NT'E)) = ---
for all j > 1. By Lemma Bl we have
HYX,LANT'E) 2 H*(X,LAN(NT?E)=... 2 H/(X,L)= H(X,0x) =0
for all 7 > 1. Thus we have
0— HX,LANT'E)) - H'(X,NE) 25 HY(X,NTX) =0
for all j > 1. g
Remark 3.5. In the case j = 1, the exact sequence (B.6) becomes
(3.7) 0— C— H(X,001)2"+) & HOY(X, Tx) — 0.
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Notice that NVE = O(j)éB(njl). Next we will give a description of the space HY(X,NE) =
HO(X, 0(j)* ("),
Let Vi, (1 <k <n+1) be the complex vector space of the k-vector fields
0 0
i1 e =—— N A
Z f1,2, 7k(92i1 6Zik

0<i <ip<. .. <ip<n

on C" 1, where fi,ia,....i,, are homogenous polynomials of zg, 21, ..., 2z, with degree k. The restric-
tion of the k-vector fields in Vj on P = C"*1\{0} forms a vector space, which will be denoted by V.
As we have shown in Equation (ZI3)), Vi coincide with the space of the C*-invariant holomorphic
k-vector fields on P.

Lemma 3.6. For 1 < j < n+1, the complex vector spaces below are isomorphic:

@V, .
(b) HO(X,0()*("7),
(c) the space of C*-invariant holomorphic j-vector fields on P.

Proof. (a) = (b): The vector space V; and HO(X,O(j))éB(n;1> are isomorphic by identifying the
("jl) polynomials f;, ;, . s, with the different components of H°(X, O(j))ea(njl).

~

(a) = (c): Since Vj coincide with the space of C*-invariant holomorphic j-vector fields on P, we
have that V; and the space of C*-invariant holomorphic j-vector fields on P are isomorphic.

(b) = (c): As (NTP)/G = O(j)ea(n;l), HO(X, O(j))@(n;‘l) and the space of C*-invariant holomor-

phic j-vector fields on P are isomorphic. O

By Lemma B4 and Lemma [3.6] we have

Lemma 3.7. [2] Let p : P = C"™\{0} — CP" : (20,21,-.-,2n) — [20,21,.-.,2n] being the
canonical projection. Then we have

(1) The holomorphic k-vector fields on CP™ can be written as

0 0
« i i =—— N A R
(Y iz 5o

0<i1 <12<...<ip <N

where gi, i,,...i,, are homogenous polynomials with variables zo, 21, ..., zn, of degree k. Or in

other words,
HO(Xa /\kTX) = p*(vk)
(2) For the map p. : Vi — HO(X, \FTx),

n ) ~
ker p, = (Z zla—z) AVi_1.
i=0 g

Next we will introduce some notations, which are important for the paper.
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o Let v; = p*(zia%i) (0 <i < n). As we have shown in Example T8 v; = p(e;) (0 < i < n),
and vg = — Y. ,v; = 0. Let W' be the n-dimensional C-vector space generated by
V1, ..., . Then we have W = p(Ng). Set Wk = AMWV (1 < k < n), WO = C. Then WF
can be considered as a subspace of H(X, A\FTx).

e For monominals zJ"...z)"" satisfying >_"" ;m; = 0, the derivatives of z{'°...z/" satisfy

Mn

v (25020 = (e, m)zp 0z,
where m = (my,...,m,) € M. Let

M = {(m07m17 7mn) S Zn+1 | Zmi = O}
=0

Then M = M. )
e For I = (mg,ma,...,my) € M satistying m; > —1 (i =0, 1, ...n), suppose {m;,,...,m;, | 0 <
i1 < ... <1i; <n} are all the elements equal to —1 in the set {mg, m1,...,m,}. Set

I =1, Z'=zl.2" Vi=vy, A..ANv, € W,
er=eiy, A Ney € AN, m(I) = (my,...,mp) € M.
Theorem 3.8. Let X = CP". We have
(3.8) HO(X,A\fTx) = ®1es,C(21 - Vi) AWEHI

for 0 < k <n, where Sy, is the subset of M consisting of all I € M satisfying the conditions

(3.9) (m(I),e;) =m; > -1 (0<i<n)
and
(3.10) 7| < k.

