A GLOBAL DESCRIPTION OF THE FINE SIMPSON MODULI SPACES
OF 1-DIMENSIONAL SHEAVES SUPPORTED ON PLANE QUARTICS

OLEKSANDR IENA

ABSTRACT. A global description of the fine Simpson moduli spaces of 1-dimensional sheaves
supported on plane quartics is given: we describe the gluing of the Brill-Noether loci described
by Drézet and Maican and show that the Simpson moduli space M = My,,+1(P2) is a blow-
down of a blow-up of a projective bundle over a smooth moduli space of Kronecker modules.
An easy computation of the Poincaré polynomial of M is presented.

INTRODUCTION

Fix an algebraically closed field k, chark = 0. Let V be a 3-dimensional vector space over k
and let Py = PV be the corresponding projective plane. Let P(m) =dm +c¢, d € Z~y, c € Z
be a linear Hilbert polynomial. Let M = My, = Mgmic(P2) be the Simpson moduli space
(cf. [T4]) of semi-stable sheaves on Py with Hilbert polynomial dm + c.

In [12] and [I5] it has been shown that My, & Mypmyie iff d = d and ¢ = £¢ mod d.
Therefore, in order to understand, for fixed d, the Simpson moduli spaces M, . it is enough
to understand at most d/2 + 1 different moduli spaces.

If ged(d,c) = 1, every semi-stable sheaf is stable and My, . is a fine moduli space whose
points correspond to the isomorphism classes of stable sheaves on P, with Hilbert polynomial
dm + c. As shown in [I0, Proposition 3.6], Mg, is a smooth projective variety of dimension
d? 4 1 in this case.

As shown in [I0, Théoréme 5.1] Mgy =2 P(S4V*) for d = 1, and d = 2. For d = 3, M311
is isomorphic to the universal cubic plane curve

{(C,p) e P(S*V*) x Py | p € C}.

By [12] one has the isomorphisms My, = My, 1 for d = 4 and ged(4,b) = 1. In [4] a
description of the moduli space My,,_1 is given in terms of two strata: an open stratum M,
and its closed complement M, in codimension 2. The open stratum is naturally described as
an open subvariety if a projective bundle B — N associated to a vector bundle of rank 12 over
a smooth 6-dimensional projective variety V.

The main result of the paper. The aim of this paper is to give a global description of
M = My,,—1 and hence of all fine Simpson moduli spaces of 1-dimensional sheaves supported
on plane quartics. We describe how the strata from [4] are “glued together”. We notice that
every sheaf from M can be given as the cokernel of a morphism

201@2(—3) D 30[@2(—2) — Opz(—z) D 3(9[{»2(—1),

which gives a simple way to deform the sheaves from My to the ones from M;. We show that
M is a blow-down to M; of the exceptional divisor D of the blow-up B := Blg\, B and give
a geometric “visual” interpretation of this statement. This provides a different and a slightly
more straightforward way (compared to [I]) of computing the Poincaré polynomial of M.
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We were kindly informed by professor Kiryong Chung, that the statement of Theorem
coincides with the statement of [3, Theorem 3.1], which must of course be given a priority
because it appeared earlier. Our methods are however significantly different.

Structure of the paper. In Section [I| we review the description of the strata of My, 1
from [4] and give a description of the degenerations to the closed stratum. In Section [2] we
present a geometric description of the fibres of the bundle B — N and construct local charts
around the closed subvariety B’ := B \ M,. This allows us to give a geometric description of
the blow up B = Bl B and to “see” the main result, Theorem , in Section |3|just by looking
at the geometric data involved. The computation of the Poincaré polynomial of M is given
here as a direct corollary from Theorem [3.1] In Section @] we rigorously prove Theorem by

constructing a family of (4m — 1)-sheaves on B.

1. My,,—1 AS A UNION OF TWO STRATA

As shown in [10] M = My,,_1 is a smooth projective variety of dimension 17. By [4] M is a
disjoint union of two strata M; and M, such that M is a closed subvariety of M of codimension
2 and M is its open complement.

