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Competences and
research focus

Mechanics of interfaces



MECHANICS OF INTERFACES

DISCRETISATION COMPETENCES

discrete and
continuum
approaches

COUPLED PROBLEMS

STATISTICAL INVERSE biofilms, liquid crystals,
PROBLEMS AND MULTI-SCALE FRACTURE || fluid-structure, batteries

UNCERTAINTY aerospace composites,
QUANTIFICATION polycrystalline materials

QUALITY & ERROR | [ 58 | A INTERACTIVITY
CONTROL P2 R A QL AR T e Reduce

optimise computational | | A - o E computational costs
time given an accuracy - . ' S TAw P by several orders of
level ‘ v* g 1 e s s e i e magnitude

Real-time simulation of cuing during brain surgery, Courtecuisse et al.
2014, Medical Image Analysis

APPLICATIONS
PERSONALISED MEDICINE ENGINEERING

Computer-aided Computer-aided Durability &

surgery diagnostics Sustainability Energy Aerospace

http://legato-team.eu — stephane.bordas@uni.lu S. Bordas, B. Peters, A. Zilian
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Interfaces in practical engineering simulations
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Interfaces in practical engineering simulations

CRACKS & CUTS

Real-time simulation of cutting during brain surgery

Needle tissue interaction with breathing motion



Interfaces in practical engineering simulations

MODELS
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Discretisation ] [ Fracture over multiple scales ]
Coupled problems

¢ FEM solution: velocity potential

] 0.1 0.2 03 0.4 05

Mesh-free and discrete approaches to
fracture

Biofilm growth

[ Quality and error control [ Interactivity and model order reduction )
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Failure of
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Crack growth in
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composites [right]
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exp

Here, a simple orthotropic phenomenological model suffices

An experimental/numerical investigation into the main driving force for
crack propagation in uni-directional fibre-reinforced composite laminae

Cahill, Natarajan, SPAB, O’'Higgins, McCarthy,
Composite Structures, 107 (2014) 119-130
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Motivation: fracture of engineering structures and materials

r N
» Limerick: unidirectional composites linear elastic

fracture & fatigue
= ’ thesis L. Cahill, 2014 43

» China/USA: hydraulic fracturing (shale gas)
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thesis M. Sheng, USA, China, 2016




Motivation: multiscale fracture of engineering structures and materials

Solder joint durablllty (microelectronics), Bosch GmbH

UNIVERSITS
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Motivation: multiscale fracture of engineering structures and materials

100 pjiés 4
7 ( %A ﬂ

VW Y0.125 mm

4 Reducethe problem size while controlling the error (in Qol)
when solving very large (multiscale) mechanics problems 38



Computational expense
reduction in multi-scale
fracture fracture

e Homogenisation - Hierarchical, FE?

e Concurrent and hybrid (bridging domain,

ARLEQUIN...)
e Adaptivity Enrichment (PUF
GFEM...)

-M, Xk

=M

e Model reduction (Quasi-Continuum, POD,

PGD...)
e Outlook - learning models?

39



Outline

e Reminders and definitions on multi-scale
methods

e An error-controlled adaptive method tor
fracture

e Model reduction approaches (adaptive

”0OD and Quasi-Continuum)

e Qutlook - learning models”

40




Definitions and Basics

Multi-scale methods



Which model, at what scale?

+ Objective: Derive ansatz-free,
physics-based, predictive models
g of macroscopic behavior A
34 Engineering
applications
GEJ AT
-— (g. Y E s A | i \
R | Subgrai Cont
DOCROUN B Structures ontinuum
¥ AR
R Dislocation , , ,
dynamics < Discrete or linear elastic
(D LB .
c | Lattice . Quantum mechanical or atomistic
defects, EoS
A% T pm mm o,
R length SIMM 12/08

Working scale: scale at which observations/predictions must be made

Length-scale: length of a typical constituent of the structure whose physics can be
described in a self-consistent manner

pierre.kerfriden@gmail.com stephane.bordas@alum.northwestern.edu lars.beex@uni.lu
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Multiscale modelling

* Top-bottom view: Feed macroscopic model
with some information coming subscale
modelling

* Bottom-up view: replace heterogeneous
subscale model by an equivalent, smoother,
model at the scale where predictions are
required (i.e. macroscopic scale)

= [n an ideal world: model subscales directly

infeasible 1n practice
= Multiscale methods: Use an approximate
model s.t. (e.g. [Fish ‘07]):

