Weak Poincaré Inequalities for Convolution
Probability Measures

Li-Juan Cheng and Shao-Qin Zhang *

Abstract. By using Lyapunov conditions, weak Poincaré inequalities are established for
some probability measures on a manifold (M, g). These results are further applied to
the convolution of two probability measures on R?. Along with explicit results we study
concrete examples.

1 Introduction

During the last decades, a lot of attention has been devoted to the study of ergodic theory
for Markov processes. Specifically a lot of effort has been made on the stability speed for the
corresponding Markov processes (see e.g. [1, 8, 9, 10, 12]). From this former work, functional
inequalities of Dirichlet forms play important roles in characterizing the convergence speed of
ergodic Markov processes. For instance, Poincaré inequalities imply the exponential ergodic
speed of Markov processes; super Poincaré inequalities imply the strong ergodicity of the cor-
responding processes; weak Poincaré inequalities are used to characterize the non-exponential
convergence rate for semigroup (see [12] for details).

However, to establish a functional inequality, we always need the coefficients of the generator
to satisfy some regularity conditions. To deal with generators with less regular or less explicit
coefficients, an efficient way is to regard the measures as perturbations from better ones, which
satisfy the underlying functional inequalities. The convolution probability measure, in the sense
of an independent sum of random variables, can be regarded as a kind of perturbation; see
e.g. [, 14] and references therein. Moveover, the study of functional inequalities for convo-
lution probability measures is helpful in describing some behaviors of random variables under
independent perturbations, see e.g. [14, Section 3| for an application to the study of random
matrices.

Recently, F.-Y. Wang and J. Wang [13] gave some sufficient conditions for log-Sobolev/
Poincaré/ super Poincaré inequalities for convolution probability measures. The present article
is thus a continuation of [13] to study weak Poincaré inequalities for the convolution probability
measures.

Before moving on, let us briefly review some background about the weak Poincaré inequality.

The weak Poincaré inequality was first introduced in [11] to characterize the non-exponential
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convergence rate of Markov processes and the concentration of measure phenomenon for sub-
exponential laws (see [2]). Let (M, g) be a d-dimensional complete connected Riemannian man-
ifold and dz be the volume measure. For a probability measure pu(dz) := e~V ®) dz with some

locally bounded function V on M, we say that u satisfies the weak Poincaré inequality if
IF1? < a(r)u(IVf?) +r0sc(f), >0, f e CF(M) (1.1)

holds for some decreasing function « : [0, 00) — (0, 00), where || - || denotes the L?(u)-norm and
Osc(f) := sup, yen |f(z) — f(y)|. Indeed, the function a can be estimated by using the growth
of |V (see [11, 12]). However, in general, the resulting estimate of the rate function is less sharp.
Therefore, in Section 2, we will revisit this problem on Riemannian manifolds by using some
Lyapunov conditions.

As an application of the results in Section 2, we consider the weak Poincaré inequality for
convolution probability measures on R%. Let p and v be two probability measures on R?. The

perturbation of u by the probability measure v is given by their convolution
ven@)i= [[ | Late+ o)
RdxRd

where A € B(R%). In particular, let p(dz) = e~V dz be a probability measure on R? such
that V € C1(R?) and v be a probability measure on R? such that

pu(-) = / e V=2 (dz) € C1(RY). (1.2)
Then

(p*v)(dz) = py(x)dz = e da, (1.3)
where V,(z) := —logp,(z). Let L, = A — VV,, which is the generator associated with some

independent sum of two Markov diffusion processes with invariant measures p and v, respectively.
This article aims to prove that the measure p * v satisfies (1.1) for some explicit function «,
which characterizes the explicit L?-ergodic speed of some diffusion generated by L,. Actually,
the existence of weak Poincaré inequalities for u * v holds automatically due to the positivity of
the density e~"»(*) (see [11]). So the main topic of this article is to find an explicit function a
in the weak Poincaré inequality.

Our method is based on the use of Lyapunov type conditions. These conditions are well
known to furnish some results on the long time behavior of the laws of Markov processes (see
e.g. [1,4, 8,9, 10, 13] and references therein). In the recent work [13], the authors partly use
Lyapunov conditions to study ordinary or super Poincaré inequality for convolution probability
measures. As announced, the present paper is thus a complement of [13] for the study of the
weak Poincaré inequality. The main idea of the use of a Lyapunov function is similar to [13] and
in the present work, however we have to face some technical difficulties when choosing suitable
Lyapunov functions and handling the “local term” in the proof of Theorem 2.1 below. It is

worthy to mentioning that a new and reasonable Lyapunov function, constructed for establishing
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weak Poincaré inequalities, can also be applied to improving some results obtained in [13] for
the super Poincaré inequality. In addition we will use a comparison method to simplify the
assumptions in general results, and then give some concrete examples as applications.