1.1. Closed stratum. The closed stratum M is a closed subvariety of M of codimension 2
given by the condition h°%(E) # 0.
The sheaves from M; possess a locally free resolution

(% @)

(1) 0 — 20p,(—3) — Op,(—2)® Op, — & — 0,

with linear independent linear forms z; and 2z, on Py. M is a geometric quotient of the variety

of injective matrices (Z & ) as above by the non-reductive group

(Aut(20p,(—3)) x Aut(Op,(—2) ® Op,))/C*.
The points of M; are the isomorphism classes of sheaves that are non-trivial extensions
(2) 0—=0c— & — Oy — 0,

where C' is a plane quartic given by the determinant of (Z I3 ) from and p € C' a point on
it given as the common zero set of z; and 2zs.
This describes M; as the universal plane quartic, the quotient map is given by

(QQQHMQM,C—Z%%—@MaP—Z@Jﬂ

Z2 42

M is smooth of dimension 15.

Let Mj; be the closed subvariety of M; defined by the condition that p is contained on a line
L contained in C'. Equivalently, in terms of the matrices this conditions reads as vanishing
of ¢; or ¢g3. The dimension of M;; is 12.

Lemma 1.1. The sheaves in My, are non-trivial extensions
0= 0(-2) = F = Oc — 0,
where C' is a cubic and L is a line.

Proof. Consider the isomorphism class of F with resolution

[0
(3) 0— 20[[»2(—3) M Op2<—2) () O[p2 — F —=0.
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This gives the commutative diagram with exact rows and columns.

Therefore, F is an extension
0—=0L(-2) > F = Oc — 0,
which is nontrivial since F is stable. This proves the required statement. l

Let My denote the open complement of Mj; in M;.

1.2. Open stratum. The open stratum M, is the complement of M; given by the condition
hO(€) = 0, it consists of the isomorphism classes of the cokernels of the injective morphisms

4 Or,(~3) © 20p,(~2) = 30p,(~1)
such that the (2 x 2)-minors of the linear part (40 ) w2 ) of A = (380 1%11 1%%) are linear indepen-
dent.

1.2.1. My as a geometric quotient. My is an open subvariety in the geometric quotient B of the
variety W# of stable matrices as in (see [T}, Proposition 7.7] for details) by the group

Aut(Os, (—3) @ 205, (—2)) x Aut(30s,(—1)).

Its complement in B is a closed subvariety B’ corresponding to the matrices with zero determi-
nant.

1.2.2. Extensions. If the maximal minors of the linear part of A have a linear common factor,
say [, then det(A) = - h and &, is in this case a non-split extension

(5) 0= 0p(-2) &4 — O — 0,

where L = Z(l), C" = Z(h).
The subvariety My, of such sheaves is closed in M, and locally closed in M. Its boundary
coincides with Mj;.

1.2.3. Twisted ideals of 3 points on a quartic. Let My denote the open complement of My; in
My. In this case the maximal minors of the linear part of A are coprime, and the cokernel £4
of is a part of the exact sequence

0—>5A—>O(;(1)—>OZ—>O,

where C' is a planar quartic curve given by the determinant of A from and Z is the zero
dimensional subscheme of length 3 given by the maximal minors of the linear submatrix of A.
Notice that in this case the subscheme Z does not lie on a line.
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1.3. Degenerations to the closed stratum.

Proposition 1.2. 1) Every sheaf in My is a degeneration of sheaves from Myy. This corre-
sponds to a degeneration of Z C C, where Z is a zero-dimensional scheme of length 3 not lying
on a line and C' is a quartic curve, to a flag Z C C with Z contained in a line L that is not
included in C. The limit corresponds to the point in My described by the point (LN C)\ Z on
the quartic curve C.

2) The sheaves from M given by pairs (C,p) such that p belongs to a line L contained in C are
degenerations of sheaves from My,. This corresponds to degenerations of extensions without
sections to extensions with sections.

The proof follows from the considerations below.

1.3.1. Degenerations along Myy. Fix a curve C' C Py of degree 4, C' = Z(f), f € T'(Py, Op,(4)).
Let Z C C be a zero-dimensional scheme of length 3 contained in a line L = Z(I), | €
['(Py, Op,(1)). Let F = Z(1) be the twisted ideal sheaf of Z in C' so that there is an exact
sequence

0—=F—0c(l) - Oz — 0.

Lemma 1.3. In the notations as above, the twisted ideal sheaf F = Zz(1) is semistable if and
only if L is not contained in C'.