Proof. (1) First, we will prove that

(3.11) HOX NeTx) =Y cz" - vi)y nwkI (0 <k <n)
IeSy

By Lemma B7, any holomorphic k-vector field = on CP™ can be written as

2 = p( Z Giryiz...i 9z, ARREEA azik)

0<i <ip<...<ip<n

= § fi11i2 »»»»» i Vip N oo N Uiy,

0<i1 <in<...<ip<n

where fi, i, ..o = ka =) et 200z, with ¢feeoin being complex con-
.
s=1 s
stants, and
(a) mj, >—1 for 1<s<k,
(b) mj >0 for j¢ {is|1<s<k}

C) Z?:O m; = 0.
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(3.12)

WEI HONG

E=0) bt 200zt AL A

with m; (0 <1 < n) satisfying the above conditions.

Without loss of generality, suppose {mj,,m4,,...,m;,} are all the elements equal to —1
in the set {mg, m1, ..., m,}. Then

2072y s A AN = (20702 0 A AU ) A (Vi A A g
For I = (mg,my,...,my), we have
2002 A AN, = ztvy,
and
Vigoy A e Ay, € WEEHL

By Equation BI2), E € Y ,cq, C(Z7 - V1) A Wkh=lI (0 < k < n).

Thus we have

HOX N Tx) € Y cz" - vy nwkI (0 <k < ).
IeSy

On the other hand, for I = (mg,m1,...,m,) € S C M, suppose My Mgy ooy, (0 <

i1 < iy < ... < i < n) are all the elements equal to —1 in the set {mg, m1,...,m,}. Then

we have

1 _ Mo M,y .
20 V=200 NNy,

0 YA A pa(

__ . mo My
=2z 4 p*(zi —
0 n 1 9 i

Ziy E)

0 0

Mn

=p((ziy-20,)- (25" .20, )82- AN 5, )
11 (23

miy O 0
_p*((l H A )aZi1 A A aZil).
i¢{i,.. it}
Since m; > 0 for i ¢ {iy,...i;}, we know that Hig{ih_“il} 2" is a polynominal with variables
20,21, ...2n of degree . By Lemma[3.7] Z! - V; is a holomorphic [-vector field on X = CP™.
As WE=HI = k=l ig a subspace of H*(X, \F~!Tx), we have that C(Z! - Vi) A Wk=lI
is a subspace of H(X, AFTx). Thus we have

Yoz v AW C HO(X, AFT).
IeSy

By the argument above, the Equation (3.12) holds.
Next we will prove that for different I and J in S C M satisfying the conditions and

czt-vi)yanwrkncz? - vy) anwk =g,
where C(Z! - Vi) A WFE=HI and C(Z7 - Vj) A W*I7I are considered as the subspaces of
HY(X, A\FTx).
Let R : HY(X,A*Tx) — H°(X, ATz, ) be the restriction of the holomorphic k-vector
fields on the algebraic torus Ty C X. Then we have

R(C(z"-vi)y nwF- Iy c cz! - R(WF)
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and
R(C(z? - vy) AWkl ccz! - R(WF),

where R(W*) denotes the restriction of W* on Ty C X. Since AFT(Ty) is a triival bundle,
with {R(vi, Aviy A Avg,) | 1<y <ig < ... <ip < n} asa basis, and since {Z | I € M}
are C-linear independent functions on Ty, it is easy to verify that for different / and J in
M,

cz'-RWFHncz’ - RwW*) =o.
As a consequence, we have
Rz -vi) nwWkn R(C(z7 - Vi) AnWEVI) = 0.

As T is an open dense subset in X = CP™, we proved Equation ([B.I3).
(3) By Equation (3I1) and Equation ([B.I3]), we have

HO(X, N*Tx) = ®1es, C(Z1 - Vi) AWFHL (0 <k <n).

