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AN EXPLICIT TWO STEP QUANTIZATION OF POISSON STRUCTURES
AND LIE BIALGEBRAS

SERGEI MERKULOV AND THOMAS WILLWACHER

ABSTRACT. We develop a new approach to deformation quantizations of Lie bialgebras and Poisson struc-
tures which goes in two steps.

In the first step one associates to any Poisson (resp. Lie bialgebra) structure a so called quantizable
Poisson (resp. Lie bialgebra) structure. We show explicit transcendental formulae for this correspondence.

In the second step one deformation quantizes a quantizable Poisson (resp. Lie bialgebra) structure. We
show again explicit transcendental formulae for this second step correspondence (as a byproduct we obtain
configuration space models for biassociahedron and bipermutohedron).

In the Poisson case the first step is the most non-trivial one and requires a choice of an associator while
the second step quantization is essentially unique, it is independent of a choice of an associator and can be
done by a trivial induction. We conjecture that similar statements hold true in the case of Lie bialgebras.

The main new result is a surprisingly simple explicit universal formula (which uses only smooth differential
forms) for universal quantizations of finite-dimensional Lie bialgebras.
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1. Introduction

1.1. Two classical deformation quantization problems. There are two famous deformation quantiza-
tion problems, one deals with quantization of Poisson structures on finite dimensional manifolds and another
with quantization of Lie bialgebras.

A lot is known by now about the first deformation quantization problem: we have an explicit formula for
a universal deformation quantization [Ko3], we also know that all homotopy inequivalent universal defor-
mation quantizations are classified by the set of Drinfeld associators and that, therefore, the Grothendieck-
Teichmiiller group acts on such quantizations.

Also much is known about the second quantization problem. Thanks to Etingof and Kazhdan in [EK] it is
proven that, for any choice of a Drinfeld associator, there exists a universal quantization of an arbitrary Lie
bialgebra. Later Tamarkin gave a second proof of the Etingof-Kazhdan deformation quantization theorem
in [T2], and very recently Severa found a third proof [Se]. The theorem follows furthermore from the more
general results of [GY]. All these proofs give us existence theorems for deformation quantization maps, but
show no hint on how such a quantization might look like explicitly to any order in A.

In this paper we show a new transcendental explicit formula for universal quantization of finite-dimensional
Lie bialgebras. This work is based on the study of compactified configuration spaces in R* which was
motivated by (but not identical to) an earlier work of Boris Shoikhet [Shl]; it gives in particular a new proof
of the Etingof-Kazhdan existence theorem. The methods used in the construction of that formula work well
also in two dimensions, and give us new explicit formulae for a universal quantization of Poisson structures.
Let us explain main ideas of the paper first in this very popular case.

1.2. Deformation quantization of Poisson structures. Let C°°(R?) be the commutative algebra of
smooth functions in R™. A star product in C*°(R™) is an associative product,

an: C®(R?) x C°(R") — C>(R™)
(f(z),9(x)) — frrg=fg+>3% W B(f,9)
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where all operators By, are bi-differential. One can check that the associativity condition for x5 implies that
w(f,g) == Bi(f,g9) — Bi(g, f) is a Poisson structure in R™; then x5 is called a deformation quantization of
T € Tpoly (R™).

The deformation quantization problem addresses the question: given a Poisson structure in R™, does there
exist a star product #5 in C°°(R™) which is its deformation quantization?

This problem was solved by Maxim Kontsevich [Ko3] by giving an explicit direct map between the two sets

Poisson depends on Star products
structures in R™ associctors *p in C%°(R")[[A]]

In fact, a stronger correspondence was proven — the formality theorem. Later Dmitry Tamarkin proved
[T1] an existence theorem for deformation quantizations which exhibited a non-trivial role of Drinfeld’s
associators.

In this paper we consider an intermediate object — a quantizable Poisson structure — so that the quanti-
zation process splits in two steps as follows

- Quantizable
Poisson depends on . easy: no need Star pl"OdUCtS
. < Poisson s . 00 (TN
structures in R associators structures in R™ for associators *p 1N C (R )[[h]]

If an ordinary Poisson structure is a Maurer-Cartan element 7 € Tpo1, (R™) of the classical Schouten bracket
[, ]s,

[, 7]s =0,

a quantizable Poisson structure 7° is a bivector field in Tper, (R™)[[A]] which is Maurer-Cartan element,

1 h K2
(1) g[wo,wo]s + E[?TO,TFO, 70, w04 + a[wo, 7,7, 7%, 7% 76 + ... =0,
a certain Lies structure in Tpor, (R™),
{[ PR ]% : 7;wly(Rn)@% — 7;Oly(Rn)[?) - 4k]}k21

which we call a Kontsevich-Shoikhet Lieo structure as it was was introduced by Boris Shoikhet in [Sh2]
with a reference to an important contribution by Maxim Kontsevich via an informal communication. As
the Schouten bracket, this Lie, structure makes sense in infinite dimensions. It was proven in [W3] that
the Kontsevich-Shoikhet structure is the unique non-trivial deformation of the standard Schouten bracket in
Tpoiy(R™) in the class of universal Lieo, structures which makes sense in any (including infinite) dimension
(it is a folklore conjecture that in finite dimensions the Schouten bracket [, ] is rigid, i.e. admits no universal
homotopy non-trivial deformations).

A map
2 Q;i?g;iible Star products
. structures in R" *n in C(R")[[A]]

was constructed in [Sh2] for any n (including the case n = +o00) with the help of the hyperbolic geometry
and transcendental formulae. It was shown in [W3| [B] that this universal map (which comes in fact from
a Lies, morphism) is essentially unique and can, in fact, be constructed by a trivial (in the sense that no
choice of an associator is needed) induction.

What is new in our paper is the following Theorem proven in Section 4 below.
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1.2.1. Theorem. For any finite n and any choice of an associator, there is 1-1 correspondence between the
two sets,

Poisson Quantizable
i > Poisson
structures in R™ :
structures in R"

More precisely, there is a Lies isomorphism,

F: (Eoly(Rn)v[ ) ]S) — (Tooly(Rn)[[th{[ IR ]2n}n21)
from the Schouten algebra to the Kontsevich-Shoikhet one.

We show explicit transcendental formulae for the Lie, morphism F in ([39). Composing this morphism with
the essentially unique arrow in (2] we obtain an acclaimed new explicit formula for universal quantization
of Poisson structures. In fact we obtain a family of such formulae parameterized by smooth functions on
St = {(z,y) € R?|2? + y? = 1} with compact support in the upper (y > 0) half-circle; all the associated
maps F are homotopy equivalent to each other.

1.3. Deformation quantization of Lie bialgebras. Let V be a Z-graded real vector space, and let
Oy = 0%V = @®p>0 ©" V be the space of polynomial functions on V* equipped with the standard graded
commutative and cocommutative bialgebra structure. If AssB stands for the prop of bialgebras, then the
standard product and coproduct in Oy give us a representation,

(3) po : AssB — Endo,, .
A formal deformation of the standard bialgebra structure in Oy is a continuous morphisms of props,
pr + AssB[[h]] — Endo, [[h]],

h being a formal parameter, such that ps|r—o = po. It is well-known [Dr] that if py, is a formal deformation

of pg, then %| rn=o makes the vector space V into a Lie bialgebra, that is, induces a representation,

v: LieB — Endy

of the prop of Lie bialgebras LieBB in V. Thus Lie bialgebra structures, v, in V' control infinitesimal formal
deformations of pg. Drinfeld formulated a deformation quantization problem: given v in V', does p; exist
such that %| h—o induces v? This problem was solved affirmatively in [EK] [Tl [Se]. In this paper we give
a new proof of the Etingof-Kazhdan theorem which shows such an explicit formula in the form ) . cr®r,
where the sum runs over a certain family of graphs, ®r is a certain operator uniquely determined by each
graph I' and cr is an absolutely convergent integral, f Coo(T) Qrp, of a smooth differential form Qr over a

certain configuration space of points in a 3-dimensional subspace, #, of the Cartesian product, H x H, of
two copies of the closed upper-half plane. Our construction goes in two steps,

Lie bialgebra Quaptlzable Bialgebra structures
truct in R™ - Lie bialgebra - AL) o (RMI[A
Sructures m structures in R" (n, An) in O (R™)[[A]]

as in the case of quantization of Poisson structures. We show in §5 an explicit universal formula for the
first arrow (behind which lies a Lie, morphism in the full analogy to the Poisson case), and then in §6 an
explicit universal formula for the second arrow. The composition of the two gives us an explicit formula
for a universal quantization of an arbitrary finite-dimensional Lie bialgebra, one of the main results of our
paper. This result raises, however, open questions on the classification theory of both maps above, and on
the graph cohomology description of a quantizable Lie bialgebra structure; here the situation is much less
clear than in the Poisson case discussed above.

We remark that an explicit configuration space integral formula (based on a propagator which is a generalized
function rather than a smooth differential form) for the quantization of finite dimensional Lie bialgebras was
claimed in B. Shoikhet’s preprint [Sh1]. Furthermore, an odd analog of the properad governing quantizable
Lie bialgebras has been investigated in [KMW].
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1.4. Structure of the paper. §2 is a self-consistent reminder on graph complexes and configuration space
models for the 1-coloured operad Holiey of (degree shifted) strongly homotopy Lie algebras, and for the
2-coloured operad Mor(Holieq) of their morphisms.

In §3 we obtain explicit universal formulae for Lie,, morphisms relating Poisson (resp., Lie bialgebra)
structures with their quantizable counterparts.

§4 shows a new explicit two-step formula for universal quantization of Poisson structures (depending only on
a choice of a smooth function on the circle S* with support in the upper half of S*), and proves classification
claims (made in §1.2) about every step in that construction.

min
oo !

85 reminds key facts about the minimal resolutions, Assbo, and Lieb of the prop Assb of associative

— quant
bialgebras and, respectively, of the prop Lieb of Lie bialgebras, and introduces a prop ﬁieb:;mn of strongly
homotopy quantizable Lie bialgebras. We use results of §3 to give an explicit transcendental morphism of dg

—— quant —— min,O —— min,O | .
props Lieb,,  — Lieb,, , where Lieb ,  is the wheeled closure of the completed version of the dg prop

— — ant — 0
Lieb.. , and hence an explicit morphism Liev™™ = Lieb~ from the prop of quantizable Lie bialgebras

into the wheeled closure of the completed prop of ordinary Lie bialgebras.

— ant
In §6 we show an explicit transcendental formula for a morphism of props Assb — ’D(Eiebqudn ), where D

is the polydifferential endofunctor on props introduced in [MW2], and show that it lifts by induction to a

— ant
morphism of dg props Assbse — ’D(Eieb:;mn ). This gives us explicit formulae for a universal quantization
of quantizable Lie bialgebras. Combining this formula with the explicit formula from §5, we obtain finally
an explicit transcendental formula for a universal quantization of ordinary finite-dimensional Lie bialgebras.

In Appendix A we prove a number of Lemmas on vanishing of some classes of integrals involved into our
formula for quantization of Lie bialgebras.

In Appendix B we construct surprisingly simple configuration space models for the bipermutahedron and
biassociahedron posets introduced by Martin Markl in [Ma2] following an earlier work by Samson Saneblidze
and Ron Umble [SUI].

1.5. Some notation. The set {1,2,...,n} is abbreviated to [n]; its group of automorphisms is denoted
by Sy; the trivial one-dimensional representation of S, is denoted by 1,, while its one dimensional sign
representation is denoted by sgn,,. The cardinality of a finite set A is denoted by #A. For a graph I its set
of vertices (resp., edges) is denote by V(T') (resp., E(T)).

We work throughout in the category of Z-graded vector spaces over a field K of characteristic zero. If
V = @;ezV? is a graded vector space, then V[k] stands for the graded vector space with V[k]’ := V** and
and s* for the associated isomorphism V — V[k]; for v € V% we set |v| := . For a pair of graded vector

spaces V7 and Va, the symbol Hom;(V7, V3) stands for the space of homogeneous linear maps of degree 4, and
Hom(Vi, Vz) := @,y Hom; (V1, V2); for example, s* € Hom_(V, V[k]).

For a prop(erad) P we denote by P{k} a prop(erad) which is uniquely defined by the following property: for
any graded vector space V' a representation of P{k} in V is identical to a representation of P in V[k]. The
degree shifted operad of Lie algebras Lie{d} is denoted by Lieg41 while its minimal resolution by Holieg41;
representations of Liegy1 are vector spaces equipped with Lie brackets of degree —d.

For a right (resp., left) module V over a group G we denote by Vi (resp. ¢V) the K-vector space of
coinvariants: V/{g(v) —v | v € V,g € G} and by V& (resp. “V) the subspace of invariants: {Vg € G
g(v) =v, v € V}. If G is finite, then these spaces are canonically isomorphic as char(K) = 0.

2. Graph complexes and configuration spaces

2.1. Directed graph complexes. Let G ; be a set of directed graphs I' with k vertices and [ edges such
that some bijections V(T') — [k] and E(T') — [I] are fixed, i.e. every edge and every vertex of I" has a
numerical label. There is a natural right action of the group S; x S; on the set Gy ; with S, acting by
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relabeling the vertices and S; by relabeling the edges. For each fixed integer d, consider a collection of
Sk-modules DGragq = {DGraq(k)}r>1, where

DGraq(k) == [[ K(Gra) ®s, sgni*[i(d - 1)].
1>0
It has an operad structure with the composition rule,

o, : DGrayq(p) x DGraq(q) — DGrag(p+q—1), Vie[n]
(I'1,I2) — Iy o Iy,

given by substituting the graph I's into the i-labeled vertex v; of I'y and taking the sum over re-attachments
of dangling edges (attached before to v;) to vertices of I'y in all possible ways.
For any operad P = {P(k)}n>1 in the category of graded vector spaces, the linear the map

[,]: PP —
—

P
(a € P(p),b € P(q)) [a,b] == 327 yaoib— (=1)IFITE  boja € Plp+q-1)

makes a graded vector space P := [[,, P(k) into a Lie algebra [KM]; moreover, these brackets induce a Lie
algebra structure on the subspace of invariants PS := Hn21 P(k)+. In particular, the graded vector space

dfGCq == [ [ Graa(k)® [d(1 - k)]
E>1

is a Lie algebra with respect to the above Lie brackets, and as such it can be identified with the deformation

complex Def(Lieq 2 Grag) of the zero morphism. Hence non-trivial Maurer-Cartan elements of (dfGCq4, [, ])
give us non-trivial morphisms of operads
(4) i: Lieq—DGrag.

One such non-trivial morphism f is given explicitly on the generator of Lieq by [W1]
(5) z< A >_ o0 + (1) G =: oo

Note that elements of dfGC4 can be identified with graphs from DGrag whose vertices’ labels are symmetrized
(for d even) or skew-symmetrized (for d odd) so that in pictures we can forget about labels of vertices and
denote them by unlabelled black bullets as in the formula above. Note also that graphs from dfGC; come
equipped with an orientation, or, which is a choice of ordering of edges (for d even) or a choice of ordering
of vertices (for d odd) up to an even permutation in both cases. Thus every graph I' € dfGC; has at most
two different orientations, or and or°?P, and one has the standard relation, (T',or) = —(T', or°PP); as usual,
the data (T',or) is abbreviated by T' (with some choice of orientation implicitly assumed). Note that the
homological degree of graph I" from dfGCy is given by |I'| = d(#V(T') — 1) + (1 — d)#E(T).

The above morphism (&) makes (dfGCqy, [, ]) into a differential Lie algebra with the differential

§ = [e—>e, |.

This dg Lie algebra contains a dg subalgebra dGC,; spanned by connected graphs with at least bivalent
vertices. It was proven in [W1] that

H*(dfGC,) = ©°*=! (dGCy[—d)]) [d]
so that there is no loss of generality of working with dGC, instead of dfGC4. Moreover, one has an isomorphism
of Lie algebras [W1],
H°(dGCy) = grty,
where grt; is the Lie algebra of the Grothendieck-Teichmii ller group GRT} introduced by Drinfeld in the

context of deformation quantization of Lie bialgebras. Nowadays, this group play an important role in many
areas of mathematics.
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2.2. Oriented graph complexes. A graph I' from the set Gy ; is called oriented if it contains no wheels,
that is, directed paths of edges forming a closed circle; the subset of Gy ; spanned by oriented graphs is
denoted by G7';. It is clear that the subspace Graj” C DGragq spanned by oriented graphs is a suboperad.
The morphism’ (@) factors through the inclusion Grag” C DGraq so that one can consider a graph complex

fGCG" := Def (Eied R gmf[)

and its subcomplex GCJ" spanned by connected graphs with at least bivalent vertices and with no biva-
lent vertices of the form —e—. This subcomplex determines the cohomology of the full graph complex,
H*(fGCY") = @*21(H*(GCY")[—d])[d]. Tt was proven in [W3] that

H*(GCF\ ) = H*(dGCy).
In particular, one has a remarkable isomorphism of Lie algebras, H°(GCS") = grt. It was also proven in

[W3] that the cohomology group H'(GCS") = H'(dGC;) is one-dimensional and is spanned by the following
graph

VW Lo A
Tyi= A +ox L7+ YAER\ 0.
(7o

Moreover H?(GCS") = K and is spanned by a graph with four vertices. This means that one can construct
by induction a new Maurer-Cartan element in the Lie algebra GC3" (the integer subscript in the summand
T,, stands for the number of vertices of graphs)

(6) Tgs=0—>0+ T+ T+ Tg+...
as all obstructions have more than 7 vertices and hence do not hit the unique cohomology class in H2(GC3").
Up to gauge equivalence, this new Maurer-Cartan element Y is the only non-trivial deformation of the
standard Maurer-Cartan element e—e. We call this element Kontsevich-Shoikhet one as it was first found
by Boris Shoikhet in [Sh2] with a reference to an important contribution by Maxim Kontsevich via an
informal communication.
2.3. On a class of representations of graph complexes. Consider a formal power series algebra

O, =K[z!,...,z"]]
in n formal homogeneous variables and let Der(O,,) be the Lie algebra of continuous derivations of O,.
Then, for any integer d > 2, the completed vector space

AL = &% (Der(0,,)[d — 1])

is canonically a d-algebra, that is, a graded commutative algebra equipped with compatible Lie brackets
[, ]s of degree 1 — d (here ®* stands for the completed graded symmetric tensor algebra functor). One can

identify Al(in) with the ring of formal power series,

AP =K )]
generated by formal variables satisfying the condition
|2'| + [l =d — 1, d€Z,
Then Lie bracket (of degree 1 — d) is given explicitly by

19 8f2 Bl A £20 O fi
@ fl’f”_z O, Ozt +(=1 o, Ozt
A degree d element v € A((i") is called Maurer-Cartan if it satisfies the condition [v,~]s = 0.