Proof. First of all notice that if L is contained in C, then the inclusion of subschemes Z C L C C'
provides a destabilizing subsheaf Zp,(1) C Z,(1).
Let us construct now a locally free resolution of F. Let g € I'(IPy, Op,(3)) such that Oy is
given by the resolution
()

0— OP2(_4> M) OIP’Q(_S) ¥ OP2<_1) e OPQ — Oz — 0.

Since Z = Z(l,g) is contained in C' = Z(f), one concludes that f = [h — wg for some w €
['(Py, Op, (1)) and h € T'(Py, Op,(3)). This gives the following commutative diagram with exact
rows and columns.

Therefore, F possesses a locally free resolution

(w?)

0— 20[@2(—3> —_— O[{DQ(—Q) D Opz — F — 0.

In particular, if [ and w are linear independent, which is true if and only if f is not divisible
by [, this is a resolution of type , hence F is a sheaf from Mj.
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If [ and w are linear dependent, then without loss of generality we can assume that w = 0,
which gives an extension

0= 0c = F—0L(-2)—0, C =Zh),
and thus a destabilizing subsheaf Q¢ of F. This concludes the proof. U

Let H(3,4) be the flag Hilbert scheme of zero-dimensional schemes of length 3 on plane
projective curves C' C Py of degree 4. Let H' C H(3,4) be the subscheme of those flags Z C C
such that Z lies on a linear component of C'. Using the universal family on H(3,4), one obtains
a natural morphism

H(3,4)\ H — M,
whose image coincides with M \ My, .

Its restriction to the open subvariety H(3,4) of H(3,4) of flags Z C C' C Py such that Z
does not lie on a line gives an isomorphism

Ho(?), 4) — MOO-

Over M; one gets one-dimensional fibres: over an isomorphism class in M;, which is uniquely
defined by a point p € C' on a curve of degree 4, the fibre can be identified with the variety of
lines through p that are not contained in C, i. e., with a projective line without up to 4 points.

Remark 1.4. Notice that the subvariety H' is a Ps-bundle over PV* x PS3V*, the fibre over the
pair (L, C") of a line L and a cubic curve C” is the Hilbert scheme L.
As shown in [I, Theorem 3.3 and Proposition 4.4], the blow-up of H(3,4) along H' can be

blown down along the fibres L to the blow-up M := Bly;, M.

1.3.2. Degenerations along My,. For a fixed line L and a fixed cubic curve C’ one can compute
Ext'(Ocr, Or(—2)) 22 k3. Therefore, using [9] one gets a projective bundle P over PV* x PS3V*
with fibre P, and a universal family of extensions on it parameterizing the extensions

0—=0L(=2) = F = 0Ox —0, LcPV*C ePS*V*

This provides a morphism P — M and describes the degenerations of sheaves from My; to
sheaves in M.

Mo, dim M9 = 15

Moo, dim Moo = 17

F1GURE 1. Moduli space M = My,,_1(Ps).
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2. DESCRIPTION OF B.

B is a projective bundle associated to a vector bundle of rank 12 over the moduli space
N = N(3;2,3) of stable (2 x 3) Kronecker modules, i. e., over the GIT-quotient of the space
V* of stable (2 x 3)-matrices of linear forms on Py by Aut(20p,(—2)) x Aut(30p,(—1)).

The projection B — N is induced by

(B55) - (aaa).

wo w1 w2

For more details see [I1), Proposition 7.7].

2.1. The base N. The subvariety N’ C N corresponding to the matrices whose minors have
a common linear factor is isomorphic to P; = PV*, the space of lines in P, such that a line
corresponds to the common linear factor of the minors of the corresponding Kronecker module
(i 4 2.

The blow up of N along N’ is isomorphic to the Hilbert scheme H = IP’[QB] of 3 points in P,
(cf. [6]). The exceptional divisor H' C H is a P3-bundle over N’, whose fibre over (I) € P} is the
Hilbert scheme LP! of 3 points on L = Z(I). The class in N of a Kronecker module (9 2\ 22 )
with coprime minors corresponds to the subscheme of 3 non-collinear points in Py defined by

the minors of the matrix.