Error in Qol macroscopic < Tolerance
Cost of solving macromodel << subscale model

pierre.kerfriden@gmail.com stephane.bordas@alum.northwestern.edu lars.beex@uni.lu
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Why scale bridging? (1/3)

* Phenomenological macroscale modelling

= Assume the “shape” of the
governing equations

» |dentify constants from experimental data

* But, if the first step is not done correctly: lack of predictivity (the model
cannot fit of overfits the data)

.\

-

oA
[Janicke et al. 2012]

pierre.kerfriden@gmail.com stephane.bordas@alum.northwestern.edu lars.beex@uni.lu
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Why scale bridging? (2/3)

* Modify the microstructure virtually and test
the overall response of the structure

— Need reliable link between of
macroscale equations and micro
parameters, which would be difficult
to identify experimentally

* Virtual optimisation

= Architectured materials o , _
Optimisation of fiber content in

s Controlled microstructures sandwich beams to minimise
interfacial stress in

pierre.kerfriden@gmail.com stephane.bordas@alum.northwestern.edu lars.beex@uni.lu
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Why scale bridging? (3/3)

* Observations at the microscale but approximations required to propagate
the macroscoale load to the regions of interest

....

) . v
. X

L LR

Approximation of the behaviour of
polycrystalline materials away from
microscopic damage

pierre.kerfriden@gmail.com stephane.bordas@alum.northwestern.edu lars.beex@uni.lu
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Multiscale computational strategies: taxonomy

» Information passing strategies

— Get macroscale equations from subscale

— Post-process (some) microscopic features

= Concurrent multiscale methods

— Strongly couple models at different
scales

A 1) ANATATFATATATAVAVAVAT AN A T ATAT A "
FOXDOITIX HHF NN ADHAK '\
D WA, VAN WA AT AT ATAVAYAY S .
B N R A ar T a AT TAVAVAVA)
" L “J \LT-TNALA L
PN e LS N A SN LTS, A :
YAARIACKY. | 45« VV

N T e AT <

iy AT T 8 A N

e 2 e ol P v b SN LTAANAVAYA
= .

N

= Multiscale preconditioners: use coarse scales
to fasten the direct solution of subscale
models (e.g. error estimation, multigrid solvers,
domain decomposition)

pierre.kerfriden@gmail.com stephane.bordas@alum.northwestern.edu lars.beex@uni.lu
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Basic component: homogenisation

Heterog. continuum

* Knowing the governing equations at the
microscale, can we find homogeneous
governing equations at the macroscale s. t.:

= The solution of the macroscale problem converges
to the solution of the microscale problem when
the scale ratio tends to zero

l Homogenisation

* Hopefully, the solution of the macroscale PDE with
problem is a good approximation of the solution constant coeff.
of the microscale problem (in some sense)
even when the scale ratio is not very small.

A A A

pierre.kerfriden@gmail.com stephane.bordas@alum.northwestern.edu lars.beex@uni.lu
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Alternative: micromechanics

_ Elasticity, constant
* Assume the form of macroscopic coefficients

laws and attach a representative volume
element to the material point

* Assume that the average strain
over the RVE is complemented by a
well-chosen microscopic fluctuation

Homogeneous strain

* Get the constitutive effective law by
enforcing a micro-macro energy equivalence
(“macro-energy = average micro-energy in
all compatible micro-macro deformations”)

“micro” fluctuation

pierre.kerfriden@gmail.com stephane.bordas@alum.northwestern.edu lars.beex@uni.lu
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Some key publications

* Chapter on micromechanics by S. Forest in Nonlinear Mechanics of
Materials, 2009

e Zohdi and Wriggers, An Introduction to Computational Micromechanics,
2005

e S. Palencia, Homogenization in Mechanics: a Survey of Solved and Opend
Problems, 1986

* J. Fish, Bridging the scales in nano engineering and science, 2006
e D. Cioranescu, An introduction to homogenisation, 1999

* A Romkes., J. T. Oden and K. Vemaganti, Multi-scale goal-oriented adaptive
modeling of random heterogeneous materials, 2006

* F. Larsson and K. Runesson, On two-scale adaptive FE analysis of micro-
heterogeneous media with seamless scale-bridging, 2011

pierre.kerfriden@gmail.com stephane.bordas@alum.northwestern.edu lars.beex@uni.lu
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AN adaptive multi-scale
method tor fracture

Polycrystalline materials

Error Controlled Adaptive Multiscale Method For Fracture
Modelling in Polycrystalline materials

Akbari,A.; Kerfriden P.; SPAB, in Philosophical Magazine (2015)
http://orbilu.uni.lu/handle/10993/18262