We are interested in an n — oo version of A&n) which retains the above canonical d-algebra structure. Clearly,
the sequence of canonical projections of graded vector spaces,

— ASI"H) — A&") — Aé"il)
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does not respect the above Lie bracket, so that the associated inverse limit lim A&n) can not be a d-algebra.
—

There is a chain of injections of formal power series algebras,
oo — 0 — Opy1 — Opyo —> ...

and we denote the associated direct limit by

Oy = lim O,.
n—aoo
Let Vo stand for the infinite-dimensional graded vector space with the infinite basis {x1,z2,...} and set
Ay = [] Hom (0™ (Va1 = d]), Oc)
m>0

This is a vector subspace of the inverse limit

limASY = Kzt 2%, ..., g1, ¥, .. ]

spanned by formal power series in two infinite sets of graded commutative generators X = {z! 22 ...} and
U = {41, 9,...} with the property that every monomial in generators from the set ¥ has as a coefficient a
formal power series from the ring Oy, for some finite number k. Clearly, the subspace A3 is a well-defined
d-algebra.

The first interesting for application case has d = 2, |2¢| = 0 and |¢;| = 1. The associated 2-algebra Ag") can
be identified with the Gerstenhaber algebra Ty, (R™) of formal polyvector fields on R™ so that its Maurer-
Cartan are formal power series Poisson structures on R™. Its n — oo version AS® gives us the Gerstenhaber
algebra of polyvector fields on the infinite-dimensional space R>.

The second interesting example has d = 3 and |2*| = |1;| = 1. In this case Maurer-Cartan elements of Agn)
satisfying the conditions 7y|,i—g = 0 and 7|y,=0 = 0, V i € [n], are cubic polynomials

= 3 (Chunats? + @ tu)

ij,kel

and the equation [vy,~] = implies that the associated to the structure constants @Zj and, respectively, ij
linear maps,

A:R™ 5 APR™, [, ] APR® 5 R™
define a Lie bialgebra structure in R™.

The above Lie brackets [, ]s give us a representation

Cied — 57’LdA(n)
d

for any n > 1. In fact, this representation factors through morphism (@) and a canonical representation ®

d: d — End, n

() graq nd, m
r — ‘I)F

(n)

of the operad dGraq in A" defined, for any I' € dGraq(k), by a linear map

(flvaa"'afk) — pF(f17f27'-'7fk)

where

(I)F(flu"'afk) =m H Ae (fl(wi) ®f2($7¢) ®®fk($7¢))

ecE(T")
and, for a directed edge e connecting vertices labeled by integers ¢ and 7,

"9 o
A, = — ®
; Oz Ma(y)
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with the subscript (¢) or (j) indicating that the derivative operator is to be applied to the i-th or j-th factor
in the tensor product. The symbol m denotes the multiplication map,
m: ®kA((i") — Al(in)
hef®...0fk — fif2r [
The morphism of dg operads (8)) induces a morphism of the dg Lie algebras

s dfGCq i= Def (Lica * dgraa) — CE* (A5, A1) = Def (Liea * nd, ().

Here

CE* (A", A5") = Coder (02! (4" [a)))

is the standard Chevalley-Eilenberg deformation complex of the Lie algebra A((i"), that is, the dg Lie algebra of
coderivations of the graded co-commutative coalgebra ©*=1 (A((i") [d]). Therefore any Maurer-Cartan element

7 in the graph complex dfGC, gives a Maurer-Cartan element s(I') in Coder(@‘zl(A((i") [d])), that is a Holieq
algebra structure in AJ°, for any finite number n. Moreover, if v belongs to the Lie subalgebra fGC7", then
the associated Holieg structure remains well-defined in the limit n — 400, i.e. it is well-defined in AZ°.

2.3.1. Example. The Maurer-Cartan element e—e € fGC;" C fGCy (see () gives rise to the standard Lie
brackets (@) in A&n).

2.3.2. Example. The Maurer-Cartan element Txg € fGCS" from (@) gives rise to aKontsevich-Shoikhet
Lies structure in A( n = = Tpoiy(R™),
n 2k n

{0 o (A7) = Ak}

where
[ gesey ]Qk I:(I)T%.

It was introduced by Boris Shoikhet in [Sh2] with a reference to an important contribution by Maxim
Kontsevich via a private communication. This Lie, structure is well defined in the limit n — +oc.

We shall consider in the next section some transcendental constructions of Maurer-Cartan elements in fGCy
and fGCY" in which we shall use heavily the following configuration space models of classical operads.

2.4. Configuration space model for the operad Holie;. Let

Conf ,(RY) := {p1,...,pr €R? |p; # pj for i # j}
be the configuration space of k pairwise distinct points in R?, d > 2. The group Rt x R? acts freely on each
configuration space Conf(R%) for k > 2,
(P, oK) — Ap14a,..., \pp +a), VYAERT aeRY,
so that the space of orbits,
Cr(RY) := Conf,(C)/RT x RY,
a smooth real (kd — d — 1)-dimensional manifold. The space Cy(R?) is homeomorphic to the sphere S9!

and hence is compact. o
For > 3 the compactified configuration space C(R?) is defined as the closure of an embedding [Ko3, [G]

Ck(Rd) — (Sd—l)k(k—l) % (sz)k(k—l)(k—m
Pr1-me) — T ey % Tligjs (Ipi = psl 2 lpj — ol = |pi = pul]

The space C'(C) is a smooth (naturally oriented) manifold with corners. Its codimension 1 strata is given
by
9CK(C) = | | Cr-ga11(C) x Cya(C)

AC[k]
#A>2
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where the summation runs over all possible proper subsets of [k] with cardinality > 2. Geometrically, each
such stratum corresponds to the A-labeled elements of the set {p1,...,pr} moving very close to each other.
If we represent Cj(R?) by the (skew)symmetric k-corolla of degred] k + 1 — kd

(10) //‘L\ = (1) //‘L\ , Vo €Sk k>2

1 o(1)o(2) "7 a(k)

then the boundary operator in the associated face complex of Cy(R?) takes a familiar form

1 2 3 k AC[K]
#HA>2

(11) ‘9//;} =2 4 ANEY
A

implying the following

2.4.1. Proposition [G). The fundamental chain complex of the family of compactified configurations
spaces, {C} (Rd)}kzz, has the structure of a dg free non-unital operad canonically isomorphic to the op-
erad Holieg of degree shifted strongly homotopy Lie algebras.

2.5. Configuration space model for the operad Mor(Holiey). Let Mor(Holiey) be a two-coloured
operad whose representations in a pair of dg vector spaces V;,, and Vi, is a triple (pin, ftout, F') consisting
of Holiey structures p;, on Vi, and piyr on Vyye, and of a Holieg morphism, F' : (Vip, tin) = (Vout, tout ),
between them. There is a configuration space model [Me2] for this operad which plays one of central roles
in this paper.
The Abelian group R? acts freely,

Conf,(C) x RY  — Conf 4(C)

(p = {piticn, @) — p+a:={pi+alicy
on the configuration space Conf(R?) for any k > 1 so that the quotient

C4(RY) := Conf 4,(R?)/R?

is a k(d — 1)-dimensional manifold. There is a diffeomorphism,

\I/k : Q:k(Rd) — Ok (Rd) X (0, 1)

P—pc |[p—pe|
_) A _Lrc R E S i B
p [p—pel 1+|p—pc]

where

1
Pe = E(Pl—i—...—i—pk).

Note that the configuration ‘g :g 5 is invariant under the larger group R* x R? and hence belongs to C(R?).
For any non-empty subset A C [n] there is a natural map
TA : Cr ((C) — Ca ((C)

p= {pi}ie[k] —  pa = {Di}ica
which forgets all the points labeled by elements of the complement [£] \ A.

The space €;(R?) is a point and hence is compact. For k > 2 a semialgebraic compactification € (R?) of
€1(R?) can be defined as the closure of a composition [Me2],

Ly N4 -
(12) Ck(Rd) n—f H @#A(Rd) H—f H C#A(Rd) X (0, 1) — H C#A(Rd) X [0, 1].

Thus all the limiting points in this compactification come from configurations in which a group or groups
of points move too close to each other within each group and/or a group or groups of points which are
moving too far (with respect to the standard Euclidean distance) away from each other. The codimension

Iwe prefer working with cochain complexes, and hence adopt gradings accordingly.
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one boundary strata in @n (R9) correspond to the limit values 0 or +oc of the parameters |p — p.|, and are
given by [Me2]

(13) 0C(RY) = | | (€Co-par1(RY) x Tpa(R?) L] (Ce(R?) x Typ, (RY) x ... x Cpp, (RY))
AC[n] [k]=B1 U...uB;
H#A>2 2<I<k

where

e the first summation runs over all possible subsets A of [k] and each summand corresponds to A-

labeled elements of the set {p1,...,pr} moving close to each other,
e the second summation runs over all possible decompositions of [k] into I > 2 disjoint non-empty
subsets By,..., B;, and each summand corresponds to [ groups of points (labeled, respectively, by

disjoint ordered subsets By, ... B of [k]) moving far from each other while keeping relative distances
within each group finite.

Note that the faces of the type Co(C) appear in ([[3) in two different ways — as the strata describing

collapsing points and as the strata controlling groups of points going infinitely away from each other — and

they do not intersect in e, (C). For that reason one has to assign to these two groups of faces different colours

and represent collapsing C'x(C)-stratum by, say, white corolla with straight legs as in ([I0), the C (R)-stratum
|

at “infinity” by, say, a version of (I0)) with “broken” legs, _ ~ 7/&\\ _ . The face €,(C) can be represented

i1 d2 i3 ig—1 g

|
pictorially by a 2-coloured (skew)symmetric corolla with black vertex, //*\ of degree d(1 — k).

Each space € (R?) has a natural structure of a smooth manifold with corners.

2.5.1. Proposition [Me2]. The disjoint union
(14) C(RY) := C0(RY) U Ce(RY) U Co(RY)

is a 2-coloured operad in the category of semialgebraic manifolds (or smooth manifolds with corners). Its
complex of fundamental chains can be identified with the operad Mor(Holieq) which is a dg free non-unital
2-coloured operad generated by the corollas,

| |
Mor(Holieq) := ]—'7”66< /l\ ’ //*N 27 7/‘5\.\\\\ ~ >
1 2 3 -1 k p,q>2,k>1

/..
12 3 p-1p 1 2 3 q—1 q

and equipped with o differential which is given on white corollas of both colours by formula {I1l) and on the
black corollas by the following formula

AG[n]
#A>2

| o
P T R AT

n A~

(15) ' ; [k]:B;“uBl : /,l/z,\d \l\—f

inf By <...<inf B; P P )
1 2 ]

2.5.2. Example. As C3(R") = S9! the space ¢, (R9) is the closure of the embedding

C(RY) — ST x (0,1) = ST %[0, +oo]

P1—P2 \Pl—Pz\
— X
(pl’pQ) [p1—p2| 1+|p1—p2|
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and hence can be identified with the closed d-dimensional cylinder

Sd*l

(16) C(RY) =

d—1
Sin

where Sﬁ;l is the boundary corresponding to |p; — p2| — 0, and Si}l is the boundary corresponding to
|[p1 — p2| = +o0. This is in accordance with the r.h.s. of (I8) for ¥ = 2 which is the sum of two terms, the
first term corresponding to the bottom “in” sphere S%~1 (“two points collapsing to each other”) and upper

“out” sphere S¢~! (“two points going infinitely far away from each other”).

3. Transcendental formulae for a class of Holie, morphisms

3.1. De Rham theories on operads of manifolds with corners. Let X = {X;} be a (a possibly
coloured) operad on the category of semialgebraic manifolds (or smooth manifolds with corners), and & =
{&(k)} some dg cooperad of graphs with the same set of coloures (e.g., the dual cooperad of the operad DGraq
or DGrag” from §2). A de Rham &-theory on the operad X is by definition a collection of S,-equivariant
(and respecting colours) morphisms of complexes,

Qk: @(k}) — Q.(Xk)
r — QF

where Q°(X}) stands for the de Rham algebra of piecewise semialgebraic differential forms on X}, which
satisfy the following compatibility condition: for any k,! € N and any i € [k] the associated operad compo-
sition
0; : Xk X Xl — XkJrl,l
and the cooperad co-composition
A :6Bk+1-1) — 6(k) 2 6(])

makes the following diagram commutative,

Qpyi-1

G(k+1—1) O (Xppi1) — = Q* (X, x X))

N -

(k) @k &(1) o 0°(Xy) @k Q°(X))

where
7 Q.(—Xk) QK Q'(Xl) — Q.(Xk XXl)
w1 @ wa — w1 N\ wo

is the natural inclusion.
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3.1.1. Proposition. Let & be the cooperad dual to the operad DGrag (resp., to DGray") equipped with the
trivial differential. Then a de Rham ®-theory on the operad of configuration spaces Co(R?) = {Cr(R?)}1>2
gives rise to the following Maurer-Cartan element

(17) Te=> Y (/Ck(Rd) )r

k>2Te6(k
in the (non-differential) Lie algebra dfGCqy (respectively, in fGCT").

The second summation in (I7) runs over the set of generators of the vector space DGraq(k) (resp., Grag (k)),
and we assume f@c (RY) QOr = 0 if deg Qr # dim C(R?). This proposition is just a reformulation of Theorem
4.2.1 in [Mel] so that we refer to that paper for its proof. It is worth noting that only connected graphs can
give a non-zero contribution into the sum (I7).

3.2. De Rham ®-theories from propagators. There is a large class of de Rham &-theories on C(R?) =
{C1r(R%)}r>2 constructed as follows. Let w be an arbitrary differential top degree differential form on the
sphere

Cy(RY) = Oy (RY) = 8471

/ w=1.
Sdfl

We call such a differential form a propagator. For any pair of distinct ordered numbers (4, j) with ¢,j € [k],
consider a smooth map

normalized so that

Dij - Ck (Rd) — 02 (Rd)

(P1,--spk) — =l
The pullback 7};(w) defines a degree d — 1 differential form on Cx(R™) which extends smoothly to the
compactification C'x(R?). In particular, for any directed graph I' with k labelled vertices and any edge
e € E(I') there is an associated differential form p*(w) € Qd sz), where p. := p;; if the edge e begins at the
vertex labelled by ¢ and ends at the vertex labelled by j. T hen for & being the cooperad dual to the operad
DGrag, consider a collection of maps

Qp: 6k — Q%k(le)
r — Qr:= /\ 7 (w).
ecE(T)

It defines a de Rham ®-theory on the operad Co(R%) which in turn gives rise to a Maurer-Cartan element
([I@) in fGC4 which in turn induces a Holiey structure in Ag"),

(18) ue = {uyg @AW — A [d+1 - kd]}

given explicitly by

(19) Hi = Z (/_ QF) Pr
resk) \7OrRY)

As ANw = 0 for sufficiently large N, graphs with too many edges between any pair of vertices do not
contribute into the sum in the r.h.s. of (I9)) so that the sum is finite and the formula is well-defined.

Note that an (oriented) graphs I' with k vertices can make a non-zero contribution into (I7) or into x{ only
ifd—1|kd—d—1,ie. if and only if k = (d — 1)l 4 2 for some [ € N; in that case the number of edges of T’
must be equal to % =dl + 1.

Denote by Gy (respectively, G}'}) the subset of the set Gi; (respectively, G¢'}) of directed (oriented) graphs
consisting of connected graphs I' such every vertex of I' has valency > 2. Then we have the following
sharpening of Proposition B.1.1]
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3.2.1. Proposition. For any propagator w on S¢=1, d > 2, there is an associated Maurer-Cartan element

(20) TY= 00 —(-1)? o0 + > > [ N 7 ()| T

I>1 T€G1a_1ys21a41 \7 Ca—1+2RY) e pry
in dfGCq, and an associated Holiey algebra structure {I8) can have 1§ non-vanishing only for k = 1(d—1)+2
for some l € N, and with p§ given by the standard Schouten bracket (7).

Proof. Tt remains to check that (i) disconnected graphs and (ii) connected directed graphs with univalent
vertices do not contribute into the sum over [ > 1. Let us show the second claim, the proof of the first claim
being analogous (cf. [Ko3]).

Let I' € Gy(g—1)42,1d+1, | > 1 be a connected directed graph with a univalent vertex v € V(T'), and let v’ be
the unique vertex connected to v by the unique edge e, .. Note that v" has valency at least 2 (as the I" is
connected and has > 3 vertices) so that there is a vertex v” € V(I') \ v which is connected by an edge to v'.
Let a p, and p,~ be two different points in R? corresponding to the vertices v’ and respectively v”. Using
the action of the group RT x R? on R? we can put p, into 0 € R? and p,» on the unital sphere S?~! with
center at 0. The integral factorizes as follows

/ Am@=[  w @f A W
Cua—1+2( Conf | (R4) MCConf g_1)(

RY) cep(T) RY) ceB(M)\e, ../
The form A\ ¢y, 7 (w) has degree ld(d —1) and M is a subspace in Confl(d_l)(Rd) of dimension ld(d —
1)—1 (as one of the configuration points, p,~, is restricted to lie on S4~1). Hence the form /\eeE(F)\e o (w)

vanishes identically on M and the claim is proven.
3.2.2. Example: the standard Schouten type bracket. If one chooses the propagator
wo = VO].Sd—l

to be the standard homogeneous (normalized to 1) volume form on S9! then, thanks to Kontsevich’s
Vanishing Lemma (proven for d = 2 case in [Ko3] and for d > 3 in [Kol]), all integrals in the sum (20) over
[ > 1 vanish so that

(21) Two — O — (—1)d -0 = =:e—>e
The associated Holieg structure p“° in Ag") is just the standard Schouten bracket ().
3.2.3. Example: a class of Lie,, structures given by oriented graphs. Let g(x) be a non-negative
function on the sphere
Sl = {(xy,...,xq) €RE |22 .. 22 =1}
with compact support in the the upper (z4 > 0) half of S?~! and normalized so that

/ gVolga—1 = 1.
Sdfl

We can and will assume from now on that the function g(x) on S¢~1 is invariant under the reflection in the
Zq-axis,

o:{r; & —Titi<i<d—1,%Td = T4
so that the propagator

(22) wg = g Volga—1
satisfies
(23) 0" (wg) = (1) wy

It is clear that only oriented graphs can give a non-trivial contribution into the associated Maurer-Cartan
element (20) (so that T*s € dfGCY") and that the associated Holieq structure i, on Al(in) is well-defined in
the limit n — 4o0.