O

In Theorem B8, Sy is the set of all I € M satisfying conditions and Let us denote
S(i) (0 < i < n) as the set of all all I € M satisfying the condition and |[I| = i. Then
Sk = L‘!’Joging(i). And we have

Sp €5 CS5y...C8S,.
Proposition 3.9. Let X = CP". We have
(3.14) HY(X,N*Tx) = (HY (X, AP 1 Tx) AW) @ (@resyCZT - W) (1< k< n),

where S(k) is the set of all all I € M satisfying the condition[34 and |I| = k.

Proof. By Theorem B.8, we have
HO(X, A\*Tx) = @res,C(Z" - Vi) A WH
= 69?:0(@]65(1')@(2] Vi) A Wk_m)
= 50 (BresC(2" - V) AW @ (@resC2T - W)
= (@fgé(@les(i)c(zl V) AWETEI AW) @ (BresxCZ’ - wh)
= (HYX,N"Tx) AW) @ (®reswyCZ" - WH),

where the last step holds since

HY (X N1Tx) = @f;ol(@les(i)(c(zl V) AWETEEID,
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4. POISSON COHOMOLOGY OF CP"

4.1. Poisson cohomology of toric Poisson structures on CP". Let X = CP". To start the
main theorem, we need some preparations.

o Let m= )", <, aijvi ANvj be a holomorphic toric Poisson structure on X = CP", where
v = p*(zi%) = p(e;) (0 <i<n)as we have shown in Example ZT5 Set

II = E aije; N\ €;.
1<i<j<n

Then we have II € /\2N<c~.
e For I = (mo,....,mp) € M, m(I) = (mq,...,my) € M, we have
Zm(I)H € N,

where 1,,,(1)IT denotes the contraction of m(I) € M with IT € A*Ng by the C-linear extension
of the pairing (,) : M x N — Z. And p(t,,(II) is a holomorphic vector field on X, where
p: Ne — X(X) is the map we have defined in Equation ([23)).

Lemma 4.1. Let 7 =37, ;_;<, aijvi A\ v; be a holomorphic toric Poisson structure on X = CP™.
For any I € M, we have

(4.1) [, 2" = 2" p(imp D),
and
(4.2) (7, Z" - Vi] = p((tm(nII) Aer).

Proof. (1) For I € M and 0 < i < n, we have
(4.3) vi(Z1) = {es, m(I)) 27,

where Z! is considered as a rational function on X = CP", v;(Z!) denotes the derivative
of Z! along the vector field v;.
Since that Ty = (C*)™ is commutative, we have

(44) [Ui,’Uj] =0

for 0 <i,5 <n.
The Lemma can be proved by a simple computation using Equation (£3) and Equation
3.

(2) Since p(er) = Vi, by Equation 1] we have

[, 2" - Vi) = p(imn)T1) A Vi
= p(un(nIl) A pler)
= p((vm(nI) Aer).
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By Lemma 24 and Theorem B2 the Poisson cohomology group H2(X) is isomorphic to the coho-
mology of the complex

(4.5) HO(X,0x) 25 HO(X, Tx) 4= HO(X, A2Tx) <= ... 4= HO(X, A"Tx)
where d, = [r,].
Lemma 4.2. Let w be a holomorphic toric Poisson structure on X = CP™.

(1) For any I € Sy, (0 <k < n), where Sy is the set of all I € M satisfying conditions B4 and
[Z10, we have

d(C(Z" - vy AWFIy c ezt - vp) A wh L
where C(Z1- Vi) AW*=H1 is considered as a subspace of H(X, \NFTx), dr (C(ZT-Vi)AWF=I11)
denotes the image of C(Z1-Vy) AW I under the map HO(X, ANFT'x dn, HO(X, AFHTy),

)
C(Z"- Vi) A\WEIIHY s considered as a subspace of HO(X, ANFT1Ty)
(2) For any I € Sk, (0 <k <n) satisfying the equation

(tm(nI) Aer =0,

we have

do(C(Z" - Vi) AWFIT =0,

Proof. (1) For any element ¥ = Z!. Vi Aw in C(Z!-Vi) AWF=II where I € Sy, and w € W1,
by Lemma [T} we have
de (V) = [, Z1 - Vi A w)
= p(t(nID) A (Z" - Vi Aw)
= (=D)MZ" Vi A (p(trn(ny D) A w.