51
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Definition of an RVE

1°>> 17 > 19

Microscale

Coupling of macroscopic and microscopic levels

The volume averaging theorem 1s postulated for:

1) Strain tensor: €€ = ! u @, ndl

2(x°)| Jaaxe)

2) Virtual work (Hill-Mandel condition): e — L tf . sul dT

2(x°)| Jaaxe)

3) Stress tensor: o€ — 1 _ t/ @ x/ dr
€2(x)| O (x°)

Akbari,A.; Kerfriden P.; SPAB, in Philosophical Magazine (2015)
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Macro-level

Advantages and abilities:

The macroscopic constitutive law is not
required

Non-linear material behaviour can be simulated
Microscale behaviour of material 1s monitored
at each load step

Akbari,A.; Kerfriden P.; SPAB, in Philosophical Magazine (2015)

Micro-level

Drawbacks:

In softening regime:
. Lack of scale separation
. Macroscale mesh dependence

53
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load

displacement

Akbari,A.; Kerfriden P.; SPAB, in Philosophical Magazine (2015)
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load

@

displacement

Akbari,A.; Kerfriden P.; SPAB, in Philosophical Magazine (2015)
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- - -

A limit point

load

displacement

Details in Phil. Magazine, 2015, Akbari, Kerfriden, Bordas
http://orbilu.uni.lu/handle/10993/18262

Akbari,A.; Kerfriden P.; SPAB, in Philosophical Magazine (2015)

56
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The distribution of strain-gradient sensitivity Ly ||VVu¢||e

0 0.002 0.004 0.006 0.008 0.01
Time Step: 3 | 8 15
o | K-
28 58 78
b A

Akbari,A.; Kerfriden P.; SPAB, in Philosophitdl(Magazine (2015) 59 120 160
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Adaptive algebraic
modadel order reduction

Part 1. Selective domain-based model order reduction

A partitioned model order reduction approach to rationalise
computational expenses in nonlinear fracture
mechanics

P. Kerfriden, O. Goury, T. Rabczuk, SPAB Computer Methods in
Applied Mechanics and Engineering, (2013) 256:169-188.

http://orbilu.uni.lu/handle/10993/10206

64
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lllustration of the method of separated representation

C’l = sin(0.01z) N

[ \o? = costv

100 100

P. Kerfriden, O. Goury, T. Rabczuk, SPAB Computer Methods in Applied Mechanics and Engineering, (2013) 256:169-188.



lllustration of the method of separated representation

)

Vo

100 100

P. Kerfriden, O. Goury, T. Rabczuk, SPAB Computer Methods in Applied Mechanics and Engineering, (2013) 256:169-188.



lllustration of the method of separated representation

0. \/
| (V)
-0.5
-1 -l
1000
] 100 ] 100

Very rich approximations!

1000
100

P. Kerfriden, O. Goury, T. Rabczuk, SPAB Computer Methods in Applied Mechanics and Engineering, (2013) 256:169-188.



Data compression: get the nose with the POD!

50
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400

450

u(x;, y;) = ZCZ ;) Cz (%)

(Cs, C)zE[[ln]]—argmanZ (u(zi, y;) — u(wi, y5))°

P. Kerfriden, O. Goury, T. Rabczuk, SPAB Computer Methods in Applied Mechanics and Engineering, (2013) 256:169-188.



Data compression: get the nose with the POD!

50
100
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200
250 :
300
ssof
400

450

50F &

100
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(rectangle,

approximation
of order 2 is
enough)

400

450 & i

350 50 100
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350 500

300

500 50 100 150 200 250 400 450

350

400 450

nc=2

U(x;, yi) =
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Data compression: get the nose with the POD!

50

10

150

200 §
250
300}

350

400

450

500

50

100

150

200

250

300

350

400

450

50

100

150

200

250

300F
350 |

400 -

Got the nose
(rectangle,

approximation
of order 2 is
enough)

50 100 150 200 250 300 350 400 450 500 50 100 150 200 250 300 350 400 450 500

| Converges
. slowly locally
(idem fracture)

300
350
400
450 F 450 F
50 100 150 200 250 300 350 400 450 500 50 100 1~’I>0 2‘50 250 360 7350 400 450 500
Nc = 5 Nc = 10
Ne
— 7 )
1=1

(CL, C) et neg = argmin ¥ > (u(ws, y;) — (i, y5))?
i Yj

P. Kerfriden, O. Goury, T. Rabczuk, SPAB Computer Methods in Applied Mechanics and Engineering, (2013) 256:169-188.



Method of separated representation
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Proper Orthogonal Decomposition (POD)