The imposed symmetry property (23] leads to vanishing of many terms in the sum (20).
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3.2.4. Proposition. For any propagator w, as above the associted MC element in dfGCY" has the form

(24) T = oo + Z Z / /\ s (wg) | T
Capa—1)4+2(R%)

PITEGS 4 o nniin e€E(T)

n)

so that the associated Holiegq structure in A((i
peEN.

can have linear maps p;° # 0 only for k = 2p(d — 1) + 2,

Proof. By Proposition B.2.1] p;° can be non-zero if and only if k = (d — 1)l + 2 for some [ € N. Let

Cr = / 7y (wg)
6(d—1)l+2( d /\ !

RY) cem(T)

be the weight of a summand I' € G(4_1)i42,a141 in u‘(”j_l)l” or in TY9. Using the translation freedom we can
fix one of the vertices of ' at 0 € R%. If o stands for the reflection in the x4 axis we have (cf. [Ko3| [Sh2]),

I A= | LA
0(Ca—1)14+2(R%)) Cla—1)1+2(R9)

ecE(T")

As U(R “1142(C)) is equal to Cg_1);42(R?) with orientation changed by the factor (—1)*=D(@=1) and as
0" (wg) = ( 1)4~1w,, we obtain an equality

(_1)((d—1)l+2—1)(d—1)CF — (—1)(dl+1)(d_1)01"

which implies Cr = 0 unless
(d=1l+1=dl+1mod2Z
i.e. unless [ = 2p for some p € N. ]

3.2.5. Example: a Kontsevich-Shoikhet Lie,, structure. If d = 2, then only oriented graphs I with
even number 2p of vertices contribute into T9, and the leading terms are given explicitly by [Sh2]

.\ °
25 T =T —e>e + A \1/ 42X /-7 +2) +.=) Ty,
(25) s V \/ A Z )

for some A € R\ 0. In view of the homotopy uniqueness of the Kontsevich-Shoikhet element T g € fGC3"
the sum Y9 ¢ must be gauge equivalent (with the gauge depending on the choice of a function g) to an
element Y g constructed by induction in §2.2

Thus the propagator w, induces a Kontsevich-Shoikhet Holies structure p% ¢ in Aff) = Tpoiy(R™)

(26) o= Y /6 B A 7 (09) | D < Tooty (RO = Ty (RS — 4]

d
TeGgr 4 s RY) ecE(T)

which is isomorphic to the one introduced in [Sh2].

We have two explicit Holiey structures in Ag"), the standard one (@) corresponding to the propagator wy

and the Kontsevich-Shoikhet one w, corresponding to the propagator ([22)). Shoikhet conjectured in [Sh2]
that for d = 2 these two structures are Holies isomorphic, i.e. there is a Holies isomorphism

F: (Eoly(Rn)v[ ) ]S) — (,Ewly(Rn)v [ ERERD ]2p=p > 1)

Stated in terms of graphs, this conjecture says that as Maurer-Cartan elements in dfGCy the expressions
@I) and (25) are gauge-equivalent to each other,

(27) Ts = eMoThg = e (ZM)
p=1
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for some degree zero element © in fGCy. That this relation holds true is far from obvious. Indeed, let us
attempt to construct © by induction on the number of vertices (as we managed to construct Y xs above).
The first step is easy — the term Y4 is d-exact in dfGCy,

n:m(-@ + <<)>

and we can use the sum of two graphs of degree zero inside the brackets to gauge away Y,. However
the next obstruction becomes a wheeled graph Tj from dfGCy so that starting with the second step all
the obstruction classes land in H'(dfGCy) = H'(GCy) (rather than in H'(GC3")), the same cohomology
group where, according to Kontsevich [Ko2], all the obstructions for the universal deformation quantization
of Poisson structures lie. Therefore, the formula for ® must be as highly non-trivial as the Kontsevich
quantization formula in [Ko3]. One of our main results in this paper is such an explicit formula for ©
proving thereby Shoikhet’s conjecture (in fact, we show that it holds true for any value of the integer
parameter d).

An MC element of the Holies algebra u‘;js can be defined (to assure convergence) as a degree 2 formal power
series m = hn®(h) for some 7°(h) € Tpory (R™)[[A]] satisfying the equation

1 1
E[w,w]g + I[W,w,w,wh +...=0,
or, equivalently,
1 <> <& h2 <> <& <& <& h4 <> <& <& <& <& <&
5[7‘1’ T ]2+I[7T I s ]4+a[7r ,m0, w0, w w, me + ... = 0.
The equation is invariant under i — —h so that it makes sense to look for solutions 7°(h) which are also
invariant under A — —h, i.e. which are formal power series in k2. Such solutions are precisely what we call
quantizable Poisson structures, and making the change h? — h we arrive at the defining equations in the
Subsection 1.2.

3.2.6. Example: a class of Kontsevich-Shoikhet type Lie,, structures in the case d = 3. In this
case one can apply a refined version [A.5] of Proposition B.2.4] and write explicitly the associated Maurer-
Cartan

(28) T = o—>o+z Z /7 /\ﬂ—: (wg) | T

For Cap+2(R3)
P221TeGr 5 6pin i ecE(T)

and the associated Holies structure s = {p35 ,},>o in Ag") for any n € N

(29) w2 =1, ]s and MZ;H = Z / /\ mh (wg) | @r for p > 2.
Capt2(R?) e p(r)

PeGE 1o 6p41

using the subset of graphs (A;4p+276p+1 C Gupt2,6p+1 introduced in the Appendix A. This gives us a 3-
dimensional analogue of the Kontsevich-Shoikhet structure on polyvector fields.
Maurer-Cartan elements of the Lie algebra (Ag"),[ , |s) are precisely (strongly homotopy) Lie bialgebra
structures in the vector space V' = span(zxy,...,z,). Maurer-Cartan elements in the continuous Holies
algebra (A [[7]], us), that is, degree 3 clements 7° € A" [[A]] satisfying the equation

hP

[7.‘.07,)/0]5 + Z mﬂ:;+2(ﬂovﬂoa e 77T<>) = Oa
>2 ’

are called quantizable Lie bialgebras. We show in Section 7 below that the latter structures can be easily
deformation quantized via an explicit formula. We also show below an explicit formula for a universal (i.e.
independent of a particular value of n) Holiea morphism

(AS, 1, 1) — (ASV([R]], o).
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The two formulae provide us with an explicit universal quantization of ordinary Lie bialgebras.

We shall be interested below in a special class of propagators of type w, on S? constructed as follows.
Consider the upper-half hemisphere,

ST ={(z,y,2) eR® | 2* +y*+ 2> =1, 2 >0}
and a well-defined smooth map
vy s — St x St
(z,y,2) — (Arg(z +12), Arg(y +iz))

Let §(6)df be a normalized volume form on the circle S* = {e?® | 6 € [0,27]} as in 22), i.e. the function g(f)
has a compact support in the open interval (0, 7) and satisfies the standard conditions for d = 2 propagator,

g(0) = g(m —0), /0 g(0)do = 1.
Then
(30) wg = v (g(x +i2)g(y +i2)dArg(x + iz) N dArg(y +iz))

is a smooth differential form on S3 which extends by zero to a smooth differential form on S? and which
satisfies the standard conditions for d = 3 propagator,

/ (A}gzl,
SQ

o (wg) = o (Vi (9(x+i2)g(y +iz)dArg(z +iz) A dArg(y + iz)))
1 (9(—x +1i2)g(—y +iz)dArg(—x + iz) N dArg(—y +iz))
= Vi (9(z +i2)g(y + iz)(—1)*dArg(z + iz) A dArg(y + iz))

= Wsg-

and

— 1%

Hence the propagator ws belongs to the family of propagatorsﬁ [@2) so that all the above claims hold true
for wg.

The 1-form
Q5(0) := g(60)do
has support in the open interval (0,7) and hence it makes sense to consider its iterated integrals,
0 ————
p times

which are some positive real numbers with Ag) =1

3.3. Transcendental formula for a class of Holie; morphisms. Consider an operad DGray and its
2-coloured version

(32) Dgra, (ng"“t DGral*", ngfl")

consisting of three copies of DGrag: one copy is denoted by DGrag** and has inputs and outputs in “dashed”
colour, the second copy is denoted by DGraj;*°" and has inputs in “solid” colour and the output in the dashed
colour, and the third copy is denoted by DGra’* and has both inputs and outputs in the “solid” colour (cf.
Proposition 2.5.3]). Therefore for any n,m € N and any ¢ € [n] the only non-trivial operadic compositions
are of the form

0; : DGrad™ (n)@DGra* (m) — DGrad" (n+m—1), o;: Dgram(n)®l)graf1”(m) — DGrall(n+m—1),
i : DGrag* (n)@DGra°" (m) — DGra°" (n+m—1), i DGra7°" (n)@DGrai (m) — DGra°" (n+m—1).

2We apologize for some abuse of notations — the propagator wg is not equal to gVolgz; the role of the bar in the notation
wg is to emphasize this difference.



18 Sergei Merkulov and Thomas Willwacher

Similarly one defines a 2-coloured operad Gray" of oriented graphs. Let & and &°" be the cooperads dual
to the operads DGra, and Gra" respectively.

3.3.1. Proposition. Let & = (6m, Bmor, Gjout) be the 2-coloured cooperad dual to the operad (33). Then
a de Rham &-theory,
_ mn mor out) . mn mor out ° ° °
Q= (Qm,Qmer Qo) : (67, BmoT Bom) —s (Qa(Rd),QE.(Rd),Qa(Rd))

on the 2-coloured operad of compactified configuration spaces €(RY) (see (I4))) provides us with a a Holiey-
isomorphism between Holieq-algebras,

F: (A&"),urm) — (A&n), ul:"“) VneN
associated to Maurer-Cartan elements

R in — out
Y= Y. (/@(Rd)QF>F and  Tour =Y Z(k)</@<w>gr>r

E>2Te®in (k) E>2Te®out

in dfGCy. This isomorphism is given explicitly by the following formulae,

_ .ok g () (n)rg _
(33) F_{Fk.® INQENOI dk]}k21

Iy = Z (/_ Q?“”) Or
Fe@nlow“(k) Qk(Rd)

Proof. The claim follows from the de Rham theorem applied to the family of the compactified configuration

where

spaces €4(R?) and Proposition Z.5.1] (see §10.1 in [Me2] for details). O
3.4. An example. Consider a smooth degree d — 1 differential form w on €3(R?) = S4=1 x [0, 1] such that
its restrictions wy, := @ |j—o and weut := @ |s=1 give us top degree differential forms on Cy(RY) = S9!
such that [g, 4 wim =1 and [g,; Wour = 1. Then the collections of maps, k > 1,
Qn o en(k) — 9 g Qs Bout(k) —» 9 o
T — Qr:= /\ 75 (Win) T — Qr:= /\ 75 (Wout)
e€E(I) ecE(T)

Qper . emor(k)  — 0
r — Qp:= /\ 7w (w)
ecE(T")

define a de Rham ®-theory on the 2-coloured operad €(R9) (see Theorem 10.1.1 in [Me2] for a proof), and
)

hence a Holieq isomorphism (B3] of the associated Holieq algebra structures in A((i" for any n.

The propagator (22)) satisfies the following equation
Wy = Volsd—l + d\I/g

for some degree d — 2 differential form ¥, on S%71. As H?~2(S?"1) equals zero for d > 3 and R for d = 2,
we can (and will) choose U, in such a way that (cf. [23))

U*(‘IJQ) = (_1)d_1\1195
where o : $91 — §9-1 ig the reflection in the zg4-axis.

Consider next a differential form on €5(R?),

@ -=VO|Sd1(p1_p2)+ P =p2l gy (L_m)ﬂ—l)d—lw (pl_p2>/\d( P = po| )
7 Ip1 — p2| 1+ [p1—p2| 7 \p1 — po 7\ p1 — pa| 1+ [p1 — p2|
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As it satisfies the conditions

wg |Sg;1= Volga-1, wg |5§Jf: Volgi-1 + d¥ = wy.
and
(34) o*(wy) = (=1) e,

the associated ®-theory on €(RY) gives us almost immediately the following result (which for d = 2 proves
the Shoikhet conjecture).

3.4.1. Theorem. For anyd > 2 and any n > 1 there s a Holiey isomorphism between the Holieq algebras,
F% - (A&n),[ 7 ]S) s (A§")7ng>

which is given by (33) with F,”* possibly non-zero only for k =1+ 2q(d — 1), q € Z=°,

(35) FYfoga-1) = Z /E y N\ 7 (@) | @r.

d
TeGi42q(d—1),2qd R) ecE(T)

Proof. We have only to check that a connected directed graph I' with all vertices of valency > 2 can give
a non-trivial contribution to the above formulae if and only if it belongs to the set Gy yo4(a—1),24a for the
non-negative integer q.
As dim € (R?) = kd — d = d(k — 1) a directed graph I' with k vertices can have non-zero weight
cr = /7 /\ 7 (wg)
C(RY) e p(m)
if and only if its number of edges, say [, satisfies the equation
dlk—1)=(d- 1)L

Thus [ = pd for some p € ZZ° and hence k — 1 = p(d — 1). Thus only graphs I' from Giy4p(d—1),pa can have
cr 75 0.

Using the translation freedom we can fix one of the vertices of ' at 0 € R?. Using the reflection o in the x4
as in the proof of Proposition [B.2.4] and formula (34]), we obtain an equality

(_1)p(d—1)(d—1)cF = (_1)(d—1)pch
which implies cr = 0 unless p = 2¢ for some non-negative integer q. O

This Theorem gives us an explicit gauge equivalence between between the Maurer-Cartan elements T g and
T . We use it below in the case d = 2 to show that such gauge equivalences (and hence the homotopy classes
of the associated universal Holiey morphisms) are classified by the set of Drinfeld associators. In particular,
the Grothendieck-Teichmiiller group GRT} acts effectively and transitively on such gauge equivalences.

3.4.2. Corollary. Given a Maurer-Cartan element w € A&n)

[m,7]s =0
of the Lie algebra (A((i"), [, ]s), the associated formal power series
(36) m* _7T+Z 1+2 —1))! F{uj2q(d 1)( )

in Agl")[[h]] satisfies the equation

7 7l + 3 a5 ) =0
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In particular, the transcendental morphism F“¢ sends ordinary Poisson and Lie bialgebra structures into
quantizable ones establishing thereby a 1-1 correspondence between their gauge equivalence classes: (i) given
an ordinary Poisson/Lie bialgebra structure = in R™, the above formal power series gives us a quantizable
Poisson/Lie bialgebra structure 7°, (ii) given a quantizable Poisson/Lie bialgebra structure 7° in R", the
initial term 7 := 7°|s—¢ is an ordinary Poisson structure/Lie bialgebra.

3.5. Remark. The Kontsevich-Shoikhet Holies structure on polyvector fields and the associated Holies
isomorphism (B5) have been defined above on the affine space R™ (as the formulae are invariant only under
the affine group, not under the group of diffeomorphisms). However both structures can be globalized, i.e.
can be well-defined an arbitrary manifold M using a torsion-free connection on M as they both do not involve
graphs with vertices which are univalent or have precisely one incoming edge and precisely one outgoing edge.

4. A new explicit formula for universal quantizations of Poisson structures

4.1. The Kontsevich formula for a formality map. Let C’onfnﬁm(ﬁ) be the configuration space of

injections z : [m + n] < H of the set [m + n] into the closed upper-half plane such that the following
conditions are satisfied

(i) for 1 <i <mone has z; := 2(i) E R=0H and 21 < 22 < ... < 2Zp;

(ii) for m+1 < i< m+n one has z; € H.
The group RT x R acts on this configuration space freely via z; — Az; +a, A € RT, a € C, so that the
quotient space

Conf ()
Onm) = —RFy R

is a 2n +m — 2-dimensional manifold. Maxim Kontsevich constructed in [Ko3| its compactification C, ,,, (H)
as a smooth manifold with corners, and used it to construct an explicit Holies quasi-isomorphism of dg Lie
algebras (for any n € N),

2n+m > 2,

FE (Tpoty(R™), [ 5 1s) — (C*(Ogn, Ore) [, dnr, [, Ja)
where (C*(Orn, Orn)[1],dpr) is the (degree shifted) Hochschild complex of the graded commutative algebra
Orn = K][[z1,...,2,]] and [, |¢ are the Gerstenhaber brackets. This quasi-isomorphism
K _ K . ok l n
(38) FK = {FE: @ Opn R) &' ooty (R") — OR"}%HZQ

is given explicitly by

Frg = Z /Cz N /\ v (wg) | @r

FeGrii,i426-2 H) ecE(T)
where

® Giy1,+2k—2 is the set of directed graphs with k4 [ numbered vertices and { 4 2k — 2 edges such that
the vertices with labels in the range from 1 to k have no outgoing edges, and for any I' € G4, 14252
the associated operator ®r : @*Ogn Q @' Tpory (R™) — Ogn is given explicitly in [Ko3];

e for an edge e € I' connecting a vertex with label i to the vertex labelled j

Ve : Ul,k(H) — 62,0(H)

is the map forgetting all the points in the configuration space except z; and z;;
e wy is a smooth 1-form on C4 o(H) given explicitly by

ZZ'—ZJ'

1
wi (2, 25) = %dArng —
s
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4.2. A new explicit formula for the formality map. Note that the 1-form (cf. (22]))
wg(zi,25) =g ( > dArg(zZ; — %)

is well defined on 6270(}1-]1) so that it makes sense to consider a collection of maps F = {Fi}ok+i>2 as in

B8) with

(39) o= YL o Ay

FeGrii1,i42k—-2) e€cE(T)

Z, — %

|zi — ]

The propagator w, does not satisfy Kontsevich’s Vanishing Lemma 6.4 in [Ko3] so that many graphs I" have
non-trivial weights on the strata corresponding to groups of points collapsing to a point inside H; however
all such graphs I' are easy to describe — they are precisely the ones which generate the Kontsevich-Shoikhet
Holieg structure {[ , ..., J2p}tp>1 I Tpory(R™) so that Kontsevich’s arguments lead us to the following

4.2.1. Proposition [B]. The formulae (39) provide us with an explicit Holies quasi-isomorphism of Holies
algebras

(40) F: (%Oly(Rn)v{[ IR ]QP}ZDzl) — (O.(OR"aOR")[l]vdHa [ ) ]G)

Moreover, this quasi-isomorphism holds true in infinite dimensions, i.e. in the limit n — +o0.