Since p(ty, (1) Aw € WF=HIFT1d (I) is an element in C(Z7 - V;) A Wh=HIFL,
Thus we have

d(CZT- Vi) A\WFIy cc(z - vi) AWFHIFL forall T e Sy,
(2) If I € Sy, satisfies the equation
(tm(nI) Aer =0,
then
P((trm(nyII) Aer) = p(tynII) AVE = 0.
By Lemma FTl with the similar argument as above, we have

do(C(Z" - Vi) AWFIT =0,
0

Lemma 4.3. Let w be a holomorphic toric Poisson structure on X = CP™. For any holomorphic
k-vector field W in C(Z' - Vi) A\WFl with T € S,_1 C S (1 <k <n), if

de(¥) =0 and (t,nIl) Aer #0,
then there exists a holomorphic (k — 1)-vector field ® in C(ZT - Vi) AWFI=1 " such that
U = d.(P).



18 WEI HONG

Proof. For any holomorphic k-vector field U = Z7-V; Aw € (C(ZI-VI)/\W’“_‘I‘, where I € S;,_1 C Si
and w € Wkl by Lemma EI], we have
dr(V) = [m, V] = [1, Z" - Vi Aw)

= p(tmnID) A(Z" - Vi Aw)

=z P II) Aviy Ao Ay, Aw
If (ty(yIT) Aer # 0, then 2., ()l and e, , €4, . . . €;, are C-linear independent vectors in Ne, p(2,1)IT)
and v;, , vy, ... v; are C-linear independent vectors in W = p(Ng¢).
If dp (W) = Z" - p(tym(nII) Aviy A ... A, Aw = 0, we have

P(m(nI) Aviy Ao Avy Aw = 0.

By simple linear algebra we know that w € W*~Il can be written as

1
W = Pty IT) A wo + Z'Uis A wi,

s=1
where wg, w1, ..., w; are elements in W*~I/1=1 Moreover, we have
v=z"Virnw
l
= ZI('Uil 74\ Vi, VANPIAN Uiz) A\ (p(lm(])H) N wo + Z’Uis A ’LUS)

s=1
= ZI(UZ'I A Viy AL A Uil) A (p(lm(I)H) A ’LU())
= (—1)‘”p(zm(1)H) A (ZI Vi A wo)
Let ® = (—1)1Z1-V; Awp. Then & is a holomorphic (k — 1)-vector fields in the space C(Z!- V) A
Wk_lll_l.
A simple computation using Lemma [Tl shows that

U = d (D).

Theorem 4.1. Let m be a holomorphic toric Poisson structure on X = CP™. We have

(1) for0 <k <mn,

(4.6) Hy(X) = ®res,(mC(Z" - Vi) AWHHL

where Si(m) is the set consisting of all I € M satisfying
(4.7) (m(I),e;) =m; > -1 (0<1i<n),
(48) <k,

and the equation
(4.9) (Zm([)n) Ner = 0.
(2) H¥(X) =0 for k >n.
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Remark 4.4. (1) Sk(m) is a subset of S consisting of all I € S}, satisfying Equation By
Theorem B.8] @165k(w)C(ZI Vi) AWFlis a subspace of HO(X, AFTy). it is identified
with the quotient space

ker : HO(X, AFTy) 2= HO(X, AFH1Ty)
Im : HO(X, AF=1Tx) 255 HO(X, AFTy)

in the Theorem (.11
(2) For k=0, H2(X) = C, consisting of the complex constants on X.
(3) For k = n, Theorem [T] can be state in the following equivalent way:

(4.10) HMX)=a®/CZ" vy A .. Ay,
for all I € S,, C M satisfying one of the following conditions

(4.11) 1] =n,
(zm(])H) Ner =0.

(4) For each I € M, Equation ([J) can be written as

(4.12) a' (I, m)m;,

i=1

where a‘(I,7) are complex constants depending on I and .
Proof of Theorem [4.1k

Proof. (1) For k =0, Sy consists of only (0,...0) € M, and W*~I’l = W = C. Thus we have

HY(X)=C.
(2) For 1 < k < n, by Theorem B8 any holomorphic k-vector field ¥ € H?(X, A*Tx) can be
written as
v=>"9, Yecz -vy)awri
I€S,
As

dW(\I’) = Z dW(‘I’I)a

IeSy
by Lemma 2] we have that

dﬂ-(\I/) =0<«= dﬂ—(\I/[) =0 forall Ie€S;.