U(t)"CCU(t) dt = Tr(CTK )

P = Negh where  (A")re[o.n] in decreasing order

C=(¢" ¢ .. ¢

/ Oéi Oéj dt = 52’3’ )\Z
teT

P. Kerfriden, O. Goury, T. Rabczuk, SPAB Computer Methods in Applied Mechanics and Engineering, (2013) 256:169-188.



a posteriori model order reduction. Idea: search for the solution as a linear combination of a set of pre-calculated representative

' ng loads (1) Solve FINE for n_S parameters (EXPENSIVE!)
S=(Ss'" s .. 8")

(2) Singular value decomposition

s -

k=1 ng solutions, sorted by relevance

where (Zk)kg[[l nd decreasing order

(3) Trufreation

Reduced basis: family of representative solutions

Initial set of equations
Family of

Fio @+ Fp =0
/fepresentative solutions

(4) Galerfkin orthogonality
U)-ca
) &

on |

Solution
gTEim (g Q) T gT Eext =0 Coefficients
Approximation of the .
solution in a space of C ;
small dimension (nc) = < 5
C=(U"u* .. U"“)

P. Kerfriden, O. Goury, T. Rabczuk, SPAB Computer Methods in Applied Mechanics and Engineering, (2013) 256:169-188.



Limitations: case of highly non-linear fracture mechanics pbs

SRR
P— s S )

Error

P. Kerfriden, O. Goury, T. Rabczuk, SPAB Computer Methods in Applied Mechanics and Engineering, (2013) 256:169-188.
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Application to a parametric fracture problem

Initial crack

AAARARARARARARARSARARANY

P. Kerfriden, O. Goury, T. Rabczuk, SPAB Computer Methods in Applied Mechanics and Engineering, (2013) 256:169-188.



Application to a parametric fracture problem

10 solutions

10 solutions
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Parametric / stochastic multiscale fracture mechanics

10}

Highly correlated solution fields

First realisation Second realisation

0 5 10 (5 20

Localisation of fracture, uncorrelated

P. Kerfriden, O. Goury, T. Rabczuk, SPAB Computer Methods in Applied Mechanics and Engineering, (2013) 256:169-188.



The Return of the Monkey!
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What can we do to address lack of separation of scales?
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Model reduction in mechanics (non exhaustive)

* Model order reduction in a domain decomposition context
= Craig-Bampton [Craig and Bampton '68, Rixen et al. '04]
= LaTln method / PGD [Ladeveze et al. ’03, Ladeveze et al. ’10]
= Partitioned Component Mode Synthesis [Park and Park '04, Markovic and Ibrahimbegovic '09]
= Partitioned POD [Kerfriden et al. '11]

 Model order reduction of substructures not requiring a fine analysis a priori
= Modal truncation [Barbone et al. ’03, Rickelt and Reese '04]

= POD [Rickelt and Reese '06]

* Patches
= Finite element enrichment of PGD models by VMM [Ammar et al. '11]

=  XFEM discontinuities in soft tissues [Niroomandi et al. "11]

 Model order reduction for heterogeneous/nonlinear materials fracture
= A priori Hyperreduction for plasticity [Ryckelynck et al. ’08] and damage [Kerfriden et al. "10]
= Adaptive POD and morphing in the XFEM context [Galland et al. ’09]
= Reduced model multiscale method [Yvonnet et al. '07]

= LaTln method [Ladeveze et al. ‘03]

pierre.kerfriden@gmail.com stephane.bordas@alum.northwestern.edu lars.beex@uni.lu
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How we got to this point...

P. Kerfriden, P. Gosselet, S. Adhikari, and S. Bordas. Bridging proper orthogonal decomposition
methods and augmented Newton-Krylov algorithms: an adaptive model order reduction for highly
nonlinear mechanical problems. Computer Methods in Applied Mechanics and Engineering, 200(5-
8):850-866, 2011.

P. Kerfriden, J.C. Passieux, and S. Bordas. Local/global model order reduction strategy for the
simulation of quasi-brittle fracture. International Journal for Numerical Methods in Engineering,
89(2):154-179, 2011.