Proof. Tt remains to show the last claim about the limit n — +o0. However it is obvious as the only graphs
I" which can give a non-trivial contribution into the formula [B3) are oriented graphs, i.e. the ones which
have no closed paths of directed edges. |

The above formulae are transcendental, i.e. involve an integration over configuration spaces. However this
Holiea quasi-isomorphism can be constructed by a trivial (in the sense, independent of the choice of an
associator) induction [W3| [BJ.

4.2.2. Theorem. For any n (including the limit n — 400) there is, up to homotopy equivalence, a unique
Holies quasi-isomorphism of Holiea algebras as in ([£0).

We refer to [W3] and [B] for two different proofs of this Theorem.

Now we can assemble the previous results into a new proof of the Kontsevich formality theorem which
gives us also an new explicit formula for such a formality map (not involving the 2-dimensional hyperbolic
geometry).

4.2.3. Kontsevich Formality Theorem. For finite natural number n there is a Holiea quasi-isomorphism
of dg Lie algebras
F (,Ewly(Rn)v [ ) ]S) — (C.(OR"vOR")[l]vde [ ) ]G)

Proof. Let g be an arbitrary smooth function on the circle S* with compact support in the upper half of S*
and normalized so that |, g1 gVolg: = 1. Then there is an associated Holiez isomorphism of Holies algebras

F: (%Oly(Rn)a[ ) ]S) - (%Oly(Rn)v [ ey ]2pap > 17)

given explicitly by formulae ([B3]), and a quasi-isomorphism of Holies algebras ([@0) given by explicit formulae
39). Hence we obtain the required Holies quasi-isomorphism as the composition

n F n ]:— °
(41)  F: (Toay@®R"), [, Is) = (Tpaty(R™), [ .., J2p,p 2 1,) = (C*(Orn, Or»)[1],dm, [, |c)
which is also given by explicit formulae with weights obtained from integrations on two different families of
configuration spaces. O

It was proven in [Dol [W2] that the set of homotopy classes of universal formality maps {F} can be identified
with the set of Drinfeld associators, i.e. it is a torsor over the Grothendieck-Teichmiiler group GRT. It
follows from Theorem [3.4.7] for d = 2 that every such a quasi-isomorphism can be split as the composition
(@I) with, by Theorem A.2.2 the map F being unique (up to homotopy). Hence we obtain the following
result.
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4.2.4. Corollary. The set of homotopy classes of universal Holiea isomorphims
F: (%oly(Rn)v[ ) ]S) — (%oly(Rn);[ 3 ceey ]vap Z 15)7 vVn S Na

can be identified with the set of Drinfeld associators, i.e. it is a torsor over the Grothendieck-Teichmiiler
group GRT}.

We conclude that a construction of a non-commutative associative star product in Og~» out of an arbitrary
ordinary Poisson structure 7 can be split in two steps:

STEP 1 Associate to m a quantizable Poisson structure 7°. This step is most non-trivial and requires a choice
of an associator; it can by given by an explicit formula (3G]).
STEP 2 Construct a star product in Og» using the unique (up to homotopy) quantization formulae (39]).

We shall use a similar procedure below to obtain explicit and relatively simple formulae for the universal
deformation quantization of arbitrary finite-dimensional Lie bialgebras.

5. Props governing associative bialgebras, Lie bialgebras
and the formality maps

5.1. Prop of associative bialgebras and its minimal resolution. A prop Assb governing associative
bialgebras is the quotient,

Assb := Free(Ap)/(R)
of the free prop Free(Ao) generated by an S-bimodule Ay = {Ap(m, n)}ﬁ,

L2 2 1
K[Se] ® 1; = span< o, o > ifm=2n=1,
1 1
= 1 1
Ao(mon) =9 4 oS =span{ o , o ifm=1,n=2,
I,
0 otherwise
modulo the ideal generated by relations
L2 Loz
A 27 o o o oo
(42) R: o3 — 1 o =0, o 53— 17 e =0, o — =0
¢ © ) 5 3 e 9
1 2 i 5

Note that the relations are not quadratic (it is proven, however, in [MV] that Assb is homotopy
Koszul). A minimal resolution, (Assbs,d) of Assb exists [Mal] and is generated by an S-bimodule

A= {A(m, n)}m,n217m+n237

e el@ " o)

OB ORI
A(m,n) :=K[S;,] ® K[S,][m + n — 3] = span < L > ,
resy,

ocESmM

The differential § in Assbo, is not quadratic, and its explicit value on generic (m,n)-corolla is not known
at present, but we can (and will) assume from now on that § preserves the path grading of Assbs, (which
associates to any decorated graph G from Assby, the total number of directed paths connecting input legs
of G to the output ones).

3Here and everywhere all internal edges and legs in the graphical representation of an element of a prop are assumed to be
implicitly oriented from the bottom of a graph to its top.
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Let V be a Z-graded vector space over a field K of characteristic zero. The associated symmetric tensor alge-
bra Oy := ©*V = @p,>0 @™ V comes equipped with the standard graded commutative and co-commutative
bialgebra structure, i.e. there a non-trivial representation,

(43) po : Assb — Endo,, .
According to [MV], the (extended) deformation complex
Cts (O, Ov) = Def (Assb Endov) ~ [] Hom(0g™ 0g")2—m —n|
m,n>1

and its polydifferential subcomplex Cp, (Ov,0Oy) come equipped with a Lies algebra struc-
ture, {un : N"Ceg(Ov,0y) — C&s(Ov,0v)[2 —nl},~,, such that p; coincides precisely with the
Gerstenhaber-Shack differential [GS]. According to [GS], the cohomology of the complex (C&g(Ov, Oy ), u1)
is precisely the deformation complex

gv := Def(Lieb - Endy)

controlling deformations of the zero morphism 0 : Lieb — Endy, where Lieb is the prop of Lie bialgebras
which we discuss below.

5.2. Prop governing Lie bialgebras and its minimal resolution. The prop Lieb is defined [Dr] as a
quotient,
Lieb := Free(Ep)/(R)

of the free prop generated by an S-bimodule Ey = {Ey(m,n)},

12 2 1
sgno ® 1y Espan<\( :—Y> ifm=2n=1,
1 1

(44) Eo(m,n) = ]11®sgngzspan<)\ :_/L\> ifm=1,n=2,
1

0 otherwise

modulo the ideal generated by the following relations

N AT AT A

2 1 2 3

*%www

Its minimal resolution, Liebo)"

(45) R:

, is a dg free prop,
Lieb™™ = Free(E),
generated by the S-bimodule E = {E(m,n) }m.n>1,m+n>3;

1.2 m—1m
(46) E(m,n) := sgnm, @ sgnplm +n — 3| = span< /\ > ,

n-1 n

and with the differential given on generating corollas by [MaVa, [V]

1.2, . m1m

— _1\o(I1Ul2)+ |11 || I2|+]J1]] 2]
(47) 0 >< > >, (1 P
12 n n [1,...,m]=I1UIy [1,...,n]=J1UJg Ja

—
[11120,[I2]21  [J1|21,]J2]2>1 ;
1

where o(I; UIy) and o(Jy U J3) are the signs of the shuffles [1,...,m] — I Ul> and, respectively, [1,...,n] —
J1 U Js.
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Let V be a dg vector space. According to the general theory [MV], there is a one-to-one correspondence

between the set of representations, {p : Liebgg“ — Endy }, and the set of Maurer-Cartan elements in the dg

Lie algebra

(48) Def(Lieb™™ % Endy) ~ H A"VF*QA"W[2—m—n]= H om 1)@ @™ (V[-1))[2] =: gv
m,n>1 m,n>1

controlling deformations of the zero map Lieb 5 Endy . The differential in gy is induced by the differential

in V while the Lie bracket can be described explicitly as follows. First one notices that the completed graded
vector space

I e l-1)eer(Vi-1]) = o=l (V[-1) @ V[-1])

m,n>1

is naturally a 3-algebra with degree —2 Lie brackets, { , }, given on generators by
{sv,sw} =0, {sa,s8} =0, {sa,sv}=<a,v>, Yo,weV,a,BeV"
where s : V — V[—1] and s : V* — V*[—1] are natural isomorphisms. Maurer-Cartan elements in gy, that
is degree 3 elements v satisfying the equation
{v,v} =0,

are in 1-1 correspondence with representations v : Lieb,, — Endy. Such elements satisfying the condition

ve@(VI-1)eV[-1] @V -1 o*(V[-1])
are precisely Lie bialgebra structures in V.
The properads Lieb and Lieb™™ admit filtrations by the number of vertices and we denote by Lieb and
ﬁ/i;b:jm their completions with respect to these filtrations.
5.3. Formality maps as morphisms of props. We introduced in [MW?2| an endofunctor D in the cat-
egory of augmented props with the property that for any representation of a prop P in a vector space V

the associated prop DP admits an induced representation on the graded commutative algebra ©*V given in
terms of polydifferential operators. More, we proved that

(i) For any choice of a Drinfeld associator 2 there is an associated highly non-trivial (in the sense that
it is is non-zero on every generator of Assbs, see formula (&I below) morphism of dg props,

—— min
(49) Fy : Assboe — DLieb
where Assbo, stands for a minimal resolutlon of the prop of associative bialgebras, and the construc-

tion of the polydifferential prop Dﬁzeb " out of ﬁzeboo is explained below.
(ii) For any graded vector space V', each morphism Fy induces a Lies quasi-isomorphism (called a
formality map) between the dg Lie, algebra

C2.5(Oy, Oy) = Def(AssB 2% Endo,,)

controlling deformations of the standard graded commutative an co-commutative bialgebra structure
po in Oy, and the Lie algebra

gy = Def(Lieb —%5 Endy)

controlling deformations of the zero morphism 0 : Lieb — Endy .
(iii) For any formality morphism Fy there is a canonical morphism of complexes

FGCS™ — Def (Assb ELN Dﬁzebmm)

which is a quasi-isomorphism up to one class corresponding to the standard rescaling automorphism
of the prop of Lie bialgebras Lieb.

(iv) The set of homotopy classes of universal formality maps as in ([@9) can be identified with the set of
Drinfeld associators. In particular, the Grothendieck-Teichmiiller group GRT = GRT; x K* acts
faithfully and transitively on such universal formality maps.
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In the proof of item (i) in [MW2] we used the Etingof-Kazhdan theorem [EK| which says that any Lie
bialgebra can deformation quantized in the sense explained by Drinfeld in [Dr], and which can be reformulated
in our language as a morphism of props

fau s Assb — DLieb

satisfying certain non-triviality condition (see below). This morphism gives us universal quantizations of
arbitrary, possibly infinitely dimensional, Lie bialgebras. If one is interested in universal quantization of
finite-dimensional Lie bialgebras only, then the above morphism should be replaced by a map

— O
f©: Assb —s DLieb

—0D —
to the polydifferential extension of the wheeled closure Lieb (see [MMS]) of the prop Lieb. The morphism

fa implies the morphism f© due to the canonical injection DLieb — DLieb , but not vice versa. In this
paper we show a new proof of the Etingof-Kazhdan theorem for finite-dimensional Lie bialgebras by giving
an explicit formula for the morphism f© above. We also show that the morphism f© can be lifted by a
trivial induction to a morphism of dg props

—— min,)

(50) FO: Assbo, — DLieb,

satisfying the conditions

m m

—_—~ /—/—
(51) 7 0 FO o = >><< for some non-zero € R,
for all m+n > 3, m,n > 1; here m; is the projection to the vector subspace in Ez/;bmlm spanned by graphs

with precisely one black vertex. Moreover, we conjecture an explicit formula for such an extension F©.

Morphisms of dg props (B0) satisfying the condition (5II) can be called formality morphisms in finite dimen-
sions as every such a morphism gives rise to a quasi-isomorphism of Liey-algebras introduced in the item
(ii) above, but only for finite-dimensional graded vector spaces V' (cf. [MW2]).

5.4. Polydifferential functor. We refer to [MW2J for a detalled definition of the endofunctor D. In this
, O
paper we apply this functor to the props Lieb and Ezeb , their wheeled closures Ezeb Ezebmm and
— ant — ant
their quantized versions Cieb" " and Eieb;l;mn . It is enough to explain the action of D on the prop Ezebl:om,

the other cases being completely analogous.

Roughly speaking, Dﬁi/zb:;m is spanned as a vector space by graphs from ﬁ/i;bl:om whose input and output
legs are labeled by not necessarily different integers; input legs labelled by the same integer i we show as
attached to a new white in-vertex to which we assign label ¢; the same procedure applies to output legs
giving us new white out-vertices. Moreover, we allow these new white in-vertices and out-vertices with no
legs attached. For example,

2
O,

é i i —— min /Xl\ —— min
! / € DLieb., (1,2) € DLieb., (3,2)
o o’ / \ 3 o oo s 4 ) \ / \ / 0o 5 &)
SR i\j & 7

LXe]

1 2

The linear span of graphs obtained in this way from elements of L/izb:jm with n in-vertices and m-out
vertices is denoted by Dﬁ/i\ebzm(m, n); it is clearly an S% x S,, module (with elements of the permutation

groups acting by relabelling of the in- and out vertices). The S-bimodule Dﬁ/z‘e\b::n(m,n) has a natural
basis {Gr;m,n} where Gy, is the set of oriented graphs with n labelled white in-vertices, m labelled white
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out-vertices and k unlabeled internal (black) vertices and with no edges connecting in-vertices directly to
out-vertices. Any graph I' € G, , has its set of edges E(I") decomposed canonically into the disjoint union

E znt H Eln ) H Eout (F)

where E;p,:(T') is the subset of edges connecting two internal vertices, E;, (T") is the subset of edges connecting
in-vertices to internal ones, and E,,.(I") is the subset of edges connecting internal vertices to out-vertices.

As a Z-graded vector space DLiebo(m,n) is defined by
DLiebo =[x
k>0
where a graph I'' € Gy, is assigned the following homological degree
0| = 3[Vint(D)] = 2| Eint(T)] = |Ein (T)] = [Eour(T)].
The horizontal composition in Dﬁ/ie\biln
X : Dﬁ/i;b::n(m, n) ® Dﬁi/zb;nom(m’, n) — Dﬁ/i;b::n(m +m/,n+n')
rer — rxr

is given just by taking the disjoint union of the graphs I' and I and relabelling in- and out-vertices of the
graph IV accordingly. The vertical composition,

o: DCLieb.. (m,n)®DLiebo (n,1) —s DLicb.. (m,1)
rer’ — FolV,
is given by the following two step procedure: (a) erase all n in-vertices of T and all n out-vertices of I, (b)
take a sum over all possible ways of attaching the hanging out-legs of I' to hanging in-legs of T (with the
same numerical label) as well as to the out-vertices of I, and also attaching the remaining in-legs of I' to
in-vertices of T" (see §2.2.2 in [MW?2] for more details). For example, a vertical composition of the following
two graphs, _ _ _
o: DLieb.. (2,1)® DLicb.. (1,2) —+ DLieb.. (2,2)
o/l\, ® \I/ — I
is given by the following sum
O\./O o) o, o o
r= 1 + }; + X\{ P

O/ \O l\
1 2 i

0N

The differential ¢ in DLiebo, acts only on black vertices and splits them as shown in (@T).

For any given representation v : Eiebg’oin — Endy, i.e. for any Maurer-Cartan element v in the Lie algebra gy,
there is an associated representation p, : DLieb — Endp,, in Oy = ©*V given in terms of polydifferential
operators as explained in full details in §5.4 of [MW?2]. If, for example, V' = R"™ with the standard basis
denoted by (z1,...,2,) (so that Oy = Klzy,...,2y,]), and v is a Lie bialgebra structure in V' with the
structure constants for the Lie bracket and, respectively, Lie cobracket given by
n
[z, 2] Z Cuxk, N(zg) = Z QY x; A
i,j=1
then one has,

Py(o/l\o>i Oy ®0y — Oy

fl®f2 N i Ck afl af2

U 9xs O
i,4,k=1 ¢
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pu : OV — OV & OV

o= Y (@ @) PCEA(

©,5,k,m,n=1

011 Of2)
8{Ei 8Ij

o 1 2
while p” ( o 9 ) : (’){‘?2 —Oyand A:=p”( ° . ° )0y — (’){‘?2 are the standard commutative multipli-
cation and, respectively, co-commutative comultiplication in Oy. Representations of the completed props

Lieb and &;bzlom (and hence of DLieb and ’Dﬁi/;l)zm) are considered in the subsection §5.5.4 below — they
require an introduction of a formal parameter to insure convergence.

5.5. Properad of quantizable Lie bialgebras. Let us denote by ﬁ/i;boo the non-differential properad
E/ie\bl:om, i.e. the completed free properad generated by the same S-bimodule F but with the differential set
—+ —
to zero. Let Lieb_ be the free extension of Liebo, by one extra (1,1) generator + of homological degree
one. In [MWI] (see formula (11) there) we constructed a map of Lie algebras
—
f dfGCs" — Der(Lieb,)
1

2 m

N/

r — Z Z //F\\

m,n>1 s:[n]>V(T)
s:[m]—v(r) 12 "

where the second sum in the r.h.s. is taken over all ways of attaching the incoming and outgoing legs to
the graph I', and then setting to zero every resulting graph if it contains a vertex with valency < 2 or with
no input legs or no output legs (there is an implicit rule of signs in-built into this formula and its version
in Proposition below which is completely analogous to the one explained in §7 of [MaVo]). Here

— + — +
Der(Lieb,) is the Lie algebra of continuous derivations of the topological properad Lieb. . Note that for
1

many graphs I' € dfGC3" the associated (m = 1,n = 1) summand roin f (T') can be highly non-trivial,
|

— — 4
and this phenomenon explains the need for the extension Liebs, — Lieb,, above.