(a) For any I € Sgp_1 C Sk satisfying (2,,(1)IT) Aer # 0, by Lemma 3] d,(¥r) = 0 imples
that there exist ®; € C(Z1- V) AW*HI=1 such that U; = d,(®;). Thus there exists
only zero Poisson cohomology class in C(Z1-V7) A Wh=Hl for I € Sj,_1 C Sy, satisfying
('Lm(I)H) Ner #0.

(b) For any I € Sy C Sy satisfying (1,,,(yI1) Aey =0, ie., I € Sy_1(m), by Lemma 2]
we have

de(CZT - Vi) AWF =Yy =0 and  d.(C(Z! - Vi) AWEI) = .
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Thus for each nonzero element W; € C(Z!- Vi) AWF= 1l with I € Sy_1 (), it represents
a nonzero cohomology class in the Poisson cohomology group. And

Bres, (mCZ1 Vi) AWhHI

can be seen as subspace of the Poisson cohomology group H. 7’: (X).
(c) For any I € Sg(m)\Sk_1(n), i.e, I € S(k) satisfying (1,,(r)II) A ey = 0, by Lemma E.3]
we have
de(C(Z" - Vi) A\WFI = a (c(z! - vp)) = 0.
By Theorem B8 we have
HO (X, AP MTx) = ©pes, ,C(Z8 - Vi) AWHEHIEL
And by Lemma [£32] we get that
dr (HY (X, \F71Tx)) C ®res, ,C(Z1 - Vi) AWHEHL

Thus for each nonzero element W; € C(Z! - V;) A WF I with T € Sy(7)\Sk_1(n), it
represents a nonzero cohomology class in the Poisson cohomology group. And

Bresymnse_(mC(Z" - Vi) AW

can be seen as a subspace of the Poisson cohomology group H¥(X).
By the argument above, we have

HE(X) = @res,C(Z" - Vi) AW

for 1 <k <n.
(3) For k > n, HE(X) = 0 comes directly from Lemma 24 and Theorem B.21

O

Let us denoted S(i,7) as the set of all I € M satisfying |I| = ¢ and the conditions @T), @3).
Then we have S (1) = Wo<i<rS(i, 7). By a similar way as in Proposition BX9, we can prove that

Proposition 4.5. Let m be a holomorphic toric Poisson structure on X = CP™. For 1 <k < n,
we have

(4.13) Hyi(X) = (HH(X) AW) @ (SresemC(Z" Vi) AW,
where S(k, ) is the set of all I € M satisfying |I| = k and the conditions {@T), [@3).

4.2. Poisson cohomology of the standard Poisson structure on CP™. As we have shown in
Lemma [Z.T6] the standard Poisson structure on X = CP"™ can be written as

st = Z v; Ny,
1<i<j<n
where v; = p.(zi72) = p(e;) (0 <i < n) as we shown in Example ZI5 And Il = Di<icj<n € N
e; € A2 Ne.
We can apply Theorem A1l to compute the Poisson cohomology of the standard Poisson structure

on CP™. Here we only list the Poisson cohomology groups in the case n = 2 and n = 3. For other
cases it could be done similarly, but more complicated.
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Proposition 4.6. Let X = CP? and let [20, 21, 22] be the homogenous coordinates on it. Let
v = p*(zi%) (0 <i < 2). The standard Poisson structure on X = CP? can be written as

st = V1 A\ Va.

The Poisson cohomology group of (X, ms) can be written as

(1) H? (X)=C, and dim H? (X)=1.

(2) H} (X) has a basis {v1,v2}, and dim H. (X) = 2.

(3) H2 (X) has a basis {(z5"° 27" 25"* )v1 A va} with (mo, m1,m2) in the set

(07 0, 0)7
(_17_172)5 (_1527_1)7 (27_17_1) -
Thence dim HZ (X)) = 4.
(4) HF (X) =0 for k> 2.

Tst

The Proposition verified the results about Poisson cohomology of CP? in [?Hong-Xuld].