2.2. The fibres of B — N. A fibre over a point from N \ N’ can be seen as the space of plane
quartics through the corresponding subscheme of 3 non-collinear points. Indeed, consider a
point from N \ N’ given by a Kronecker module (2 & 45 ) with coprime minors dy, dy, dy. The

fibre over such a point consists of the orbits of injective matrices

do q1 Q2 ,
20 21 ) ; qo, 41,92 € S V*7
Wy W1 Wa

under the group action of

Aut(Os, (—3) @ 205, (—2)) x Aut(30s,(—1)).

0 q1 g2 Qo Q1 Q2
zZ0 21 22 s zZ0 21 22
wo w1 w2 wo w1 w2

lie in the same orbit of the group action, then their determinants are equal up to a multiplication
by a non-zero constant. Vice versa, if the determinants of two such matrices are equal, ¢ — Q) =

If two matrices

d
(g0 — Qo,q1 — Q1,q2 — Q2) lies in the syzygy module of (g? ), which is generated by the rows
2

of (a9 wi ws ) by Hilbert-Burch theorem. This implies that ¢ — @ is a combination of the rows
and thus the matrices lie on the same orbit.

A fibre over (I) € N’ can be seen as the join J(L*, PS3V*) 2 Py, of L* X PH(L,Or(1)) & P,
and the space of plane cubic curves P(S3V*) = Py. To see this assume | = z, i. e., (xg) is
considered as the class of

—X2 0 Zo
T —2X 0 ’

Then the fibre over [( 5> % % )] is given by the orbits of matrices

ry —x0 O

qo(To, 21, 72) qi(T1,72) Go(w1,72)
(6) —X9 0 Zo
T —X 0
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and can be identified with the projective space P(2H(L, O1(2))®S?*V*). Rewrite the matrix (6)
as

qo(z0, 71, 22) qi(x1,22) — 2w @o(T2) + 21 - W
— Ty 0 To . w(xy, ) = yry + 0xe, 7,0 € k.
Ty —Xg 0

Its determinant equals
zo - (o - @o(@o, T1, T2) + 21 - @1 (71, 22) + T3 - @2(22)).
This allows to reinterpret the fibre as the projective space
P(H(L,Or(1)) & S*V*) = J(L*,PS*V™).

J(L*,P(S3V*)) \ L* is a rank 2 vector bundle over P(S3V*), whose fibre over a cubic curve
C' € PS3V* is identified with the isomorphism classes of sheaves defined by from Moy,
with fixed L and C, it corresponds to the projective plane joining C’ with L* inside the join
J(L*,P(S?V*)). In the notations of the example above, v and § are the coordinates of this
plane.

L J(L*,P(S3V*))

N

Cl
P(S3V*)

FI1GURE 2. The fibre of B over L € N'.

The points of J(L*, P(S3V*)) \ L* parameterize the extensions (5)) from My, with fixed L.

2.3. Description of B’. B’ is a union of lines L* from each fibre over N’ (as explained above).
It is isomorphic to the tautological P;-bundle over N' = P}

(7) {(L,p) ePy xPy | Le P, pe L}

Equivalently (cf. [4, p. 36]), B is isomorphic to the projective bundle associated to the tangent
bundle TPS. The fibre P; of B’ over, say, line L = Z () C P, can be identified with the space
of classes of matrices with zero determinant

0 —x9-w 21 -w
(8) —X9 0 Zo . w=n"yr+0x9, (7v,9)€Py.
T —Xp 0

2.4. Local charts around B'.

Lemma 2.1. Let L € N’ be the class of the Kronecker module

—X2 0 Zo
ry —x9 0)°
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Then there is an open neighbourhood of L that can be identified with an open neighbourhood U
of zero in the affine space kS via

—XT2 CT1 i’o
T —J_I(] +axry + be dl’g

k®* DU — N, (a,ﬁ,a,b,c,d)lﬁ{( )], Ty = o + axy + B,

which establishes a local section of the quotient V¥ — N.

Proof. In some open neighbourhood U of zero in k® the morphism

U—V (a,8,a,b,¢,d)— <—x2 cxry IEO)

T —fo +ax] + bCEQ de‘Q
is well-defined. Notice that two Kronecker modules of the form
—T9 CIq Xo
r1  —To+axy+bry drs

can lie in the same orbit of the group action if and only if the matrices are equal. Therefore,

the morphism
sy (T )

I —fZ’() +axry + bZEQ dZL’Q
is injective. O
Remark 2.2. By abuse of notation we identify U with its image in N.