If T is a Maurer-Cartan element in dfGCS", then f(Y) is a differential in ﬁ/i;b:o which acts on the generating
(m,n)-corolla as follows
1 2 m—lm 12 m
AN/
o )
1727 s:[n]—V(T) 1/2/\\u

n—1 n
s:[m]— V()

If T is such that the summand T in f(T) contains at least one vertex of the form + , then the ideal

—+
I™ C Lieb,, generated by this extra generator + is respected by the differential f(Y) so that the latter
induces a differential in the quotient properad

Licho, = Lich. /T*.

For example, the standard Maurer-Cartan element

Tg:= o—>e
in dfGC3" does have this property as
1
1
|
TS - #
1 1

and induces the standard differential § in Liebo given by the formula (@7]).
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Another interesting for us Maurer-Cartan element is given explicitly by (28). It was proven in Lemma [A]]
that every graph I' € Gypy2.6p+1, P > 2, contributing into Y¥s has at least 4 binary vertices so that again

implying that T induces the following differential in E/z;boo

N
0 = f(T)mod It =5+ Y Y /_ EACH I D
p>2 Gor m,n>1 C4T’+2(R3) eeE(F) s:[n]—V(T) 1/2/\\11
=E PG 2, 6p+1 minsa S:lm)— V(D)

As every graph in the sum over p > 2 has at least 4 bivalent vertices (see Appendix A), we have, in particular,

(Y)Y (Ao

The first differential 6 makes E/z;boo into the standard minimal resolution of the completed properad Lieb
— —— quant

of Lie bialgebras. The second differential §“¢ makes Lieb, into a resolution of a properad Lieb™™ which

we call the properad of quantizable Lie bialgebras and which can be defined as follows.

By contrast to E/i\eb:;m = (E/z;boo, 9), let us abbreviate from now on
— t —
Liebe. = (Lieboo, 9)

—— quant
Let J be the differential closure of the ideal in Liebzo generated by (m,n)-corollas with m +n > 4. The

quotient
—— quant quant

Cieb = Lieb,. /J

is a properad which is concentrated in homological degree zero, and which is generated by the S-bimodule
([#4) modulo the following three relations,

e 1 [y o Pt

) Capio(R?) _
>0 e i<s ap+2 25 V(D)
PTG 5 6pt1 e€E(T) SRSV

o_l/{\s + 3)%1\2 + 2)<§1 +> > /_ Ariw) ]| > /;\ ’

) Cipi2(R3) ,
>9 <3 4p+2 s:[2]— V(T)
PZ2TEeGE, 5 6pt1 e€E(T) §:[2]jv(r) 3
12 3 1 2 3 1\2‘/3
— 3 2 1 *
N VD VR U A S120) B SR
A C (R3) .
>9 <3 4p+2 s:[2] > V()
PZ2TEGT, s 6pt1 e€B(T) §:[2]:v(r) !

where G§p3+2,6p 1 is the subset of CZ; +2.6pt1 consisting of graphs with vertices of valency < 3 (it was shown
in Appendix A that such graphs have precisely 4 bivalent vertices which explains why there no other relations
than the ones shown above).

5.5.1. Theorem. The natural epimorphism of props

—— quan —— quant

v Lieb, ' — Lieb

is a quasi-isomorphism.
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Proof. The morphism v respects complete and exhaustive filtrations of both sides by the number of vertices,
hence it induces a morphism of the associated spectral sequences,

I8 Erﬁi/;b::am — E"Lieb

quant

—— quant —— quant
The term €°Lieby,  has trivial differential, while the term &' Lieby,  can be identified with the dg prop

E/ie\bzlom so that 525/2;62:;&1“ — Lieb as an S-bimodule. On the other hand £2Zieh" can also be identified

with Lieb as an S-bimodule. Hence the morphism 2 is an isomorphism so that, by the Eilenberg-Moore

Comparison Theorem 5.5.11 (see §5.5 in [We]), the morphism v is a quasi-isomorphism. O

Note that graphs in ([B5) may contain closed paths of directed edges in general and hence belong to the graph
complex dfGC, rather than to dfGCYJ". Therefore in order to see the meaning of Theorem B.4.1]in terms of

—— min,O

props one has to consider the wheeled closure [MMS] of the prop E/z;bl:om which we denote by Lieb,, ; by
definition, it is generated by the same S-bimodule &) but now using directed graphs with possibly closed
directed paths of internal edges.

Theorem [B.4.7] implies almost immediately the following

— t
5.5.2. Proposition. There is a morphism of dg props Eiebzzan
min,O

F:Liebn™ 5 Zieh
given by the following transcendental formula (cf. (33))
12 mim 12 om
. N%
52) F( X ) -> ¥ ([ Am=)) 3

d
il 4>0T€G11ag0q \” T+19 (R cep(m) AR

o0

where the third sum in the r.h.s. is taken over all ways of attaching the incoming and outgoing legs to the
graph T, and we set to zero every resulting graph if it contains a vertex with valency < 3 or with no at least
one incoming and at least one outgoing edge.

5.5.3. Corollary. The explicit morphism F in Proposition 5.5.2 induces an explicit morphism [ :
_—— quant —"D

Lieb™™" = Lieb .

quant

— ant —
5.5.4. Representations of Eieb:;mn and quantizable Lie bialgebras. As properads Lieb and

—— quant

Lieb are vertex completed one must be careful when defining their representations in a dg space V.
_——~_ quant ——~ mi _——~ quant —
Let Fpﬁiebgzdn , Fpﬁiebzlom, Fpﬁiebqu(m and F,Lieb be the sub-properads generated by graphs with > p

. . . - quant
vertices, and let A be a formal parameter of homological degree zero. By a representation of, say, Lieb_

in a dg vector space V we mean a morphism of properads

p: Lieb ™ s Endy ]

o0

such that p(FpE/i;bgzam) C APEndy[[A]] where Endy [[A]] is the properad of formal power series in A with
coefficients in Endy, and APEndy [[A]] C Endy [[A]] is a sub-properad generated by formal power series which
are divisible by AP. Representations of L/izbquant, ﬁ/ie\bzln, Lieb and of their wheeled versions are defined
similarly.

ant

It is clear that there is a 1-1 correspondence between representations of @b; in V and elements 7° €
gv [—2][[\]] ~ Aén)[[)\]] (for some n including the case n = +00) such that the equation holds
P
o L0 w o O\ —
[7T , T ]S+§mﬂ4;+2(ﬂ geeey T )—0

As this equation involves only powers of A%, it makes sense to introduce A := A\* and consider a subclass

of solutions 7® which belong to Ag")[[h]]; in the case V = R" these are precisely quantizable Lie bialgebra
structures introduced above.
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In the next subsection we construct an explicit morphism of props
f9: AssB —s DLieb

and show that it lifts by a naive induction to a morphism of dg props

quant

quant

F?: Assbe, — DLieb
satisfying the boundary condition (BI)). Such a morphism composed with the explicit isomorphism DF :

o0

— t —— min,O
Dﬁieb:zan — Dﬁieb::n from Proposition [5.5.2] gives us the required formality map,

min, ()

DF o F?: Assbs, —s DLich

for finite-dimensional Lie bialgebras.

o0

5.6. Open problems. The prop @bquam and the dg prop E/ie\bgzam have been defined with the help of
explicit transcendental formulae. However it is very hard to compute the integrals given in that formulae. For
example the weights of the graphs 7?62, 71163 and ”yfél (the first possibly non-trivial contributions) introduced
in the Appendix A involve integrals of top-degree differential forms over 24-dimensional configuration spaces.

In principle all these weights might be zero so that E/ie\b(i;mnt might be identical to E/z;bzm. If this is the
case, then our explicit formulae for universal quantization of Lie bialgebras become even much simpler —
the quantization job would be done solely by the map f? given by the explicit formulae (57). We conjecture,
however, that the situation is quite the opposite:

—— min,O

_—~ quant
5.6.1. Conjectures. (i) The set of homotopy classes of morphisms of dg props F' : Eieb:;mn — Lieb
is a torsor over the Grothendieck-Teichm uller group GRT .

— ant
(i) The set of homotopy classes of morphisms of dg props F? : Assboe — Dﬁieb:;mn consists of a single
point.

These are open problems which we hope to address in the future. Another open problem is to construct an
explicit isomorphism of dg props

—— quan —— min

Zieb™™ s Lieb

i.e. to construct an analogue of our explicit morphism F in (52)) which does not involve graphs with wheels.

oo )

6. An explicit formula for universal quantizations of Lie bialgebras

6.1. Kontsevich compactified configuration spaces. Let H = {z = z + it € C|t > 0} be the closed
upper-half plane. Its open subset {z = x +it € C|t > 0} is denoted by H; we also consider OH := H\ H ~ R.
The group G2 := RT x R acts on H
G2 X ﬁ — ﬁ
AeRT heR)xz — Az+h.
Let A and I be some finite sets, and let
Conf 4, ;(H) :={f: A= H, i: I 0H}

be the configuration space of injections of A into the upper half-plane, and of I into the real line R ~ 9H.
This is a smooth manifold of dimension 2#A + #I. The group Gs acts naturally on it, (f(A4),i(I) —
(Af(A) + h, Mi(I) + h), and this action is free provided 2|A| + |I| > 2. The quotient space

Ca(H):= C’oanJ(E)/GQ

is a smooth manifold of dimension 2|A| + |I| — 2. Kontsevich constructed in [Ko3| its compactification,
C 4,1(H), which is a smooth manifold with corners, and which we use below for a construction of a new
family of compactified configuration spaces. If A = [k] and I = [n], we abbreviate C4, ;(H) to C,,, (H).
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6.2. Configuration spaces of points in RxR. Let C,(R), n > 2, be the configuration space of injections
{p : [n] = R} modulo the action of the group Rt x R sending an injection p into an injection Ap+v, A € RT,
v € R. We remind in Appendix B its compactification C,,(R) which gives us a geometric realization (in the
category of semialgebraic manifolds) of Jim Stasheff’s associahedra.

Boris Shoikhet introduced in [Shi] (with a reference to Maxim Kontsevich’s informal suggestion) the con-
figuration space C, (R x R) of pairs of injections {p’ : [n] = R, [m] = R}, m,n > 1, m +n > 3, modulo
the action of the group R* x R? sending a pair of injections (p’,p”) into (\p’ + v/, A\~ 1p” + ") for any
A€ R, v/ v € R. We remind its compactification Cp, (R x R) in Appendix B, and also prove that the
family of compactifications {amm(R x R)} gives us a geometric realization (in the category of semialgebraic
manifolds) of the (pre)biassociahedra posets introduced by Martin Markl in [Ma2] following an earlier work
by Samson Saneblidze and Ron Umble [SUI|]. This result gives us a nice combinatorial tool to control the

boundary strata of the semialgebraic manifolds Cp, (R x R).

6.3. Configuration space Cy4.; j(H) and its compactification. Let H' = {(z,t) € R x R>%} and
H” = {(y,{) € R x R>°} be two copies of the upper-half plane, and let H = {(z,¢) € R x RZ%} and
" = {(y,f) € R x RZ%} be their closures. Consider a subspace H C H' x H” given by the equation ¢ = 1,

and denote by H its closure under the embedding into H x T’ The space H has two distinguished lines,
X:={(zeRy=0,t=0} and Y := {(z =0,y € R,t = 0}; it also has a natural structure of a smooth
manifold with boundary.

X

The group Gs := Rt x R? acts on H,
Rt xR? x H — H
(A a,b)  x (z,y,t) — Az +a, A"ty +b,\t).
For finite sets A, I and J let us consider a configuration space
Conf 40 (M) :={i: A=H,i":J=Xi": =Y}
of injections. This is a (3#A + #I + #J)-dimensional smooth manifold. The group Gs acts on it smoothly

and, in the case 3#A 4+ #I + #J > 3 freely. We assume from now on that conditions 3#A+ #I1 + #J > 3,
#I > 1 and #J > 1 hold true, and denote by

CA;I,J(H) = CO”fA;I.,J(H)/GB

the associated smooth manifold of Gs-orbits. If A = [k], I = [m] and J = [n] for some non-negative integers
k,m,n € Z=9 (with 3k +m +n > 3, m,n > 1), then we abbreviate Crigsim),in)(H) to Crimon(H).
A point p € Ca,1,7(H) can be understood as a collection of numbers

1

p= {(Iavyavta = A_)vxgvyg}

ta ag[Al,ae[J],6€[1]

defined modulo the following transformation
{(@a,Ya ta), 20,y } — {(Ata + ' A" ya + 1", Ma), Azl + h A yg + 1}

for some A € RT, b', A" € R.
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The space Co.1,7(H) can be identified with C; j(R x R) ~ C,, (R x R) studied in detail in Appendix B,
and we define its compactification 60;]7J(H) as €I7J(R x R).

The space Cy4,1,7(H) with #A4 > 1 admits a canonical projection
I OA;]_’J(H) — C]_’J(R X R)

which forgets internal points in H (where we assume Cq 1 (R x R) to be the one point set for consistency),
and, for any a € A, the following two projections

™

L Cadg(H) — Cay(H') = Cy o (H)
P — {2l i=aa +ite, 20 }aer

m: Crman(H) — Cr,1(H") ~ C1,m (H)
P — {2zl =y, + ii,yg}ﬁe[m]-

We use these projections to construct the following continuous map for #A4 > 1

[:Cang(H) — HUQJ(H’) X HUGJ(H”) x Crg(RxR) x (S2)FE=D x [0, 4oo]kk=1)(k=2)

acA acA
P — Maeamq(p) Maeay (p) 7(p) N ma(p) N mane(p)
a#b #{a&,é,cc}\:s

where

(wq — wp, taty(Ya — Yb)sta — to, )
To — 1) + (ta — )2 + 262 (Yo — Up)2

(53) Tab(p) := \/(

\/(Ia — xb)2 + (ta - tb)2 + tgtl%(ya - yb)2
\/(xb - Ic)2 + (tb - tc)2 + tl%tg(yb - yc)2 ’

Here we assume that the last factor in the r.h.s. is omitted for & < 3, and the last two factors are omitted
for k < 2 (as they have no sense in these cases). It is not hard to check that the above map is an embedding
(it is essentially enough to check the cases Ci.11(H) and Ca1,1(?)) so that we can define a compactified
configuration space UA;LJ(H) as the closure of the image of Ca;r 7(H) under the map f. It clearly has the
structure of an oriented smooth manifold with corners and also of a semi-algebraic manifold.

Tabe (p) =

6.4. A class of differential forms on C 4 ; j(H). Consider the circle
S'={zecC:z2=¢" 0= Arg(z) € [0,27]}

and a 1-form on S of the form 5-g(6)df which satisfies the conditions

27 1 -
and
supp(g(0)) C (0, ).

Thus this 1-form is concentrated in the upper-half of the circle. We shall use this 1-form to construct a class
of closed differential forms Qr on Cy.p, m(H) parameterized by a set of graphs I' we describe next.



Explicit deformation quantization of Lie bialgebras 33

—— quant —— quant
6.4.1. A family of graphs G, n. The prop DLich" = {Dﬁiebq (m,n)} introduced in §5.4 is

identical as graded vector space to the prop L/izb:lom and hence admits the same set {Qk;mﬂn} of basis
vectors. For example (we omit labellings of white vertices by integers),

i o |
SN € G121, /1\ € G222, ey € G321, <.>'\. € Gu2,1
b bl

o o

Thus graphs from Gi.p,n admit a flow which we always assume in our pictures to be directed from the
bottom to the top (so that there is no need to show directions of the edges anymore). As before, E;p:(T")
stands for the set of internal edges, E;,(T") for the set of in-legs, E,y:(T") for the set of out-legs.

6.4.2. From graphs to differential forms. Consider a graph I' € Gy, , with 3k +m +n > 3, and an
associated configuration space

CI) = Cpp o (0): B (1), 81 () (H) 22 Chiznm (H).-
Let C(T") be a subspace of C(T') consisting of points

1
p= {(xauyaata = f—)7$37yg}

a a€Eint(T),0€Ein(T),B€Eout(T)

with
1 1
20 (p) =g +itq # 25(p) = xp + ity and 2z (p) := ya + zt— £z (p) =y + zt— Va#be Vi (D),
a b

i.e. with projections of internal vertices on planes H' and H” being different (so that differential forms
dArg(2,,(p) — #,(p)) and dArg(z) (p) — 2/ (p)) are well-defined on C(T)).

We define a smooth top degree differential form Qr on C(T),

(54) Qr = /\ WA /\ Qe A /\ w!

e€E;n(I") e€E;in:(T) e€Equt(T)

where w!, and w!’ are 1-forms and €. is a 2-form defined as follows. Identifying vertices of I" with their images
in H under injections (i,4’,i"), we define,
U1 V2
!

(i) for any in-leg e = o—>e € E;,(I), w, := 5-7 (Arg (2}, — 29)) dArg (2}, — 29,),

€ V1

1" "

(ii) for any out-leg e = -~ 0 € Eou(I'), wy := %9 (ATQ (ygz - Z'ul)) dArg (ygz - Z'L/l)’
(iii) for any internal edge e = Uol—>v°2 € B (1),

Q. = #g (Arg (' (v2) = #'(01))) g (Arg (Z7(v2) = (1)) ) dArg (' (v2) = #/(v1))AdArg (Z7(02) = 2"(01) )

As the function g has support in the upper-half of the circle, the differential form Qr extends smoothly to
the configuration space C(I") and even to its compactification C(I') := Cg, ., (1);Eou: (1), Ein (1) (H)-

A subset of G, consisting of graphs I' satisfying the condition
3#FEint(T) + #Ein(T) + #Eou:(T) =3k +m+n—3
is denoted by g,i"fjm as the associated differential forms Qr give us top-degree forms on the configuration
space C(T).
Notice that if a graph I' € Gy, satisfies the condition
3#FEint(T) + #Ein(D) + #E5u (D) =3k +m+n —4

then the associated differential form Qr has degree dim C(I") — 1 and hence one can apply the Stokes theorem
to dQr which is a top degree form. As Qr is closed, we obtain

0= / dQr = / Qr
Cc(I) aC(I)
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Let us check in a few concrete examples all the boundary strata in 9C(I') on which the form Qr does not
vanish identically.