P. Kerfriden, K.M. Schmidt, T. Rabczuk, and Bordas S.P.A. Statistical extraction of process
zones and representative subspaces in fracture of random composites. Accepted for publication in
International Journal for Multiscale Computational Engineering, arXiv:1203.2/87v2, 2012.

hitp://www.ncbi.nlm.nih.gov/pmc/articles/PMC3672853/
http://orbilu.uni.lu/bitstream/10993/12454/2/presentationUSNCCM. pdf
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Data compression: fracture

Snapshot POD (snapshot space is spanned by the
ensemble of solutions at all time steps) POD order 1

“Exact” solution

4 POD order 3

0 = 10 15 20
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Partitioned POD/DDM
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Reduced DDM-POD

Partitioned reduced basis

Compute particular realisations

» Decompose the structure into
subdomains

P Perform a reduction in the highly

(cost intensive) using domain
decomposition (snapshots)
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P. Kerfriden, O. Goury, T. Rabczuk, SPAB Computer Methods in Applied Mechanics and Engineering, (2013) 256:169-188.



PY— : local error estimation by “leave
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Performance: load angle 40 | 27 - 121 nodes
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Performance: load angle 40 | 27 - 256 nodes

® Relative error

1/2PP (1) (U?PP) 2

Z ”Udpp(fn /1) - Uex(tn. /1)”3

_ ta€Th

ex 2
> U (b )l

t71 éTh

107"
—t— Partitioned POD + SA
== Partitioned POD
= © = [ull Scale Inexact
1077
=
“107? R
b Y
Y
Y
-
A
Y
A Y
Y
Y
10°* 1 1 . . © .
- 0 50 100 150 200 250

(b) Relative error for the different models using 256 nodes

per subdomain

runtime

107°
—s— Partitioned POD + SA
== Partitioned POD
=@ = [ull Scale Inexact
5
2107
107"

200

runtime

(b) Relative error for the different models using 256 nodes
per subdomain

P. Kerfriden, O. Goury, T. Rabczuk, SPAB Computer Methods in Applied Mechanics and Engineering, (2013) 256:169-188.



Performance: load angle 40 | 27 - 441 nodes
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Performance: load angle 40 | 27 - 961 nodes
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Take home message

—
¢
Locally non correlated:
no reduction
Details in Phil. Magazine, 2015, Details in CMAME, 2013,
Akbari, Kerfriden, Bordas Goury, Kerfriden, Rabczuk, Bordas

The fractured/softening regions cannot be reduced!



Adaptive algebraic
modadel order reduction

Part 2. Quasi-Continuum Method

L. Beex, R. Peerlings, M. Geers, O. Rokos, J.
Zeman, P. Kerfriden, SPAB

some other time :)



Outlook

Model learning across scales
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/ GEOMETRICAL MODEL \ / DISCRETISATION \

Verificati
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/ MATERIAL MODELS
Phenomenological
Elasticity/Plasticity

Crack growth law (Paris...)
Fracture energy
Maximum tensile strength
Multi-scale
Debonding,Fibre pull-out
Fibre breakage, interface
fracture, grains, dislocations,
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CONVENTIONAL APPROACH



/ DIGITAL TWIN OF THE SYSTEM
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Worst load

Scales of
interest
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Inspection - which scales?
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what parameters?
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The brain is
complicated...

But we only

wish to
compute
displacements

Courtesy
Prof. Wies NowinskKi,
A-Star, Singapore

Karol Miller



Patient-specific modelling of patients

Computation time

Surgical simulation (real time/interactivity)

¥ )

P

/

' 'comple>

microstructure

/1

Reduce the problem size while maintaining accuracy in solving very large multiscale

mechanics problems
Courtecuisse et al. PBMB 2011
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" IMAGE/MODEL . /  DISCRETISATION

Verificati

/" MATERIAL MODELS

Phenomenological
Neo-Hookean, Ogden, ...
Multi-scale
cutting, fracture,

277

Patient specific ???

Validation & par

4
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When the material model is not known, this conventional
approach breaks down

Deep-brain stimulation

Courtesy Alexandre Bilger, PhD thesis, Inria, 2014
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/ DIGITAL TWIN OF THE PATIENT \
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news from legato
http://legato-team.eu
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Thank you for your attention!

International Centre
for Mechanical Sciences

CISM-ECCOMAS International Summer School on “Modelling,
Simulation and Characterization of Multi-Scale Heterogeneous
Materials” September 28, 2015 — October 2, 2015

OPEN SOURCE CODES
PERMIX: Multiscale, XFEM, large deformation, coupled 2 LAMMPS, ABAQUS, OpenMP -

MATLAB Codes: XFEM, 3D ISOGEOMETRIC XFEM, 2D ISOGEOMETRIC BEM, 2D MESHLESS
DOWNLOAD @ http://cmechanicsos.users.sourceforge.net/

COMPUTATIONAL MECHANICS DISCUSSION GROUP Request membership @
http://eroups.google.com/group/computational mechanics discussion/about

102
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Thank you for your attention!