Lemma 2.3. N’ is cut out in U by the equations a =b=c=d = 0.

—x2 cx1 )
r1 —ZTo+axi+bxo dmg) are

Proof. The maximal minors of (
- 2 - - 2
cdr1x9 + To(To — axy — bxy), —dx; — Toxy, x2(To — axy — bxg) — cxy.

Clearly these minors have a common linear factor if a, b, ¢, d vanish. On the other hand
the condition ¢ = d = 0 is necessary to ensure the reducibility of these quadratic forms. If
¢ =d =0, the conditions a = b = 0 are necessary for the minors to have a common factor. [

Lemma 2.4. The restriction of B to U is a trivial Py;-bundle. Identifying P11 with the projective
space
P(S?V* @ 2 Span(a?, 2129, 23)),
1. €., a point in Py is identified with the class of the triple of quadratic forms
(90(x0, 1, 22), 1 (21, ¥2), g2(71, T2)),

one can identify U x P11, and hence B|y, with the classes of matrices

QO(%, X1, 5E2) Q1(9C1, 1‘2) C]2($17 $2)
9) —Ty ey Zo
1 —Zo+ax; + bﬂ?g dZUQ

Assuming one of the coefficients of qo, q1, ¢z equal to 1, we get local charts of the form U x k!
and local sections of the quotient W* — B.

Proof. 1t is enough to notice that as in @ one can get rid of xy in the expressions of ¢; and

q2. 0
In order to get charts around [A] € B,
0 —29-w 21 -w
A= | -z 0 To . w ="z +0xe, (7v,0) € Py,

T —I 0
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rewrite @ as

qo(zo, x1,22) qi(x1,@2) — T2 -w  @o(z2) + 21 - W
(10) —y cry To
T —Zo+ax; + b.’BQ d$2

Putting v = 1 or § = 1, we get charts around B’, each isomorphic to U x k x k'°. Denote them
by B(v) and B(J) respectively. Their coordinates are those of U together with ¢ respectively ~
and the coefficients of ¢;, 1 = 0,1, 2.

The equations of B’ are those of N'in U, i.e., a = b = c¢ = d = 0, and the conditions imposed
by vanishing of qq, q1, qo.

Remark 2.5. Notice that these equations generate the ideal given by the vanishing of the
determinant of .

3. MAIN RESULT

Consider the blow-up B = Bly B. Let D denote its exceptional divisor.

Theorem 3.1. B is 1somorphic to the blow-up M := Bly, M. The exceptional divisor of M
corresponds to D under this isomorphism. The fibres of the morphism D — M over the point
of My represented by a point p on a quartic curve C' is identified with the projective line of lines
m Py passing through p.

3.1. A rather intuitive explanation. Before rigorously proving this, let us explain how to
arrive to Theorem and “see” it just by looking at the geometric data involved. What follows
in not quite rigorous but provides, in our opinion, a nice geometric picture.

Blowing up B along B’ substitutes B’ by the projective normal bundle of B’. So a point of B’
represented by a line L € P§ and a point p € L, which is encoded by some (w) € PH*(L, OL(1)),
is substituted by the projective space Dy ) of the normal space T 1,y B/ T(1 ) B’ to B’ at (L, p).

As B is a projective bundle over N, and B’ is a P;-bundle over N’, the normal space is a
direct sum of the normal spaces along the base and along the fibre. Therefore, Dy ) is the
join of the corresponding projective spaces: of P3 = LB (normal projective space to N’ in N
at L € N') and Py = P(S3V*) (normal projective space to L* in J(L*,P(S3V*)) at p € L = L*;
notice that the normal bundle of L* C J(L*,P(S3V*)), i. e., Py C Pyy, is trivial).

The space LB is naturally identified with the projective space of cubic forms on L* whereas
P(S3V*) is clearly the space of cubic curves on Ps.

Assume L = Z(zg) such that {xq,z1, 2o} is a basis of V* = H(Py, Op,(1)). Identifying z;
and xy with their images in H°(L, Or(1)), {x1, 22} is a basis of H°(L, O(1)).