6.4.3. Example. Consider
O\./O
r= | €Gan.
VN

o o

The associated 7-dimensional configuration space C(I") is given by the data,

2 =xy + ity A=yt
(55) 24 = xog +ity |, | 2 =y2+y | with 2 <299 <)
ri, 13 €R y?,y5 €R

modulo the action of the 3-dimensional group G3. The 6-form Qr is given by

Qr = Qp A QY
where

P o= Qg2 — 21) A Qg(2) — 21) AQg(2) —a3), Q= Qg2 — 2{) AAQG (7 — 25) A Qg(y3 — 25)

and the 1-form ()5 is given by

1

Qg(z1 — 22) = %g(Arg(zl — 22))dArg(z1 — 22).

Let us classify the boundary strata in C(T') on which the form Qr does not vanish identically.

CASE I. Consider the boundary strata in which two internal vertices collapse into one internal vertex, that
is, the limit € — 0 of the configuration in which (2,29, 4?,49) stay constant, and

2 = T+ it + £(Xa + ita), 2 = Yo + €Ya + ————
@ @ teteta ) g0
It is isomorphic to C2(R?) x C(T'/T'y;, ,(ry) where T'y, , ) = oo is the complete subgraph of I' spanned by
the two internal vertices, and
O, o]
N
Ulviemy = A
™ SN

is the quotient graph obtained from I" by collapsing the subgraph TI'y; ) into a single internal vertex. As
we can fix the unique internal vertex at of the latter graph (z. = 0,y. = 0,¢. = 1) and

lim Arg(z — 21) = Arg(xa — x1 +i(t2 — t1))
e—0
and
1 1
ty + cta + ty + ety
= Arg(y2 —y1 +i(t2 — t1))

)

lim Arg(zh —2) = lim Arg(y2 —y1 —
e—0 e—0

we obtain a factorization

2
/ = / “o / Qr/ry,,m = (Aé ).
C2(R3)xC(T/Ty,, (1)) C2(R3)=52 CT/Tv;pp )

Caskg II. Using invariance under the group G3 we can always assume that the point (x2,ys,t2) is fixed at,
say, (0,0,1). Thus it remains to consider limit configurations in which the projection 2z collapses to a point

T4 in the boundary ¢t = 0 of ﬁ/,

(z{ =1, +e(x1 +it1), 25 = o + ita, 2 =yi(e) + E%,zé’ =y; + ti) with € — 0.
1 2
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for some function yj(e) of the parameter . The limit

;i_r)% dArg(zy — 29) AN dArg(z) — 29)

can be non-zero if and only if the boundary points 29 and 29 also collapse to .,
:v(lJ =Ty + ax?, :vg =Ty + axg,
so that we get in that limit

Qr = Qg(25 — ) A Qy(27 — x7) A Qy(2) —%5)
where z; = x1 + it1. To make the form
_ ) )
dArg(zy — z1) = dArg(y2 — y1(e) — rale —)
2 ety

non-zero in the limit € — 0, we have to assume
v1(g) ~ const + Y* for some v« €R
€

and then get in the limit

O — Q51 —27) A Q0 — 25) A Q5 (88 — 25)

where z{ = y1 + & We conclude that this boundary strata is isomorphic to Cy,1 2(H) X Ci.2.1(H) and the
integral over it factorizes as follows

/ == [ e[ an -7
C1;1,2(H)xC1y2,1(H) Cr1,2(H) C1;2,1(H)

where

(56) I

I
\
/
o
I

As expected, fc?a(F) Op = _(Ag))z T (A@)2 —0.

6.4.4. Example. Consider

o

= (>/7{ € Ga;2.2.

The associated 7-dimensional configuration space C'(T') is given by the same data as in (G3]), while the 6-form
Qr is given by

Qr = Qg(zi - x?) A Qg(zé - a:g) A Qg(zé —21) A Qg (2 — 21) A /\Qg(y? —z2)A Qg(y? — 2

Let us classify again the boundary strata in dC(T') which can contribute non-trivially into the vanishing
integral faﬁ(r) Qr.

Cask 0. Consider the boundary configurations in which the internal points stay invariant while (i) |29 —29| —
0, or (ii) |y9 — 4?], or (iii) |29 — 29| — +o0, or (iv) |y9 — 9] — +o00. The forms Qr vanishes identically on
boundary strata of types (iii) and (iv), while on strata of types (i) and, respectively, (ii) ones obtains the

integrals
Qr and / Qr, , where T = \/‘/ , T = //’
/02;2,1(’7"[) ! 02;1,2(7‘[) 2 \/ j

(which happen to vanish identically — one can use the standard reflection argument to check this claim
which plays no role below).
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CASE 1 is exactly the same as Case I in the previous example. The boundary strata is isomorphic to
C2(R?) x C(T' /Ty y(ry) and one has

2
/ fr = / “o / /ey, w = (Af? ).
C2(R®)xC(T/Ty,, () C2(R3) C(T/Tv,, . x))

CaskE II. Using invariance under the group G3 we can always assume that the point (x2,ys,t2) is fixed at,
say, (0,0,1). Thus it remains to consider limit configurations in which the projection 2] collapses to a point

T4 in the boundary ¢ = 0 of ﬁl,

(21 =1, +e(x1 +it1), 25 = o + ita, 2] =yi(e) + E%,zé’ =y; + ti) with € — 0.
1 2

for some function yj(g) of the parameter e. Arguing as in the Case II of the previous example, we conclude

that for Qr not to vanish identically we have to assume

0
x(l) =Ty + ax(l) , ¥1(g) = const + M ) y? = const + i for some x(l),yl,y(f eR
€ 3

so that we get in the limit
lim Qr = —Qp2 A\ Qpl

e—0

where

Qr, = Qg(zy — x7) A Qq(y) — 2{) A Qg(0 — 27) and Qr, = Qg2 — ) A A Q25 — 23) A Qg3 — 25)

are the differential forms associated to the graphs in (B6). This boundary stratum is isomorphic to Cy,2,1 (H) x
Ci12(H) = C(T'y) x C(T'1) and we get

/ Qr=—/ Qr, / Qr, = —(AP)2.
C1;2,1(H)xCr;1,2(H) C(T2) C(T1)

6.4.5. A useful observation. Notice that the only boundary strata in the above two examples which lie
in the fibre of the surjection

VI U(F)) — CQ72(R X R)

over a generic point in the base and contributes non-trivially into the integral is the boundary strata of type
1.

Analyzing similarly the graphs
s F
OKO Cf X OK

we obtain the following result for sum of the push-forwards along the map 7 : C(T') — Ca2(R x R) and its
boundary version 75 : 9C(I') — Ca2(R x R),

o\./o f b fo o\>/.o oyo
Fegzz;z,zw*a(gr)r B W*(QF()) O/i\o B }/\7 " (:\KO ! j/x - o}<o

T (QFO )5F0

where ¢ is the differential in DLiebo, and 'y = >’< .

6.5. An explicit formula for quantization of Lie bialgebras. Let g,(f)nn be a subset of Gy, con-

— t
sisting of graphs forming a basis of the S-bimodule DLieh" (these graphs have, in particular, all their
internal vertices 3-valent).
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6.5.1. Theorem. There is a morphism of props
(57) f4: AssB — pLieb™™
given explicitly on the generators of AssB as follows,

S _ ¢
fq (1 2) 72 + Z Z </Ck;1,2(7'l) QF) g 7 5 + le <1 2)

Blreg?,

(WA 8 R AT I o (b2
f ( : >'__ o - Z Z ~/Ck;2,1(7-£) : o o - fZl( : )

Elreg,

where the differential form Qr is defined in (53)).

Proof. T € G¥)  with m +n = 4 then deg Qr = 3k = dim Cim.n(H) — 1 so that it makes sense to apply

k;m,n
the Stokes theorem to the vanishing differential form dr,
(58) Oz/ de:/ Qr, m+n=4,m,n>1.
Chim,n(H) OCim,n(H)

We claim that the equation
(1) 0=2 550 Zf‘egs’iﬁ faék;l,s(%) QrT implies that f9 respects the first (associativity) relations in ({2)),
(i) 0 =23 )50 ZFEGSQ,I fa@k;s,l(’r‘i) QrT" implies that f? respects the second (co-associativity) relations
in (@2).
(iii) 0 = Zkzo Zregfjgg faak;2,2(’H) Qr@ implies that f? respects the third (compatibility) relations in
@2).
We show the proof of the most difficult step (iii) — the proofs of the first two steps (i) and (ii) are analogous.

Let us classify all the boundary strata on which the differential forms (2 do not vanish identically. Let us
notice that the product the function |29 — 29||y9 — 39| can take the following values on the codimension 1
boundary configurations:

I: the value |29 — 29||y9 — | stays finite;
II: |29 — 29| — 0 while |y9 — y?| stays finite, or |y§ — y?| — 0 while |29 — 29| stays finite;
I |y9 — ¢ — +oo while |29 — 29| stays finite, or |29 — 29| — 400 while |y — y?| stays finite.
Let us consider each case separately.
Case I corresponds to the boundary strata — which we denote by 0;Cj.2.2(H) C 0C.2.2(H) — in which

several internal points collapse into an internal point (see examples in §6.4.5]). By Proposition [3.2.4] for the
case d = 3 the following sum

AN /‘
o) | T =
Z Z </310k;m,n(3‘-[,) F)> r Z /F N 0

> 3 ([2]= V(D 9 <
F20req(?, e o

gives an identically vanishing element in ’Dﬁ/i\ebquant (here the sum is taken over all possible ways of attaching
four legs to the MC element I'“9 and setting to zero every graph which has at least one non-trivalent internal
vertex or an internal vertex with no at least ingoing half-edge and at least one outgoing half-edge). Hence
we can skip type I boundary strata in equation (58]).

Case II. Denote the associated boundary strata by 811616;272(7-{). If, for example, we consider a limit
configuration with |29 — 29| — 0 but |y9 — 3?| finite, then the boundary points 2, 29 and, perhaps, some
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(possibly empty) subset I C V;,,.(I') of internal points tend in the limit ¢ — 0 to a point z, € X,

2l = me +e(x +ity), zl{':yi(s)—i—ET iel,
i

= x4 ex?

Th = X+ exy

for some functions y;(¢) of the parameter ¢ (it is easy to see that if I # ), then the differential form Qr has
a chance not to vanish identically on such a boundary stratum if and only if y;(¢) ~ % as ¢ — 0 for some
yi € R).

Consider (as an elementary illustration) a special case I = () (and denote the associated strata in 9y Iék;z,z (H)
by O77¢Cr2.2(H)). It is clear that in this case we have

lregr),

An analogue of this formula in the case |yS — y?| — 0 while |23 — 29| stays finite and no internal vertices
collapse to the line Y would be of course the following one

i
(9] —— 7
; Fegé;g (w/BIIQC(p) F) fgl (o)

where we use fraction type notation for prop compositions introduced in [Mal] e.g.

The general case is no more difficult. Let J := V;,,(T") \ I be the complementary subset corresponding to
points which have H'-projections not tending to x, as ¢ — 0. We can represent each graph I' in the sum

>y

911Cl;
kzoregl(j;g 11V k32,2

Qrll
(H)

in the form

Q, o

e}

where directed double edges stand for (possibly empty) sets of directed edges. Let T” (resp., I ) be the

nt nt

element of DLieb" (1,2) (resp., of € DLich (2,1) defined as the complete subgraph of I' spanned by
vertices from the set I (resp., J), together with all edges attached to this set,

[}

! "
r- ] . e [

o e}

Note that out-legs in I are formed by three types of edges in I' (and denoted in T' by three different double
arrows), the ones which connect vertices of I to the left out-vertex, to the vertices of J, and to the right
out-vertex. Similarly, the set of in-legs of I encompasses three different double arrows in I". Many different
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graphs I' produce identical associated graphs IV and I'” and it is easy to describe this family — it is precisely
the set of non-vanishing summands in the prop composition I'’ 1 o3 I'’! As

QF|BIICk 22(H) = hm Qp = QF’ A QF”

we finally get

I S B SD SEED Sl (A B ¥ A L

k>0 Fegl(f; R k’,k"" >0 F/eg’(:’) = g](c3)2 L

L2 :
I ( o ) 1o1 f1| o
: 12
o
Case III. Denote the associated boundary strata by 8111616;272(7-[), and consider for concreteness limit
configuration with |y9 — 9| — +o00 and 29, 29 staying constant (the other subcase can be treated similarly).

In general a (possibly empty) subset I; C Vin(I') (vesp,. I3) can collapse to the boundary point z{ (resp.,
29), and a (possibly empty) subset K; C V. (T) (resp., K2) can tend as € — 0 to the boundary point

(resp., y2)a

Zzl'l = x? + E(Xil + Ztil)? 22/1 = Yiy (E) + , 1 € I,
Etil
21{2 = :Eg + E(Xiz + Ztiz)v Z:; = Yio (E) + ot ig € I,
is
Wo= W el
1 c ’ 2 c
Z//C = xkl + itkl, Z;g/ - y_(l) +E(Ay(1) + L) 9 kl S K17
! € ! € ti,
/ _ ith "o y? 0 i
2, = Tpy+—, 2, = — +e(Ayy; +—), k2 € Ko,
€ € tk,
Z; = xz; +ty, Z;/:yj(&')-i-t—, jedJ = znt( )\Il|_|12|_|K1|_|K2

J
for some functions ye () of the parameter e (which we have yet to understand) and some arbitrary constants
in bold letters.

We claim that it is enough to consider the case when the sets K7 and K5 are both empty. Indeed, if at least
one of the sets, say K; is not empty, it has a vertex k € K; connected by an edge to a vertex ¢ in the set
JU L UL U{z9} U {2} which contributes into the form Qr a factor

it
lim dArg (2}, — z;) = lim dArg (a:k + 5k z{)) -0
e—0 e—0 3

which vanishes identically. Hence, for Qr| 11Tz (%) DOt to vanish identically, we can assume assume that
I' has a form
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where some edges ingoing into a box can continue as outgoing edges without “hitting” an internal vertex
inside the box. Note that no edge can connect a vertex i1 from I; a to a vertex iy from Is as otherwise the
differential form Qp vanishes identically in the limit € — 0 due to the presence of the factor

lim dArg(z, - 2},) = dArg(a} — %) = 0.

If the set J is empty, then I' takes the form

Let G2 C Q,ESQ)Q be the subset of graphs of this special form with k internal vertices. It is clear that

> 2. ( / e m) o ) fq( )

k>0T€Gk;2,2

Consider next a more general case J # (). Let J; C J (resp., Jo» C J) be the subset of vertices which can be
connected by a directed path of edges to the out-vertex y{ (resp., y3). At least one of the sets J; and J, is
non-empty. It is easy to see that for Qr| 011 C (1) DOt tO vanish identically, the functions y;, (¢) and y;, (¢)
in the formulae above must be of the form as ¢ — 0,

y? ¥5
Yj, (€) = = +¥Yi, ()= = +¥j,, Vi1 € J1, Vi € Jo,

for some constants y;, and y;,. In particular, J; N.Jy = 0, so that for Qp|6”5k:2 ,(3) Dot to vanish identically,

the graph I' must be of the form
J1 J2

where some edges ingoing into a box can continue as outgoing edges without “hitting” an internal vertex
inside the box (note that some of sets I, I, J; and J; can be empty!).

If T' is a disjoint union of two graphs, say I'1 and I's, from GP7) |, i.e. if it has one of the following two
structures,

I'= or

then Qp|65k:2y2(H) = 0 because of the following

CLAIM. For any I' € G,.1,1 the associated integral

Lo
Cn;l,l(H)
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vanishes. Indeed, let I’ be the number of in-legs of T', I the number of out-legs, and k the number of internal
edges. The integral anq () Qr can be non-zero if and only if Qr has top degree, i.e. if and only if

3n—3+2=2k+10"4+1"
On the other hand, as every internal vertex of I' is at least trivalent, one must have
2k +1+1">3n
These two equations are incompatible which proves the CLAIM.

Combining all the above observations, we conclude Q| 9111 C s 2(7) MAY 1O vanish identically only on the
boundary strata of the form '

On,12,01,7:Ck22(H) = Cprio1 X Cpppp1 X Cpppiie X Cpeppin 2
and
QF|811,12,JI,J2E(F) =Qr, AQr, AQr, AQr,,

where the graphs I';, and I'j, , ¢ = 1,2, are given by,

€ Gyt L =

Note that if I;, respectively Ji, is empty, then we have to set

[¢] o ]

T, = respectively I'j, =

k3 1) 9

and Qr, =1, resp. {p, = 1. Therefore we conclude that

[o]
(oI

. (o) (s)
2 > ar|re Ly |
k>0 peg(® Vine(D)=I1 UloUgyudy ¥ O1q,15,01,75 €(T) fa (O) fa (O) © ©
=TTEG 2 \ 1 4112121101 1417231 : : P

where the middle expression means the fraction type composition in the prop Lieb®**™". Finally, we conclude

0= ¥ (Aamﬂﬂfk>r

Soregr),

Or1C. H Orr1Ch. H
kZOFGQ,(j%Q 11Ck;2,2(H) kZOFegfﬁ;’z 111Ck;2,2(H)
Sy ([ s s ([ )
811Cri2,2(H) ) _ 01y .15,1,75€(T)
k>0 (3) 11 k2,2 k>0 (8)  Vipe(T)=I1uluJiuJ 1:12,J1,J2
R = P€Gk2.2 (14 15121101 11173131
L2 o2
o o o
= f- & o+ o mn
e 0
e ] ]

which proves claim (iii). O
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6.5.2. Main Corollary. Composition of the explicit morphism (57) with the explicit morphism D(f) (see
§5.5.31(i1)) gives us an explicit transcendental morphism of props

(59) D(f) o f7: Assh —s Lich

and hence an explicit universal quantization of finite-dimensional Lie bialgebras. The main purpose of this
paper is achieved.

6.5.3. Other Corollaries. (i) As the differential 2-forms w, and w, used in the constructions of the
maps f? and f are simple, graphs with multiple edges do not contribute into the map (29). Essentially this
observation says that our universal quantization formula does not involve graphs which contain a subgraph

of the form <.> . It also follows from our explicit formula that all graphs with at least one black vertex
I

contributing to the universal quantization morphism are connected.

(i) The explicit map (57) lifts by a trivial induction to a morphism of dg props F9 which fits into a commu-
tative diagram,

—— quant

Assboo —2> DLicbor.