Proposition 4.7. Let X = CP? and let [20, 21, 22, 23] be the homogenous coordinates on it. Let
v = p*(zi%) (0 <i < 3). The standard Poisson structure on X = CP3 can be written as

st = V1 N\ Vg +v1 Avg 4+ v A vs.
The Poisson cohomology group of (X, ms) can be written as
(1) H? (X)=C, and dim H? (X) = 1.
as a basis {v1,v2,v3}, and dim =3.
2 HistX h bast. d di H}rstX 3
as a basis as the union of three parts:
(3) HQSt(X) h bast. h jon of three p
(a) {’Ul/\vg, 1}1/\’03, 1)2/\1)3},
20 02y ‘2o 2 vo A\ w2 with (mo, my1, Mo, ms3) in the set
DREOEE L h n th
{ (-1,1,,-1,1), (-1,2,-1,0), (-1,0,-1,2) }
where vy = — Z§:1 Vi,
¢ Zg V2 ‘Z9 2zg )1 AN w3 with (Mo, m1, ma, m3) in the set
Fos g h n th
{ (15_15715_1)5 (25_1507_1)7 (05_1527_1) }
Thence dim HZ (X) = 9.
(4) H2 (X) has a basis {(z5"°21" 25" 25"* Ju1 Avg A s} with (mo, m1, ma, ms) in the set

(0,0,0,0),
(-1,1,,-1,1), (=1,2,-1,0), (-1,0,-1,2),
(1,-1,1,-1), (2,—-1,0,-1), (0,—-1,2,-1),
(-1,-1,-1,3), (-1,-1,3,-1), (-1,3,—-1,-1), (3,-1,—1,-1)

Thence dim H? (X)=11.
(5) HE (X)=0 for k> 3.
For general CP™ equipped with the standard Poisson structure, it is interesting to explore the
meaning of the Poisson cohomology groups. Here we will give an explicit description of the first
Poisson cohomology group of (CP™, my).
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Theorem 4.8. For X = CP" equipped with the standard Poisson structure

st = g v; Ny,

1<i<j<n
we have

Hr (X)=W and dimH) (X)=n.
To prove Theorem .8 we need the following lemma.

Lemma 4.9. For X = CP"™ equipped with the standard Poisson structure

st = E v; N\ vy,

1<i<j<n
we have that
S(l, Wst) = @,
where S(1,7s:) is the set of all I € S(1) satisfying the Equation
(414) (Zm(I)Hst) Ner =0,

and Iy = Zl§i<j§n eiNej.

Proof. For I € S(1), Equation ([@I4) is equivalent to

(415) Zm(I)Hst = AGI, A eC.
Let us denote «; ; (0 < i # j <n) as the element in M, with m; = —1, m; = 1 and 0 elsewhere.
Then

S(1) ={ai; |0<i#j<n}
For I = a; ;, we have that e; = e;. The Equation (ZI5]) becomes

(416) Zm(])HSt = \ej, AeC.
Let {e7,e5,...,e} C M be the dual basis of {ey, e, ..., e, }. Then we have
e, for 1=0, j#0.
m(I) = —e, for i#0, j=0.

—e; +ej, for i#0, j#O0.
(a) In the case i = 0 and j # 0, Equation (£I6) becomes

n

’Le;H = \eg = —)\(Z €s),

s=1
which implies
(4.17) (e}, e3) = (rex 11, €3) = —A
forall 1 <s<n.
As
Hst = Z €; A\ ej,
1<i<j<n
Equation ([{IT) can not be true since that
(e}, e;) =0
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and
I(ef,el) = +1

AR
for 1 <s#j<n.
Thus in this case, Equation (£I4) has no solution.

(b) In the case i # 0 and j = 0, Equation [@I6]) becomes
Z(,B:)H = )\ei,

which implies

(—ef,e5) =0
forall1 <s#i<n.
As
Il = Z e; N\ ej,
1<i<j<n
we have

II(—ef,el) ==+1

for all 1 < s # i <n. Thus Equation (#I6) has no solution in this case.
(¢) In the case i # 0 and j # 0, Equation ([@I6]) becomes

z(,eere;)H = )\ei.
It can not be true since that

II(—ef +ef,ef) = %1,

36
but
(Aei,ef) = 0.