We conclude that the join of LI and PS®V* can be identified with the projective space
corresponding to the vector space

{X-zoh + X - wg | h(wo, 21, 23) € SV, g(x1,22) € H(L, OL(3)), (A, X) € Py},

i. e., the space of planar quartic curves through the point p = Z(xq, w).

So the exceptional divisor of the blow-up Blg B is a projective bundle with fibre over (L, p)
being interpreted as the space of quartic curves through p.

The fibre of B — N over L € N’ is substituted by the fibre that consists of two components:
the first component is the blow-up of J(L*,P(S?V*)) along L*, the second one is a projective
bundle over L* with the fibre P13 = J(LB P(S3V*)), the components intersect along L* x
P(S3V*).
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/
1Bl
P(S3V*)
P(S3V*)

FIGURE 3. The fibre of B over L € N'.

Consider the map B’ — P, given by the projection to the second factor (cf. (7))). The fibre
B}, over a point p € P, is a projective line {(L,p) | p € L} in B', every two points (L, p) and
(L', p) of B, C B’ are substituted by the projective spaces J(LF!, P(S*V*)) and J (LB, P(S*V*))
respectively, each of which is naturally identified with the space of quartics through p. Assume
without loss of generality p = (0,0, 1).

The fibre IB%;? in this case is identified with the space of lines in Py through p, i. e., with the
projective line in N’ = P} = PV* consisting of classes of linear forms axy + fz1, (o, ) € Py.
The fibre has a standard covering B}, ; = {zo + 811}, B} | = {axo + 1}, which is induced by
the standard covering of P5. The elements of the fibre corresponding to the points of B, are
the equivalence classes of matrices

0 I T2 —T1 -1
AO = —T9 0 Zo + Bxl
ry —(wo + Br1) 0

The elements of the fibre corresponding to the points of B}, are the equivalence classes of
matrices

0 T+ T2 —Xg - Lo
Al = —T9 0 Qo + il
rg —(axp+ 1) 0

This way we have chosen so to say the normal forms for the representatives of the points in the
fibre B),. For 8 = a~!, i. e. on the intersection of B, and B, these matrices are equivalent.
One computes that gA;h = Ay for matrices

a® alry—axr, A’z 1 0 0
g=10 1 0 |, h=|at —a? 0
0 0 —« 0 0 a~!

with determinants
detg = —at, deth=—a3.

Consider the automorphism W# AN W, A+ gAh. Then
(11) det({(Ar + By)) = a-det(A; + By).
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From it follows that the restriction of the ideal sheaf of D to a fibre of the morphisms
D — M, is Op,(1). By [13] 7, 8], this means that one can blow down D in B along the map
D — M. This gives the blow down Blg B — M that contracts the exceptional divisor of Blg: B
along all lines B,

3.2. Poincaré polynomial of M. Theorem [3.1] provides an easy way to compute the Poincaré
polynomial P(M) of M. Though our computation is similar to the one from [Il, Corollary 5.2],
it is a bit more straightforward. Notice that P(M) has been also computed using a torus action
on M in [2, Theorem 1.1].

Corollary 3.2. The Poincaré polynomial of M equals 1+ 2q+6¢* +10¢® + 14¢* + 15¢° 4+ 164" +
16q8+ 16q9+ 16q10 + 16q11 + 15q12 + 14q13 + 1Oq14+6q15+2q16 +q17-

Proof. By [5, page 90] the Poincaré polynomial of H is P(H) = 1+2q+5¢*+6¢>+5¢*+2¢° +¢°.
Then P(N) = P(H) — P(Pq) - P(P3) + P(IPy). Since B is a projective bundle over N with
fibre P11, one gets P(B) = P(N) - P(IP1;). By blowing up B along B’ and blowing down the
result to M one substitutes B’ by M;, which is a Py3-bundle over Py. Therefore, P(M) =
P(B) — P(Py) - P(Py) + P(IPy) - P(Py3). Using P(P,) = 17‘1; we get the result. O

1—

4. THE PROOF

Now let us properly prove Theorem

4.1. Exceptional divisor D and quartic curves. Notice that the subvariety W' in W?
parameterizing B’ is given by the condition det A = 0. This way we obtain a morphism
B — PS*V*,

Lemma 4.1. 1) The restriction ofIE — PS*V* to D maps a point of D lying over a point
p € Py (via the map D — B’ — Py) to a quartic curve through p, i. e., there is a morphism
D — M; C ]P)Q X ]P)S4V*

2) The fibre Dy of D — B over (L,p) € Py x P, p € L, is isomorphic via the map
B — PS*V* to the linear subspace in PSV* of curves through p.