I

—— quant

Assb —fq) DLieb

and which satisfies the condition

m m

—_— Os+Q  0-:0
7 0 F4 O ' =\ >>-<< for some non-zero \ € R,
o7 d .o

n n
—— quant

for all m+n > 3, m,n > 1. Here m is the projection to the vector subspace in DLieb,,  spanned by
graphs with precisely one black vertex.
This claim is obvious as surjections p and 7? are quasi-isomorphisms.

(iil) Composition of the maps F% and D(F'), where F is given by the explicit formula (52)), gives us a formality
map

—0
D(F)o F9: Assboo —> DLieb
and hence a universal quantization of finite-dimensional strongly homotopy Lie bialgebras.
6.6. An open problem. The above Corollary(ii) gives us an inductive extension of the explicit morphism
— t
7)) to some morphism of dg props F9 : Assbo, — ﬁieb:zan . Can this extension be given by an explicit

formula similar to the one for f¢7 Here is a conjectural answer.

6.6.1. Conjecture. There is a morphism of props

quant

(60) F9: AssBo, — DLieb

given explicitly on the generators of AssBso as follows,

oo

°c° ifm=2n=1

S S o
AT ey v (/ Qp)F + .
I k>1reGy  \Y Crimn(H) g g Ym=ln=2

n

0 otherwise

where the differential form Qp is defined in (53)).

Let us provide a strong evidence for this conjecture elucidating a particular problem which requires a better
understanding.
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By construction of the compactified space C.m »(H), we have a natural semialgebraic fibration (see [HLTV])
7 Chomn(H) — Crun(R X R)
and hence a push-forward map of piecewise semi-algebraic differential forms

T Qg ey G @)

such that for any semialgebraic chain
¢: M — Cmn(R xR)
the integral

/M 6" (m.(O0))

is well-defined (i.e. convergent) for any I € Gy.p,.. Hence we can consider an S% x S,, equivariant map

— —— quant

o Chains(C.n) — Lieb,, (m,n)

(61) ’ ‘M =T (RxR *(r(Qp) | T
6:M = Tpa®xR) — Zgzm</M¢< u»)

Note that in our grading conventions the chain complex (Chains(Cp, »),d) is non-positively graded so that
the standard boundary differential 0 has degree +1. Using arguments almost identical to the ones employed
in the proof of Theorem [6.5.7] one can show the following

6.6.2. Theorem. For any m,n > 1 with m +n > 3 the collection of maps ®™ : Chains(Cp.n) —

_— quant
DLliebo. (m,n) commutes with the differentials,

0% 0 = P o 9

oo

- S . . L1
and hence gives us an equivariant morphism of differential 5-props

—— quant

® : Chains(Ce e(R x R)) — DLieb,,

The restriction of the map ® to the Saneblidze-Umble cell complex (Cell(K?), Ocetr) C Chains(Ce o(R X R)
(see Appendix B) gives us precisely the map F? in the Conjecture This map respects the differentials
but at the moment we can not claim it respects all prop compositions as the isomorphism (Cell(K), Ocerr) >
Assbso (which is claimed in [SUI]) should be understood better in this context.

APPENDIX A. Some vanishing Lemmas

Let w, be a top degree form on S? given by ([22)) for d = 3. We shall prove some vanishing results for the

weights
cr= [ A 72 ()
Cap2(R%) e p(r)

of graphs I' € Gyp12,6p+1 With p > 1 contributing to the formulae given in Proposition B.2.4l

A.1. Lemma on binary vertices. Any graph I' € Gupi26p+1 with p > 1 has at least 4 binary vertices.
Moreover, if I' € Gapy26p+1 has precisely 4 binary vertices, then all other vertices must be trivalent.
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Proof. For a vertex v € V(I') its valency can be represented as the sum 2+ Awv for some non-negative integer
Av. The graph I" has 12p 4 2 half-edges so we have an equality

> 2+ Av) =2+12p,
veV (I)
ie.
> Av=2+12p—2(2+4p) =4p -2
veV ()
Therefore at most 4p — 2 vertices can have Av > 1 which implies that T" has at least 4p+2 — (4p — 2) = 4

binary vertices. Moreover, if I' has precisely 4 bivalent vertices, then the remaining 4p — 2 vertices v must
have Av = 1. |

Therefore every graph in I' € Gapi2,6p+1 With p > 1 has at least four completeﬁ subgraphs of one of the
following forms,

vg
e .

DN

v

where the vertex v has no other attached edges except the ones shown in the pictures.

A.2. Vanishing Lemma. If I' € Gypi26p+1 with p > 1 admits a binary vertex v of the form \v ,

then its weight Cr vanishes.

Proof. We assume here that the propagators are chosen O(2)-anti-invariantly, i.e., invariantly for the SO(2)
action on the sphere S?, and anti-invariantly for a reflection across a plane containing both poles. Now,
integrating over the position of (the point in a configuration associated to) vertex v, the above graph yields
a 1-form on the configuration space of v; and vy, i.e., on S?. This 1-form is easily checked to be O(2)-anti-
invariant, and furthermore closed by Stokes’ Theorem. Using standard cylindrical coordinates (Z, ¢) the
O(2)-anti-invariance implies that the form can be written as

f(Z)do.
for some function f(Z), vanishing at the sphere’s poles Z = +1 to ensure continuity. The closedness then

implies that in fact f(Z) =0. O

A.3. Vanishing Lemma. IfT' € Gypio6p+1 admits a 3-vertex complete graph (with any possible choice of
directions of edges),

as a subgraph, then its weight Cr vanishes.

Proof. The integrand Qr := A . E(Fgr;‘ (wg) is invariant under the action of the gauge group p — R*p + R?
on points in R3. Hence we can place vertex v; at 0 € R3, and normalized the Euclidean distance |va — v1] to
be equal to 1. Then the 6-form

Ty s (Wg) AT g (Wg) AT, g (Wg)
depends only on 5 parameters and hence vanishes identically for degree reasons. Hence the form Qr is
Z€ro. ]

4For a graph I" and its pair of vertices vi,v2 € V(I') denote by Er(v1,v2) the set of edges connecting vi to va2. A subgraph
IV of graph I is called complete if between any pair of its vertices vi,v2 € V(I) we have Ep/(v1,v2) = Er(vi,v2).
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A.4. Vanishing Lemma. Assumel' € Gapyo 6p+1 has two bivalent vertices v’ and v" connected by an edge.
Then its weight Ct vanishes.

Proof. Tt is enough to consider the case when orientations on the subgraph containing v’ and v” and their
neighbouring (not necessarily binary) vertices v1 and vy are as in the following oriented graph,

v v2
° .
F'L)1,’U’,’U”,'U2 = " / \1/ ,
L L

for all other inequivalent choices the vanishing claim follows from Lemma [A.2] and, in the case v; = vs,
from Lemma [A.3]

Let us fix all vertices of the graph except v' and v”. We can also fix without loss of generality the vertex v;
at 0 € R? and the vertex v, at the unit Euclidean distance from v;. Consider a projection

(62) ™ 6(]‘—‘”1;”,711”7112) — Cuy0s (Rs)
and the function
1= T 1 (0) A T (06) A (05)

Qr

i
v1,v0,v0,v

on Cy, 4, (R?). By the generalized Stokes Theorem,
dom, =*m, od+ Ty,

so that we have

(63) df = 776* (Qrvl,v’,u”,ug) = a*(QFvl,v”,vg) - ﬁ* (Qr‘vl,v,vg) + ’7* (Qr‘vl,v,,vg)
where W

thv”ﬂlz = .\:/. ’ Fvlﬂhvz = /\.U ’ Fvlvv’,vz = ”n /.\ 2
and

Qo C(Fvl,v”,vz) = Cuy v, (Rg), B O(Fvl,v,vz) = Cuy v, (Rg), v O(Fm,v',m) = Cy va (RB)

are the natural forgetful maps. By Lemmal[A.2] the middle term 3. (Qr,, , . ) vanishes. On the other hand
the sum,

(6’ (QF ) + Y (QF

vy, ,vg ul,u”,vg)

equals the push down,
p* (ﬂ—;l,v (Wg) A ﬂ-z,vg (wg))
of the 4-form 7 (wy) A7}, (wy) along the 3-dimensional fiber of the natural projection,

V1,V
P Coy o, (RB) — Cyy 00 (RS)-

The latter vanishes by the standard argument using the reflection in the line through vertices v1 and vy (cf.
[Kol]).

Therefore we conclude that
df =0,
i.e. the function f is a constant independent of a particular position of the vertex ve (on the sphere). Let us

choose v9 to lie in the (z,t)-plane. Then the reflection in this plane preserves the orientation of the fiber of

the map (62)) but changes the differential form
QF It — _QF i

vy,v v vy vy,v’ v vy

Hence f = 0 and the proof is completed. |

Let CZ;H,GpH be the subset of the set of oriented graphs CZ;H,GpH consisting of graphs I" which have no
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e binary vertices of arity (1,1), i.e. of the form %

v
.

e no complete subgraphs of the form /‘”2 ,

1

e 10 two binary vertices connected by an edge.
We proved in this Appendix the following

A.5. Proposition. In the case d = 3 Proposition[3.2.4 holds true with the set of graphs Gg}, .5 ¢,1 replaced
by its subset CZ;JFLGPH.

A quick inspection of the case p = 1 shows that there are no graphs in Cgf} which satisfy the above three
properties so that one gets the following

A.6. Lemma. The set Cg} s empty.

In the case p = 2 one has non-trivial examples, e.g.

N /

?oQ = 10,13 ?01 = 10,13

T y e Gor T e Gor
| \1

The first graph T10 has two binary vertices have type (2,0) and two bmary vertices of type (0,2). The
second graph TIO has three vertices of type (2,0) and one vertex of type (0,2). Reversing all arrows in Ti’bl

one obtains a graph
1,3 o ~,
Ty = )% € G% 13

with three vertices of type (0,2) and one vertex of type ( 2 0).

APPENDIX B. Configuration space models for bipermutahedra
and biassociahedra

A.1. Associahedron, permutahedron and configuration spaces. Here we remind two well-known
constructions [Stl [Ko3| [LTV] (see also lecture notes [Me2]) which will be used later. Let

Conf, (R) := {[n] — R},

be the space of all possible injections of the set [n] := {1,2,...,n} into the real line R. This space is a
disjoint union of n! connected components each of which is isomorphic to the space

Confy(R) ={z1 <x2 <...<zp}.

The set Conf,(R) has a natural structure of an oriented n-dimensional manifold with orientation on
Conf® (R) given by the volume form dzy Adzy A. .. Adz,; orientations of all other connected components are
then fixed once we assume that the natural smooth action of S,, on Conf, (R) is orientation preserving. In
fact, we can (and often do) label points by an arbitrary finite set I, that is, consider the space of injections
of sets,

Conf ;(R) :={I — R}.
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A 2-dimensional Lie group G2 = RT x R acts freely on Conf,(R) by the law,

Conf, (R) x RtxR — Conf, (R)
p=Ax1,...,zn} Nv) — pt+vi={r1+v,..., \x, + v}

The action is free so that the quotient space,
Cn(R) := Conf,(R)/G2, n>2,

is naturally an (n — 2)-dimensional real oriented manifold equipped with a smooth orientation preserving
action of the group S,,. In fact,

Cu(R) = C3(R) X S,
with orientation, 2, defined on C2(R) := Conf? (R)/G2 as follows: identify C2(R) with the subspace of
Conf, (R) consisting of points {0 = 21 < 3 < ... < x, = 1} and then set Q, :=dxa A... Adzy_1.

The space C2(R) is closed as it is the disjoint union, C3(R) ~ Ss, of two points. The topological compact-
ification, C,,(R), of Cy,(R) for higher n can be defined as C, (R) x S, where C. (R) is, by definition, the
closure of an embedding,

Og(R) N (R]P)2)n(n—1)(n—2)
(X1, .y Tpn) — H Nz — x| o |z — k]« Jz; — zi] -
#{i.j,k}=3

Its codimension one strata are given by
00, (R) = | | Ch_pasi(R) x Cya(R),
A

where the union runs over connected proper subsets, A, of the ordered set {1,2,...,n}. The associated
collection C(R) = {C,,(R)} is a free operad in the category with the set of generators,

{Oz R) =~ 7~ }

12 37 7 nm1n ) pso
With the above graphical notations for the generators, the compactified configuration space is the disjoint
union of sets parameterized by planar rooted (equivalently, directed) trees

a®= I 7®)
TeTreey,

where Tree, is the set of all planar trees with n input legs whose vertices are at least trivalent (i.e. have at
least two input half—edges)ﬁ and

TR) = [] C%.(R)

veV(T)

is a set, better to say, a tree “decorated” by sets. In this decomposition the one-vertex tree corresponds to
the big open cell C2(R) C 62 (R), while trees with larger number of vertices to the boundary components of
the closed topological space C,,(R). Therefore the compactified space Uz (R) is homeomorphic, as a stratified

topological space, to the n-th Stasheff associahedron K,,, and associated to C,,(R) the operad of fundamental
chains gives the minimal resolution, Ass,, of the operad of associative algebras.

The trees parameterizing the boundary strata of UZ (R) can also be used to define a structure of a smooth
manifold with corners on 62(1&) [Ko3]. In particular, a decoration of internal edges of such a tree T with

5The set of internal edges of a rooted tree is denoted by E(T), its set of legs by Leg(G), and the set of vertices by V(T'); for
example, picture (64]) below shows a rooted tree (with directions of edges tacitly chosen to run from bottom to the top) with
#E(T) =3, #Leg(T) =7 and #V(T) = 4. There is a natural partial order on the set V(T'): v1 > vo if and only if there is a
directed path of internal edges starting at v2 and ending at v1. The set Tree, also admits a partial order: 77 > T5 if and only
if To can be obtained from T; by contraction of at least one internal edge.
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“small” real parameters defines an smooth open coordinate chart, Uy, of the boundary strata corresponding
to T in C, (R) as follows (see [Ko3, [G] and lecture notes [Me2] for details)

arp : [0,e)*ET) H C#In n(R) = Ur C Cn(R)
veV(T)

where E(T) is the set of internal edges of T', V(T') the set of vertices, € € R is a sufficiently small number
(which is in fact depends on coordinates in the factors C’; In(v) ( ), i.e. strictly speaking the left hand side is
a subset of a smooth bundle over [, ¢y (p) C’;fln(v) (R) but we ignore these unimportant subtleties here), and
Ci'(R) is an S,-equivariant section, 7 : C,(R) — Conf,, (R), of the natural projection Conf,,(R) — C,(R)
defined, for example, by equations Z?:l z; = 0and >, |z;]> = 1; clearly, such a section is a smooth manifold
so that the Lh.s. of the isomorphism ap is a smooth manifold with corners and can serve as a coordinate
chart indeed. For example, a tree [Me2]

l
(64) /\ /\\ €1,€2,e3 € [0,¢) for some 0 < & < 400;

6 2 4
3 5

gives a coordinate chart,

0,e)) x C§HR) x C5HR) x C5H(R) x C5HR) —> C7(R)
(51752753) X (£C1,£C',£C") X (55"17556) X (£C2,£C4,CC7) X (£C3,£C7) — (y1,y37y5,y67y27y47y7)
given explicitly as follows,
Y1 = X Y3 = {E + 51($/Il —+ 63173) Y2 = .I/I + E2T2
ys = o +e1(@” +e3xs)  ys = 2 +eamy
ye = ' +erws, yr = " +exr

The boundary stratum corresponding to T is given in Uy by the equations €1 = €3 = £3 = 0. In this atlas the
boundary strata gets interpreted as the limit configurations of collapsing points. However, our configurations
are considered only up to an action of the group Gs, so that above 3-parameter family of configurations can
be equivalently rewritten as

1 1 1

1 1

_ _ " 1 — Z

yl - E1E2€3 xl y?’ - Elé‘fé‘gx + 821€3x + Ef x3 y2 - 515f53 z + €11€3 x2
— / " _ "

y5 - slsfsgx + 82153'r + y4 - slsfsgz + 51153 $4
— — /

y6 - 818283x + EQE3 fL'G, y7 - E1E2€3 z + E€1€3 fL'?

and hence in the corresponding coordinate chart the limit configurations corresponds to points going in
groups infinitely far away from each other (with different relative speeds), i.e. as “exploded” configurations.
We shall work below with configuration spaces of points on a pair of lines, R x R, whose boundary strata
are parameterized by pairs of trees (with some extra structure); then it will sometimes be useful to interpret
the limit configurations as collapsing ones for one tree (i.e. on one copy of the real line), and as exploded
ones for another tree (i.e. on another copy of R).

A.1.1. Permutahedron. The n-dimensional permutahedron P, is defined as a convex hull in R"*! of the
set {o(1),0(2),...,0(n+1)}s; of (n+1)! points. The faces of P, are encoded by the ordered partitions of
the set {1,2,...,n —|— 1}, or equivalently, by the set of leveled planar trees with n+1 legs (see, e.g., [LTV] or
[Ma2] for examples and explanations). We recall that a leveled planar n-tree is a rooted n-tree T' together
with a surjective map, L : V(T') — [], from the set of its vertices to some finite ordinal [[] = {1,2,...,1} that
respects the standard partial order on V(T'). The set, LT ree,, of leveled planar trees is partially ordered:
(T,L)> (T",L) if (T",L’) is obtained from (7', L) by a contraction of levels. In particular (7, L) > (T, L’)
implies T > T". For a level tree (T, L : V(T') — [I]) we set

l
L] = =1+ #L™
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The configuration space model for the permutahedron was given in [LTV]. In our context (when we want
to keep freedom of interpreting the limit configurations either as collapsing or as exploded) it is useful to
consider the closure, C2(R), of C2(R) under the following embedding (cf. [LTV]),

C2(R) — (RP2)™(n=1)(n=2) x [0, c0]r(n=D(n=2)(n-3)
T; — T4
@) = L lo-alida-allo-al [ 222
#{ing k=3 #ligkly=a T E T

where [0, o0] is a 1-dimensional compact smooth manifold with corners with a defining coordinate chart given
by
[0,00] — [0,1]
t — T
The set 6,‘; (R) is is the disjoint union of sets parameterized by planar rooted level trees

Cory= [ T®),

TeLTreeny

and, as a smooth manifold with corners, can be identified with the permutahedron P, _;. For example, the
following level trees,

_L_L N —i—l
T = —e/+§ T = SN, T3 = ﬁ;\e—z
/N / VANWAN N /N

encode, respectively, the following limit configurations (as well as coordinate charts near the limit configu-
rations) in Pz = C{(R):
(i) Ty corresponds to the point in P3 obtained in the limit 1,2 — 40 from the configurations,
r1=—-1—¢€q, To=—14¢1, x3=1—¢c160, x4 =14€169,
(ii) T% corresponds to the 1-dimensional strata in Ps obtained in the limit € — 40 from the configura-
tions,
T4 — T3

1 =—1—¢cx, x9=—-14cx, z3=1—cx, x4=1+c¢x, T = € (0, 400).
ro — I

(iii) T5 corresponds to the point in P3 obtained in the limit £1,e9 — 40 from the configurations,
x1=—1—¢€182, x2=—-1+4¢€182, w3=1—¢2, x4=1+¢9,

For future reference we outline a general pattern which associates to a limit configuration, p =
lim{xy,...,z,}, in CS(R) a levelled tree:

(a) there is a natural projection 7 : C2(R) — C. (R) which associates to p its image 7(p) in the
associahedron and hence a unique maximal (with respect to the standard partial order in the poset
Treey,) unlevelled n-tree T' € Tree, such that p € T(R) C @‘; (R); the legs of T are naturally labelled
by the set [n].