International Centre
for Mechanical Sciences

CISM-ECCOMAS International Summer School on “Towards a

seamless Integration of CAD and simulation” (G. Beer and S. Bordas)

2017

OPEN SOURCE CODES
PERMIX: Multiscale, XFEM, large deformation, coupled 2 LAMMPS, ABAQUS, OpenMP -
MATLAB Codes: XFEM, 3D ISOGEOMETRIC XFEM, 2D ISOGEOMETRIC BEM, 2D MESHLESS

DOWNLOAD @ http://cmechanicsos.users.sourceforge.net/

COMPUTATIONAL MECHANICS DISCUSSION GROUP Request membership @
http://groups.google.com/group/computational mechanics discussion/about

103
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Conclusions and perspectives

Domain coupling using the primal Schur-complement domain decomposition method.

® Local subproblems have been reduced by projection in low-dimensional subspaces obtained
by the snapshot POD.

® This approach permits to flexibly reduce the computational cost associated with highly
nonlinear problems. In particular:

» the local reduced spaces are generated independently, and have independent dimensions,
which allows us to focus the numerical effort where it is most needed.

» subdomains that are close to highly damaged zones need a richer model to account for the
effect of topological changes. The local POD transforms automatically generate local
reduced spaces of larger dimension in these zones.

» the domain decomposition framework enables us to switch from reduced local solvers to
full local solvers in a transparent manner. This is particularly useful for the subdomains that
contain process zones, as a solution obtained by projection would be more expensive than
a direct solution for a desirable accuracy.

» the transition between “‘offline" and “online" computations becomes flexible. The reduced
models can be used in the zones where the local reduced spaces converge quickly when
enriching the snapshot space, while still computing snapshots and refining the reduced
models via a direct local solver in the remaining subdomains.
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Perspectives

® Further work related to domain decomposition

» load balancing mismatch would occur when using such a strategy in parallel. CPUs which
support domains that are not reduced, or domains for which the corresponding subproblems
need to be projected in a space of relatively high dimension, would require to perform more
operations. The domain partitioning itself should be performed jointly with the model reduction
in order to distribute the load evenly.

» the interface problem itself was not reduced here, to guarantee the interface kinematic
compatibility.

erc
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Bayesian inference

Primer
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Bayes’ theorem

orior — prior X likelihood r(zly) = m(x)m(y|x)
POSLEHIOL = evidence J m(@)m(y|z)dz
prior 7T ($)

Q
\\



Parameter identification: Bayesian approach

Bayes’ theorem

m(z)m(y|z)
w(x)m(y|x)dr

m(zly) = T
7(.) : probability distribution function

w(.|.) : conditional probability distribution function
x : material parameter

y : observations



Parameter identification: Bayesian approach

Bayes’ theorem

m(z)m(ylz)

m(z|y) = f

m(x)m(y|x)dx

Descriptive formula

Prior x Likelihood
Evidence

Posterior =



A discrete example of Bayes’ theorem




e ~\
00




This is our prior information for the probability of each face: 1/6
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Assume that after throwing the dice, you see the above evidence




Goal: determine the probability of this evidence for each face of the dice
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One would never see a dot at the star positions for this face

The probability of the evidence is zero







Two possibilities (a,c) and (b,d)






Also two possibilities (a,c) and (b,d)
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Prior x Likelihood & X 3

m(zly) = Evidence 16

Probability that @ was the face of the dice knowing
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Stress-strain dW
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Identify the parameters

ag
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»C



Construct the likelihood function

Y = f(X,Q) observations=f(parameters, error)
() : Error

X : Material parameter



Noise model

Additive noise model

Y = f(X)+Q

Q

X ()




Likelihood function

Likelihood function for additive model

m(ylz) = m(w) = 7(y — f(x))

|

Y = f(X)+Q



Constitutive law: linear elasticity

Constitutive model

o= Fe or o = xe

Observed data

Y = Xe+ Q)

—
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Error model (naise
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Likelihood function

Likelihood function

w(ylx) = N(y — xe,0.0001)
m(ylz) = 7(w) = n(y — f(z))

—

iNnCERT - Computer-assisted surgery with confidence - Stéphane BORDAS 157



Bayes’ theorem: calculate the posterior

prior x likelihood

posterior = :
evidence




Bayes’ theorem: calculate the posterior

prior x likelihood

posterior = :
evidence

prior 77 (.Cl’})