The parts of the paper are organized as follows. In the following section, we study the weak
Poincaré inequality by Lyapunov conditions and the comparison theorem for some probability
measures on Riemannian manifolds. In Section 3, we apply results in Section 2 to convolution

probability measures on R%. Some explicit examples are studied in Section 4.

2 Weak Poincaré inequality on manifolds via Lyapunov condi-
tions

We organize this section by first introducing main results and then giving proofs.

2.1 DMain results

Let (M, g) be a d-dimensional complete connected Riemannian manifold. Let V and A be the
Levi-Civita connection and the Laplacian associated with g, respectively. Consider the elliptic
operator L = A — VV for V € C*(M) such that p(dz) := e~V® dz is a probability measure,
where dzx is the Riemannian volume measure.

Given o € M. For any x € M, let p,(x) be the Riemannian distance on M between z and
o and Cut, be the set of cut-locus points of o which is closed and has volume zero. Define ¢(s)
to be the continuous version of

@ s, (VY (@), V0(2)) = Apo())

for s > 0. We now introduce the main results about weak Poincaré inequalities for u via

Lyapunov conditions.
Theorem 2.1. Let p(dz) = e~V @) dz be a probability measure on M for some V € C1(M).

(a) Assume that for some constant Ry and any o € (0,1), one has

(1—0)p(r)exp [o [ @(u)du]

0(r) = — 3 >0, r> Rp.
Jr, exp [o Jr, p(u) du] ds +1
Let
d(z) = 0(po(x) V Ry), x€ M. (2.1)
Then p satisfies the weak Poincaré inequality with o(r) = cF(;l(r) for some positive

constant ¢, where Fy(r) := pu(¢ < 1) and Fd)_l(r) =inf{s: Fy(s) <r}.

(b) Let V€ C*(M) such that for some positive constants Ry and & € (0,1), there exists some
positive function ¢ on M such that

o(x) = (1 - H)OVVP () - AV(x)) > 0, polz) > Ro.
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Then p satisfies the weak Poincaré inequality with o(r) = cF(;l(r) for some positive

constant c.

Remark 2.2. (i) In Theorem 2.1 (a), it is easy to see that a different o € (0,1) does not
affect the sign of . But suitable choosing of ¢ seems to get the best « in the weak Poincaré

inequality; see the proof of Example 4.3 for more explanations.

(ii) In the proof of this theorem, we use two ways to construct Lyapunov functions, the first is
new and the second is due to [13]. Our new Lyapunov function can improve the result in
[13, Theroem 4.1(a)] for the super Poincaré inequality of convolution probability measures
on R?, see Remark 3.2 for details.

We now assume that (M, g) satisfies the following curvature condition:

Assumption (A) : Ric> —(d—1)k for some constant k, where Ric is the Ricci curvature tensor

with respect to g.

Let
sin(v—kr)/v/—k, if k<O0;
if k=0

hi(r) =< r,
sinh(vVkr) /VE, if k>0.

Under assumption (A), we can use the following comparison theorem to handle Ap, (see [5,

Section 1]):
’ AT
7= h(po)

outside the cut-locus. Then, the following corollary can be proved by a similar discussion as in
Theorem 2.1.

Corollary 2.3. Let pu(dz) = e V(o) dz be a probability measure on M for some function
V € CY(RY). Suppose that assumption (A) holds, then we have the following two assertions.

(a) Assume that for some positive constant Ry and any o € (0,1), one has

(1 —a)hy(r) =4V (r) "V (")
flgo hi(s)1=deoV(s) ds + 1

0(r) :=

>0, r> Ry.

Then p satisfies the weak Poincaré inequality with o(r) = ch;l(r) for some positive

constant ¢, where ¢p(x) := 0(po(x)) for po(x) > Rp.