(b) every vertex v of the unlevelled tree T' from (a) stands for a collection of points {z;, € R}, cr(w)
parameterized by the set H(v) of input half edges at v € T, which collapse to a single point z, in
R; we introduce an equivalence relation in the set V(7)) of vertices of the tree Tj,: v’ ~ v” if and

lzi ) =,

only if lim
EP " 7111_,//‘

is a non-zero finite number for some (and hence all) i, # j,» € H(v') and

ko # Ly € i (v") ; the associated equivalence classes [v'] are called levels; we say that equivalent
vertices lie on the same level;
(c) the natural partial ordering in the set of vertices, V(1},), induces a well-defined total ordering on the
|m’iul T | _ :
|mkv// 7111,//‘ = oo (ln

which case the level [¢v'] lies above the level [v”] in the standard pictorial representation of a tree) or

lim 2 "l g (in which case the level [v'] lies below the level [v"]).

|mku// —TL |

set of its levels. Indeed, if v' and v” belong to different levels, then either lim
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As a result we get a natural partition of the permutahedron,
Comy= JI 7@ x®HH,
(T,L)ELT reey
parameterized by leveled trees; by analogy to the case of the associahedron, one can use this partition to
introduce a smooth (with corners) atlas on C2(R) in which each leveled tree (T, L) (with edges decorated
by sufficiently small parameters and with levels decorated by arbitrary non-negative parameters) gives us
a coordinate chart near the boundary strata T'(R) x (RT)IEl ¢ C2(R). Thus C2(R) = P,_; can be given

a structure of smooth manifold with corners (we do not use in this paper a finer fact that P,_1 can be
identified with a polytope).

A.2. Bipermutahedron. In this and the next subsections we give a configuration space interpretation of
the bipermutahedron and biassociahedron posets, P and, respectively, K", which were introduced and

n
studied by Martin Markl in [Ma2]. We show that these posets can be identified with the boundary posets
of certain smooth manifolds with corners (which come equipped with a natural structure of semialgebraic

manifolds).

Consider a configuration space
Conf,, ,(R x R) := Conf; (R) x Conf; (R).
A point p € Confy, ,(R x R) is a pair (p,p”) of collections of real numbers,

p={z1<...<zn}, P'={y1<...<uyn}
The group Gs := R x R? acts freely on Conf, ,(R x R) for all m +n > 3 by rescalings and translations,
Gs x  Confy, ,(RxR) —  Conf;, (R xR)
(A, a,b) ', p") — (W @A +b)

The space of orbits,
Conf,, (R xR)
Gs

is a (m 4+ n — 3)-dimensional oriented manifold. It is clear that

Cl)n(R X R) = Cn)l(R X R) = Cz(R)

Crn(R xR) :=

and we define their compactifications C/'l\n(R x R) and C/'n\l(R x R) as the permutahedron GZ(R) For
m,n > 2, there are canonical projections

7 Cpn(RxR) = Cp(R), 7" :Cpn(RxR)— CL(R)

which can be used to construct the following embedding

Coom(RxR) — C(R) x Cu(R) x [0, oo] =T
@) — o x p x I lwi - 2llye — usl
i>j5,a>0

and define the compactified configuration space C/n:l(R x R) as the closure of the image of Cy, ,(R x R)
under this embedding. By analogy to the case of permutohedra, the compact space Cy, (R X R) can be given
naturally a structure of a smooth manifold with corners; in particular, this space comes with a stratification,

Conn(R X R) D 9Cmn(R x R) D 92Crmn(R xR) D ...,

and it is not hard to check that the associated to this stratification poset is precisely the bipermutohedron
poset P from [Ma2]. Let us first recall from [Ma2] the definition of the poset P, m > 1, n > 1, m+n > 3.
For m,n > 2 the set P is defined as the set of all triples, (T'T,T),¢), consisting of an up rooted tree
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TT € Treey, of a down-rooted tree T| € Treen,, and a strictly order preservingﬁ surjective level function
¢:V(TTYUV(T)) — [l]. For example
N\
N c P
/N /N
We define

l
] = =1+ > 7).
=1

The set P™ is partially ordered: (TT,T,¢) > (T',T,,/) if the latter can be obtained from the former
by contraction of levels. The posets Pl and P are identified with LT ree, but their elements are still
represented as pairs of trees with the help of the singular tree | which has no vertices, for example

Rﬁ €Ps.

To each (limit) configuration, p = lim{zy,...,2,}, in C*m,n(R x R) we associate a uniquely defined leveled
bi-tree from P by a procedure which is completely analogous to the one described at the end of §AT.T]
and get, therefore, a decomposition,

(65) Crm@®xR) = J[ T'R)xTy(R) x (RH)".
(TT,TL,Z)EP,’,‘L

This decomposition can be used to define a smooth (with corners) atlas on the bipermutohedron am,n(R xR).
A.3. Biassociahedron. Compactifications Ci ,(R x R) and C,1(R x R) of the configuration spaces

C1.n(R x R) and respectively Cy,1(R x R) are defined as the associahedron C, (R). For m,n > 2 we

define a compactification Cj, (R x R) of the configuration space Cy, ,(R x R) as the closure of the image
of Cpy (R x R) under the following embedding (cf. [ShI]),

nm(n—1)(m—1)

Cmn(BXR) — Tm(@®) x Cu(R) x  [0,00
(', p") — ¢ x " x [I lmi - willye — sl
i>j,a>

There is a natural surjection
P:Cpn(RXR) — Cpn(R xR)

so that the partition (G0]) induces a partition of Ci, ,,(R x R). The induced partition is again parameterized
by pairs of trees with an extra structure. The difference of the compactification formula for Cy, (R x R)

from the one for C/'m\n(R x R) is that we have no factors “Z—_ZJL ‘I and ‘I‘Zj :Z?I‘ which measure relatives speeds
of collapsing/exploding groups of points belonging solely to one of the factors in R x R. Hence the projection
P applied to the stratum TT(R) x T|(R) x (R*)/“l contracts to single points those factors of R* which
correspond to the levels i € [I] which have the property that either £=*(i)NV (T}) = 0 or £=2(i) NV (T}) = 0.
However such levels do not disappear completely from the induced stratification formula as it still makes
sense to compare ¢~1(i) with £=1(j) in the cases when ¢=1(i) N V(T}) = () and £=1(j) N V(T") = 0. Thus
after the projection P the level function on V(TT) U V(T)) gets transformed into a so called zone function
[Ma2] which, by definition, is a surjection,
C: V(TN uV(T) — [l

satisfying the following conditions:

(1) if v < u, then ((v) < ¢(u),

(ii) for any pair of different elements i, j € [I] with (~!(i) and (~!(j) containing vertices from both sets

V(T") and V(T), then i < j implies v < u for every vertex v € (71(i) and every vertex u € (~*(j)
such that the relation v < u;

Sie. if v > u then £(v) > £(u).
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(iii) there is no i € [I] such that both subsets (~!(i) and (~1(i + 1) belong to V(T'T) or both belong to
V(T)).
Elements i € [I] with ¢(~1(i) N V(TT) # 0 and ¢~1(i) N V(T}) # 0 are called barriers and are depicted
as solid horizontal lines. Elements i € [I] with (71(i) N V(TT) = @ are called down-zones, while elements
¢T1(@) NV (T)) = 0 are called up-zones; they are depicted as dashed horizontal lines. Thus condition (i) says
that the zone function is order preserving, condition (ii) says that it is strictly order preserving on barriers,
and condition (iii) says that there are no adjacent zones of the same type. Here are examples,

\
N

PO
AN e AYAY

of a fixed pair of trees and three different zone functions on the set of their vertices. For a zone function ¢
on V(TT) U V(T)) we denote by B(() the set of its barriers, and by |¢| the non-negative integer,

¢ =1+ #CH(0).
i€B(()

The compactified configuration space Cy, (R x R), the biassociahedron (cf. [Ma2]), comes therefore equipped

with the induced stratification

(66) Coon®xR) = | ) T'R) x T\ (R) x (0, +00)!
(TT,T,¢)

which is parameterized by the poset K7, consisting of triples (T, T\, (). Therefore we often denote Cy, ,, (R x
R) by K?. This decomposition can be used to define in a standard way a smooth (with corners) atlas on
the biassociahedron K7, = C), (R x R) such that the associated poset

Crnn(R xR) D 9C, (R xR) D 0°Crn(RxR) D ...,

is precisely the poset K™ from [Ma2].

A.4. Example: m + n = 4. This is the first non-trivial case. It is clear that
Cg)l(R X R) ~ 01)3(R X R) ~ Q(R) ~ [0, 1]

Therefore in the cases (m = 1,n = 2) and (m = 2,n = 1) the combinatorics of the natural stratification
of the compactified configuration spaces can be coded by the following pairs of trees (each pair is equipped
with the only possible zone function),

Ga®xB) = A\

The left pair corresponds to the point 0 € [0, 1], the middle one to the open interval (0, 1), and the right pair
of trees to the point 1 € [0, 1]. Turning the trees above upside down, we get a “pairs of trees” stratification
of C13(R x R). The trees are not leveled, but it will be useful to understand these trees as trivially zoned
(cf. [Ma2]), i.e. as the ones in which all vertices are assigned one an the same zone value 1. We shall see
below examples of trees with more than one zone.

The compactification formula says that C 2(R x R) is the closure of the embedding,

CQ)Q(R X R) — [O, +OO]
(z1,22), (Y1,92) — |v2 — 21]|y2 — 1
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Thus Cs2(R x R) ~ [0,1], and the stratification [0,1] = 0U (0.1) U1 can be represented in terms of the pair
of trees and three possible zone functions as follows,

M AN/
::::i::::_| _____ —/$\—\|L /QL\\r/

0 1

The left pair of trees corresponds to the limit € — 0 configuration
('rl :_EaIQZE)a (yl :_17y2: 1) ~ ('rl =-lzx= 1)5 (yl = =512 :E)v
with |22 — x1||y2 — y1| = 0. The middle pair of tress corresponds to the generic configurations,
1 1
(@1 =—z22=2), (n =—y02=y) ~ (0=-exwy=cr), () =-2yp2=_y), zyeR,
with |22 — z1]|y2 — y1| & positive finite number (so that |x2 — 21| ~ |y2 — y1| and the associated vertices are
on the same level ). The right pair of trees corresponds to the limit ¢ — 0 of the configuration
1 1 1 1
(21 a2 =1), (=--p2=7) (@1=——22=2), (1 Y2 =1)

with |zo — x1||y2 — y1] = +00.

A.5. Example: m +n = 5. The cases (m = 1,n =4) and (m = 4,n = 1) are completely analogous to the
example discussed above. The cases (m = 2,n = 3) and (m = 3,n = 2) are similar so that we shall study in
detail only one of them. The compactification C3 2(R x R) is the closure of the embedding,

Cg)g(R X R) — RP? X [0, +OO]3
|562 - :c1||y2 - y1|
(iL‘l,I2,$3),(y1,y2) i [|$1—332| : |$1—333| : |332—333|] X |x3—:c1||y2—y1|

|2 — z3[y2 — v

There are three possible pairs of trees in this case,

1 5
LY AY /\\/
/N /\ /\
To check claim (66) we have to consider the list of all possible zone functions on these pairs, together with
the associated boundary strata.

1) To the zone function 7%\_\% we associate, in accordance with (GG]), the 2-dimensional big cell

(x1 = 0,22 = z,23 =1)

(y1=-Y,y2=y) ~ (0,1) x (0, 400)

C32(R X R) ~ {

2) The zone function l T corresponds to the 1-dimensional cell

/IN

lim
e—0

{ (x1 =0,20 = 2,23 = 1) ~ (0,1)

(y1 = —€,y2 =€)

L.

3) The zone function /}\\\J corresponds to the 1-dimensional cell
\

shg(l) ~ (0,1)

{ (1 =0,220 = 2,25 = 1)
(1 =—2,92=1)
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Y %

4) The zone functions 1 and, respectively, 1 correspond to 2 points which are boundaries

/\\ /

of the closure of the strata 2) in C52(R x R), i.e. they correspond, respectively, to the following two limit
configuration

lim
€1 ,82—)0

{ (1 =0,20 =e1,23 = 1) lim

(acl = 0,1'2 =1 —&1,T3 = 1)
(y1 = —€2,y2 = £2) c1,620

(yl = —€2,Y2 = 82)

! !
5) The zone functions /o<\\\/ and, respectively, //\\\Q/ correspond to 2 points which are boundaries
| |

of the closure of the strata 3) in C52(R x R), i.e. they correspond, respectively, to the following two limit
configuration

lim
61,62%0

(x1=0,20 = 1,23 = 1) ; (21 =0,m =1—c123=1)
B 1 0 lim _ 1 — _1
(yl - _573/2 - 5162) €1,62—0 (yl - _Eng - 5152)

6) The zone functions ‘ and, respectively, J correspond, respectively, to the following
AN /X

1-dimensional cells,

lim { (w1 =02 = =1) _ lim { (wr=0m=l-c,z3=1) _ )
e—0 (1= -y, 92=9) e—0 (1 =-v,92=9)

kNS Lo\
7) The zone functions ./ \\/ and, respectively, \\\/ correspond, respectively, to the following points
- AN AN
in Cg)g(R X R),

1 lim

1 =—2.92=2) £20 >

lim { (1171 = O,IQ = £1&2,T3 = 1)
(1 =—2512=2)

{ (Il :0,$2:1—61€2I3:1)

61752%0

\ A
8) The zone functions S and, respectively, correspond, respectively, to the following
/NN /N

1-dimensional cells,

~ (0, 400) lim ~ (0, 400)

e—0

lim
e—0

{ (71 =0,22 =¢,23 =1)

{ (11 =022 =1-¢c,23=1)
(h=-%y2=1%)

(=L =4)

This list exhaust all possible natural strata of and all possible triples (TT € Trees, T, € Trees,(). The
stratification formula (GG) holds true in this case. Not surprisingly, Cs2(R x R) is the hexagon from the
multiplihedra family [Ma2, [SUT|
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AL P P

-
/<\ F1G. 2: 13 (FChains(K3))

F1G. 1: BIASSOCIAHEDRON K3

A.6. From biassociahedra to strongly homotopy bialgebras. As we saw in the previous subsection,
the biassociahedron K7} is a smooth manifold with corners which comes equipped with a boundary stratifi-
cation parameterized by Markl’s poset K. In fact, we constructed K as a closed semi-algebraic subset in
the product of copies of 2-spheres S? and the intervals [0, 1]. Hence K?, comes equipped with a structure of a
semialgebraic set (which is finer than just the structure of a smooth manifold with corners). Kontsevich and
Soibelman introduced in the Appendix 8 of [KS] a suitable theory of singular chains for such semialgebraic
spaces X (see [HLTV] for full details); in this theory Chains(X) is a vector space of a field K group generated
by (equivalence classes) of semialgebraic maps f : Y — X from oriented compact semialgebraic spaces Y.
As in [KS] we assume that the semialgebraic chain complex (Chains(X), d) is negatively graded so that the

boundary operator has degree +1.

This canonical stratification of the biassociahedron K?, in terms of zoned trees gives us (i) an obvious %-

structure on the collection of dg S-bimodules {Chains(KZ,)}m nen, and (i) a 2-subprop FChains(Km,) C
Chains(K",) spanned by fundamental chains which is called the dg %—prop of of fundamental or cellular
chains of the biassociahedron. Unfortunately, the S-submodule { FChains(K,)}m nen is not a prop. Martin
Markl constructed by induction a collection r = {rl,} of linear monomorphisms of graded vector spaces in
a2,
ry : FChains(K)} — AssBoo,

The image under r? of generators of FChains(K3) is given in FIG. 2. As we see from this example,
the monomorphism 7 is not even homogeneous: the upper edge of KZ (which is a degree —1 element in

FChains(K3)) gets mapped into a degree —2 element[] in AssBs. Thus we can not use the map

r to make FChains(K?) into a prop (however the collection of maps {rs} respects %—prop compositions in
the dg S-bimodules FChains(K?)} and AssBx).

It is not hard to see how the complex FChains(K3) should be modified in order to make the map 73 :
FChains(K3) — AssBs into a degree zero morphism of complezes. One has to subdivide the upper edge of
K2 into the union of two edges by adding a new vertex in the middle. Equivalently, one has to replace the

, where A stands for a A, diagonal

degree —2 element with a sum of degree —1 elements,

"We also use here fraction notations for elements of AssBoo introduced in [Mall.
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[SUZ, NS,
A 2 = LR + 288

q <]

After this subdivision one reads from K2 the correct formula for the value of the differential in AssBx,

on the (2, 3)-corolla.

Note that the definition of the Ass., diagonal A involves choices so that the best one can hope for is to
find a (non-uniquely) defined cellular refinement, (Cell(K?), Ocerr), of the fundamental chain complex of the
biassociahedron together with a monomorphism complexes

r: Cell(K3) — AssBoo

such that the free properad generated by “big” cells K' and equipped with the differential O.e;; can be
identified via r with some minimal resolution AssBs of AssB. The existence of such an intermediate
complex

FChains(Ky) C Cell(K?) C Chains(K3)
was claimed by Samson Saneblidze and Ron Umble in [SUT].
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