Bayes’ theorem: calculate the posterior

m(@)7(ylz)
()7 (y|e)de

prior X likelihood

posterior =

m(xly) = f

evidence




Bayes’ theorem: calculate the posterior

m(z)m(y|x)
7(z)mw(y|x)dx

prior X likelihood

posterior =

m(xly) = f

evidence

prior 77 (LE)

] 100 200 300



Posterior probabilit

0.014 T T

0.3 T T T T ; T T T T
0.01
() (y|x)
g 0.25 T ( €L | y) p— -
[o, ()7 (y|z)d
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0.2+ ]
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%
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:
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m(ylz)
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§15— 0 ] J { 1 ] 1 ] ] 1 ]
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or Young's modulus
il Wposterior — N(215.1533, 19.6168)
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Error(Gpa) s a mpl e —

T (€)error = N(0,0.0001)
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The 99.73% rule: obsérvations

0.3

0.25

0.2

© 0.15
Q.
9o
v
wn
v
H 0.1

0.05

- = = Mean value+3std
- = = Mean value-3std
@ Observed data

Mean value

| | |

0 0.2 0.4

0.6 0.8 1 1.2
Strain x1073
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Propagation of'the uncertainty to the constitutive model

0.3

0.25

0.2

< 0.15
Q.
o
v
(7))
v
n 0.1

0.05

-0.05
0

stress-strain curve obtain using parameter mean
stress-strain curve obtain using parameter mean-3*std
stress-strain curve obtain using parameter mean+3*std
@ Observed data

0.2 0.4 0.6 0.8 1 1.2
Strain %1073
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Perfect plasticW

)

o)
A

> ¢
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Perfect plasticity

g
A

Constitutive model

r(l)e ife<
x(2) if € >

q
|
RIRRIR
Seafs
=
|
o N—
Q
< ey
H,_/

» €
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Perfect plastici

Modified form for constitutive model

o=2x(1)e(l — h(oc —x(2))) +z(2)h(c — x(2))

h : heaviside function

Observed data

Y =0+

—
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Perfect pIasticWaur plot of prior in parameter space

parameter 2
O'y()

0.5

O
&

~

o

wider” prior
for yield stress
-> more info
needed

Yield stress(Gpa)
o
w

0.2

0.1

“narrow” prior for E

0 100 200 300 400 500 600 700 800 900 1000 parameter 1
Young's modulus(Gpa) E

71'(:1:) - N(Mp-riora Fpr-ior)

~_fa0] 900 o
Hprior = 10.25| 77 Prier = 1 0 0.0025
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Perfect plastici

Posterior probability

Nobs
’ Z (v Fz)2
m(Z|yn,,,) x exp| — 5((33 ﬂpmor)TPpmor(x fprior) + L -2 )
2

oq : Error standard deviation
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Perfect plastici

Posterior probability

(z = p)° S e R
y; — F;
1 /T -1 \ =1
7.‘-(a"‘yf\robs) X ETP| — 'é (IL' o :U'P""’iOT) I 'r'zo'r(a7 :up"”'fo”’) + 0.2
Y
oq : Error standard deviation T likelihood for each
1/0.2 observation

—
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Perfect plastici

Posterior probability

stress measurement stress model

r — 2 NobsT T
( ,U)\ Z(yz’ — Fy)*

1 —
T =1
m(z|yn,,,) x exp| — 5 ((:17 prior) Fpmor(x Hprior) + 72 )
T Q
oq : Error standard deviation likelihood for each
1/0.2 observation

N
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Perfect plastici

Posterior probability

stress measurement stress model

r — 2 NobsT T
( ,U)\ Z(yz’ — F})?

1 —
T =1
m(z|yn,,,) x exp| — 5 ((:17 prior) Fpmor(x Hprior) + 72 )
T Q
oq : Error standard deviation likelihood for each
1/0.2 observation

f(CB‘,u,O') — O'\/%e_ 202

\Jbifficult to compute the evidence probability: use MCMC
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Markov-Chain Monte Carlo (MCMC) method: parameter space

too small

173



7 0.2

210 0.4

Yielding stress(Gpa)

IR ~ [4.0918 0.0044
/l'[)()sl("l'l'.()'l' _ [20866902603] !r[)().s‘f("l"l()l' _ ()()()‘14 ()()()()1

Nops = 39

Young's modulus(Gpa -
v (Gpa) 190 0.5
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Application to cyst localisation

f_23
6.000e-01
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3.000e-01
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Q: What can we infer about the parameters inside the
domain, just from displacement observations on the
outside”?