3) The morphism D — My is a Pi-bundle over My, its fibre over a point of My given by a
pair p € C' can be identified with the fibre of B' — Py over p.

Proof. 1) Let [A] € B with A as in (8]) and let ag, a1, as be the rows of A. Let B be a tangent
vector at A, which can be identified with a morphism of type . Let by, by, by be its rows.
Then, since det A = 0,

det(A+tB) = fap -t mod (t2), for fap = det (") + det <b) + det (b)

Then f4 p is a non-zero quartic form if B is normal to W’. One computes

2 2 2
fas = g E z;bo; — w(z4 E ;b1 + T2 E x;ba;)
i=0 i=0 i=0

and thus f4 p vanishes at p, which is the common zero point of x, and w.

2) Since the map D — PS*V* is injective, it is enough to notice that, for a fixed A € W',
every quartic form through p can be obtained by varying B. This gives a bijection and thus an
isomorphism from Dy, ;) to the space of quartics through p.

3) Follows from 1) and 2). O
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4.2. Local charts. Let us describe B over B(6). Around points of D lying over [4] € B(4) there
are 14 charts. For a fixed coordinate ¢t of B(9) different from «, 3, v, denote the corresponding

chart of Blgnp(s B(J) by B(t). Then B(t) can be identified with the variety of triples (A, t, B),

0 —zo-(yry+mx2) - (Y1 + T2)

A= —XT 0 Zg s
T - 0
(12) 1 0
qO(x()v 1, CUQ) Q1($1,$2) QQ(HUQ)
B = 0 cTy 0 ,
0 axy + biBQ dxg

such that the coefficient of B corresponding to ¢ equals 1 and A + ¢ - B belongs to B(d). The
blow-up map B(¢) — B(¢) is given under this identification by sending a triple (A,t, B) to
A+t-B.

4.3. Family of (4m — 1)-sheaves on B. Notice that the cokernel of 1' is isomorphic to the
cokernel of

0 0 0 0
0 @ @1 @
0 20 <1 Z9
0 Wy W1 W2
1 0 0 0
201@2(—3) S5 30[[»2(—2) O]p2(—2) S 30[{»2(—1).

4.3.1. Local construction.

Lemma 4.2. Fort # 0 consider the matrix

0O O 0 0 0O 0 0 O
0 0 —wry wr 0 9@ @1 ¢
(13) 0 —2o O To | +t-10 yo w1 ¥
0 T —To 0 0 20 k1 22
1 0 0 0 0O 0 0 O

as a morphism 20p,(—3) ® 30p,(—2) — Op,(—2) ® 30p,(—1). Then its cokernel is isomorphic
to the cokernel of

o 0 0 0 0 z1yo + 2220 T1Y1 + X221 T1Y2 + To2o
w 0 0 0 0 do q1 a2
(14) 0 —XT9 0 Zo +10 tyo tyl tyg
0 T —Tg 0 0 tZO tZl tZQ
t 0 i) —T 0 0 0 0
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Proof. Acting by the automorphisms of 20p,(—3) & 30p,(—2) on the left and by the automor-
phisms of Op,(—2) @ 30p,(—1) on the right of (13), we transform this matrix as follows:

0 0 0 0 00 0 O 0 0 0 0 00 0 O
0 0 —wz wxy 0q0 q1 g2 w 0 —wzre wry 0q0 q1 g2
0—xz2 0 Zp +t- 1 Owoyriyz | ~| 0—-22 0 & +t- | 0Oyoyry2
0 z1 —xo O 0 20 21 22 0 1 —Zo O 0 20 21 22
1 0 0 0 00 0 O 1 0 0 0 00 0 0
0 0 0 0 00 0O o 0 ZXoxo —Tox1 00 0 O
w 0 0 0 0go q1 g2 w 0 0 0 0go q1 g2