By the argument above, we have S(1,74) = @.
Proof of Theorem (4.8

Proof. By Theorem .1} we have
HY,(X) = @1es, (0 C(2" - Vi) AW,

As Sy(mst) = S(0,m5) W S(1, st ), we have
H;St (X) = @1631(7r3t)(c(zl ! VI) A Wl_l]l

= (@res©m.0CZ" - Vi) \WH @ (@res(1,2,0C(2" - Vi) AW,

Since S(0, 7s;) consists only one element I = (0,...,0), we have
Preso.)CZ - Vi) AW =W
On the other hand, by Lemma 9, we have S(1,7s:) = @. Thus we have
H: (X)=W and dimH; (X)=n.

23
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For X = CP™, there is a cyclic group Z,,+1 action on X = CP", generated by
(4.18) (20, 21, - - - » Zn1, Zn] = [21, 22, - -+, Zn, Z0],
where o is a generator of Z,41. By Y., v; = 0, we have that

st = Z v; Nvj = Z v; N vy

1<i<j<n 0<i<j<n
= E V; N\ vj
0<i<j<n—1
-1
=0, (7st).
Thus the standard Poisson structure mg; on X = CP” is invariant under the Z, 1-action defined
in EI).
Proposition 4.10. The standard Poisson structure
Tt = E V; N\ vj
1<i<j<n

on X = CP" is invariant under the Zy41-action defined in Equation [{EI8). As a consequence, the
Ly 41-action on X induces a Zny1-action on the Poisson cohomology group Hﬁst (X) for0 <k <n.

In the cases of X = CP? (Proposition [.6]) and X = CP? (Proposition [L7), it is easy to find the
Zs-action and the Z4-action on the Poisson cohomology group.

There should be more interesting thing about the Poisson cohomology groups of the standard
Poisson structure to be explored. However, those will be future works.

5. GENERAL CONJECTURES

Let XA be a nonsingular toric veriety associated with a fan A in Ng. Let a; (1 <@ < r) be all
the one dimensional cones in A(1), and letn(a;) € N be the corresponding primitive elements.
Set W = p(N¢), WF = A¥W and W° = C. Then W* can be considered as a subspace of
HO(Xa,N"Tx,).

For any I € M, let

mi(T) = {I,n(as) (1< < 7).
Suppose my;, (I),...,m;(I) (1 < i1 < ... < i < r) are all the elements equal to —1 in the set
{m1(I),...,m,(I)}. Let us introduce some notations:

I =1, Vi=pn(a))A...Apn(ag,)) €W np=n(a,) A... An(a;,) € ALN.
Conjecture 5.1. Let XA be a nonsingular toric veriety associated with a fan A in Ng. Then
HO(X, A¥Tx) = ®res, Cx* - Vi) AWHI
for 0 < k < n, where S, is the subset of M consisting of all I € M satisfying the conditions
mi(l)> -1 (1<i<r)

and
7| < k.

Remark 5.1. (1) As we have shown in Theorem B8 Conjecture Bl is true for X = CP™.
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(2) For the general toric variety Xa, in the case of k = 1, by [§] (Proposition 7, p. 571) (one
may consult [19]), Conjecture BT retains true.

If Conjecture B Ilretains true, then we can prove the following conjecture by similar way as we have
done for X = CP".

Conjecture 5.2. Let XA be a nonsingular toric veriety satisfying H*(X, A7Tx,) = 0 for all i > 0
and 0 < 57 < n. Let m be a holomorphic toric structure on X, and let II be the element in A2 N¢
determined by p(II) = 7. Then we have

(1]
2]
[3]
[4]
[5]
[6]

[7]

(8

9

(10]
11]
(12]
(13]
[14]

[15]

(1) for 0 <k <mn,
HE(X) = ®res,(mCX" - Vi) AWHEHL
where Si(7) is the set consisting of all I € M satisfying
mi(I)>—-1 (1<i<r),

|| <k,
and the equation
(Z]H) Any=0.
(2) HE(X) =0 for k > n.
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