Q: Which parameters am | most uncertain about?
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X~ N(;( rprior)

W
i E ~ N0, Ioise) v
Parameter Map
X y % Yobs
—,

Inference

Wposterior(X | y) X Tikelihood (y I X)ﬂ-prior(X)

1 , 1
Tyoseroly) x 0 (=3l = GIEs = 3lx =l )

noise 2 prior
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/Cb\

The displacements y for a given material parameter x are defined by a the minimum point
of the following Lagrangian:

L(y,x) :/qu(y,x) dx—/rt-y ds

where the energy density functional 4 1s defined through the following equations:

(U, x) = g(/c —d) — xIn(J) + g In(J)2,

O¢
F = X = |+ Vy,
C=F'F
IC :tr(C),
J = detF.
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Even once discretised (Finite Element Method)
Qh Z Rn — Rm
n=16112, 000

Colin27 brain atlas

20% extension test, 16 Core Xeon, 1.12 million cells, ~29 secs

on our Luxembourg Cluster
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Problems

* Evaluating parameter-to-observable map is very expensive.
* Discretised parameter space can be very large.

* Qutcome: Exploring posterior with ‘traditional sampling’ is not
going to work.

182



Solutions

1. Connect Bayesian approach to ideas from
classical optimisation. Using derivatives of
posterior in parameter-space (Girolami).

2. Exploiting low-rank structure of prior to posterior
covariance updates (Flath 2012, Spantini 2015).
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p—

0299 —03

MAP estimate. Bound-constrained Quasi-Newton BLMVM
with More-Thuente line search and ‘correct’ Riesz map.
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1ools

* The FEnICS Project is
collection of free software for
the automated, efficient

solution of differential FENICS
equations using the finite DF‘OJECG
element method.
http://fenicsproject.org

* dO|f|n'adJO|nt aUtOmatICa| |y Wells, Logg, Rognes, Kirby and many, many others...
derives the discrete adjoint,
tangent linear and higher- % dolfin-adjoint
order adjoint models from a

high-level description of the
forward model.

http://www.dolfin-adjoint.org

Farrell, Funke, Ham and Rognes.
2015 Wilkinson Prize for Numerical Software.
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http://fenicsproject.org
http://www.dolfin-adjoint.org

The displacements y for a given material parameter x are defined by a the minimum point
of the following Lagrangian:

£(y.x)=/9¢(y,x> dx—/rt-y ds

where the energy density functional v is defined through the following equations:

W(u,2) = X(lc — )~ xIn(J) + 2 In(J)>2,

o¢
F_a—X—IJrVy,
C=F'F,

IC = tI’(C),

from dolfin import *
mesh = UnitSquareMesh(32, 32)

U = VectorFunctionSpace(mesh, "CG", 1)
V = FunctionSpace(mesh, "CG", 1)

# solution

u = Function(U)

# test functions

v = TestFunction(U)

# incremental solution

du = TrialFunction(U)

X = interpolate(Constant(1.0), V)

Imbda = interpolate(Constant(100.0), V)

dims = mesh.type().dim()
| = Identity(dims)

F =1+ grad(u)

C=FTF

J = det(F)

Ilc =tr(C)

J = detF.

186

phi = (x/2.0)*(lc - dims) - x*In(J) + (Imbda/
2.0)*(In(J))**2

Pi = phi*dx

# gateaux derivative with respect to u in
direction v

F = derivative(Pi, u, v)

# and with respect to u in direction du

J = derivative(F, u, du)

u_h = Function(U)

F_h =replace(F, {u: u_h})

J_h =replace(J, {u: u_h})
solve(F_h == 0, u_h, bcs, J=J_h)
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Q: What can we infer about the parameters inside the
domain, just from displacement observations on the
outside”?

Q: Which parameters am | most uncertain about?
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Tralling elgenvector

Direction in parameter space least constrained by the
observations
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trailling_eigenvector_O

-2.959e+00 -2 0 2.700e-01

w:llll_lllllllllll:w
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| eading Eigenvectors

Direction in parameter space most constrained by the
observations
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leading_eigenvector_0
1.250e+01

10

-10

-1.371e+01



leading_eigenvector_1
1.405e+01

10

-10

-1.377e+01



0 500 1000 1500 2000 2500
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Full Hessian.
4000+ actions.

Low-rank update.
292 actions.

Huge savings in computational cost.
Scales with model dimension because observations
stay the same.
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e Quantify and propagate uncertainties

eSelect the “best” model (Bayes factor)

e |dentify parameters for these models

e Assimilate experimental or other numerical data

e \Which parameters are we most uncertain about?

e \What additional data would reduce uncertainty?
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