~| O0-22 0 Zo |4+t Oyyry2 |~ 0 —-22 0 o 4+t | 0wo w1 we
0 z3 —xzo O 0 20 21 22 0 z1 —To 0 0 20 21 22
1 0 =2 —xm 00 00 1 0 =z -—m 00 00
Zp 0 0 O 0 z1yo+T220 T1Y1+T221 T1Y2+T222
w 0 0 0 0 q0 q1 q2

~| 00—z 0 2 | 4¢-[0 71 2
0 z1 —2p O 0 20 z1 22
1 0 z2 —x1 0 0 0 0
t—1%, 0 0 0 0 z1yo+w220 T1Yy1+T221 T1Yy2+T222
tlw 0 0 O 0 q0 q1 q2

~ 0 —x2 0 o + 10 ty Lty tya

0 x1 —xg O 0 tzo tz1 tzo
1 0 x2 —x1 0 0 0 0

Zp 0 0 O 0 z1yo+T220 T1Y1+T221 T1Y2+T222
w 0 0 0 0 q0 q1 q2

~f| 0 —-z2 0 2o | + |0 iy ty1 ty2 ,
0 =1 —Z9 O 0 tzo tz1 tzo
t 0 x2 —m 0 0 0 0

which concludes the proof. 0

Evaluating at t = 0 gives

To T1Yo + T220 T1Y1 + X221 T1Ye + T222

w do a1 a2
0 —T9 0 1_30
0 I —X 0
0 0 i) —T

Lemma 4.3. The isomorphism class of the cokernel F of

o Po P11 P2
w  qo q1 qz
0 —X2 0 Zo
0 T —Zy 0
0 0 i) —X1
201@2(—3) D 301[»2(—2) > O]]DQ(—2) S>) 3@1@2(—1)

1s a sheaf from My with resolution

(% h)

(15) 0 — 20p,(—3) — Op,(—2) ® Op, = F — 0,
if Zoh —wg # 0 for g = xopo + x1p1 + Tap2, h = xoqo + T1q1 + T22.

Proof. Consider the isomorphism class of F with resolution . Then, using the Koszul
resolution of Op,, one concludes that the kernel of the composition of two surjective morphisms

10
0 xo
(8 )
OP2(_2) D 30]}»2(—1) B ALLEAN OP2(_2) D OPQ — F
coincides with the image of
Zo po P1 P2
w g0 491 Q2
(0 —x2 0 oy )

0 1 —Zo O

205, (—3) ® 305, (—2) ———22 "1, O (—2) & 30,(—1),
which concludes the proof. [l
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For A+ tB with A and B as in we obtain the morphism

To 0  cxi+axixzg+bas  dad
w  qo q1 4z
0 —X9 tC.CCl f()
0 =z —Zo+tlax; + brg) tdxs
t 0 i) —T1
20p,(—3) & 30p,(—2) > Op,(—2) @ 30p,(—1),

which defines by Lemma a family of (4m — 1)-sheaves on B(t) and therefore a morphism

B(t) — M. This morphism sends the point of the exceptional divisor represented by (A, 0, B)
to the point given by the quartic curve C' = Z(f),

f = %0 (Zoqo(zo, x1,72) + 21q1 (71, T2) + Toqa(22)) — w - (cx3 + axiwy + bri2; + dry)

and the point p = Z(Zy, w) on C.

4.3.2. Gluing the morphisms B(t) — M. For different charts B(¢) and B(#') the corresponding

morphisms agree on intersections. Therefore we conclude that there exists a morphism B — M.
It is an isomorphism outside of D. As already mentioned in Lemma [4.1] the restriction of this
morphism to D gives a Py-bundle D — M;.

Lemma 4.4. The map B — M is the blow-up Bly, M — M.

Proof. By the universal property of blow-ups, there exists a unique morphism B 2 Bly, M
over M, which maps D to the exceptional divisor E of Bly;, M and is an isomorphism outside
of D. This morphism must be surjective as its image is irreducible and contains an open
set. Therefore, the fibres of ¢ over E must be zero-dimensional and connected by the Zariski
main theorem. This means that ¢ is a bijective morphism of smooth varieties and hence an
isomorphism. O

This concludes the proof of Theorem [3.1]
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