(b) Assume that for some positive constants Ry and § € (0,1), one has V € C%([Ry,00)) and

(d = Dhj(r)

)V&%ﬂ”@}>&r2R@ (2.2)

Then u satisfies a weak Poincaré inequality with a(r) := CF(;l(T') for some positive constant

¢, where ¢(x) := 0(po(x)) for po(x) > Ro.
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2.2 Proofs

Let L be a second order elliptic operator. To prove these results above, let us first introduce the

following general Lyapunov condition with respect to L (see [7, Subsection 3.3]).

Hypothesis (L) There exist some positive constants b, 7, some positive function ¢ on M and
function W € D(L) with W > 1 such that

Lw
W S _Qb + blB7.07

where D(L) is the weak domain of L and By, := {x € M : py,(z) < ro} is the ball with

center o and radius 7.

(2.3)

Our first step is to prove that if hypothesis (L) holds for L = A — VV, then there exists some

function « such that the weak Poincaré inequality holds for p.

Lemma 2.4. Let pu(dx) = e V@) dz be a probability measure on M. Assume the Lyapunov
condition (L) holds for L = A — V. Then the following weak Poincaré inequality

p(f?) < coFy () p(IV FI?) + rOsc(f)?
holds for some positive constant co and Fy(r) = p(¢ < %)

Proof. The proof is given by combining [3, Theorem 4.6] with [3, Theorem 2.18]. For the sake
of completeness, we include it here. For any r > 0 and f € C} (M) with u(f) = 0, we have

2 N2 B 2 B 2
M) ==t s [ f) s [ (i) s

< / (f — f(z0))?dp + (6 < 1/r)Osc(f)?
{¢p>1/r}

<r / O(f — F(a0))? dp + (e < 1/r)Osc(f)?

B o) d b / (f — flao))?du

By

+ (¢ < 1/r)Osc(f)?, (2.4)

< —r

where xg € M will be specified later. Now we need to estimate the first two terms on the right
hand side of the latter inequality: a global term and a local term. For the global term, by [4,
Lemma 2.12|, we have
Lw
- [ G- )P an < [ VP (2.5)

For the local one, choose zyp € M such that f(zg) = M(B%)(IB fd,u) and define g = f — f(x0).
7'0 T‘O

Then we obtain

2
_ 23, — 2 -1 2 L
/Bro(f f(xo))” dp /Bmg dp < A /IVgl dp + B (/Brogdu)
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= Ao 1(IVg?) = X u(IVF17), (2.6)

where by [12, (4.3.5)],

1 A _
Ao < —3 €XP{ Sup (V(z) = V(y)) ¢ < 0.

x,y€Brg

Now, taking (2.5) and (2.6) into (2.4), we arrive at

W) < v+ 1) 1952 au (6.2 1) Oscl 2 (2.7
Let .
Fy(r) = p <<b < T) :
Then

due to the fact that ¢ is positive and p is a probability measure on M. From this, we derive

that Fy : (0,400) — (0,1) is a decreasing function. Then
a(r) = (b)\r_o1 + l)Fd)_l(r)
is a function from (0, +00) to (0,+00) and the weak Poincaré inequality holds for such a. [

Proof of Theorem 2.1. In case (a), let 0 < o < 1, and define the Lyapunov function by

T S

Wo(r) = / exp [U/ o(u) du} ds+1, for all r > Ry.
RO RO

By an approximation argument, we may consider p, € C2(M) for the sake of conciseness. Then

for all p,(x) > Ry, we have

LWos(po(z)) 1 / T - " T 202 —w! z z
Wolpo@) ~ Waloa@) [Wa (po(2)) Apo(@) + Wy (po(2)) |V po(@)]* = Wo(po(2)) (VV, Vpo(2))]

= Wg(;o(x)) {W(po(2))[Apo(x) — (VV, Vpo(2))] + W (po(z)) }
1 po()

= Walpo@) 7P ["/R p(w) du| [Apo(a) = (V. Vpola)) + 0p(po(a))]

—0 o(@)
|y ] st
Thus, there exists a constant b > 0 such that

LW (po(x
VVU((pZ(EE)))) = e(po(x))l{Po(ﬂﬂ)ZRo} + bl{po(az)<R0}a

which combining with Lemma 2.4 implies Theorem 2.1(a).
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In case (b), we consider a function W in C2(M) such that W (z) = e(1=OV(®) for all p,(x) >
Ry. Tt is easy to see that W (x) > 1 for all x € M and

LW (z)
W(z)

< —(1=8)OIVVI> = AV)(@)L{p,@)>Ro} + DL{p(x)<Ro)

—0(@)L(p,()>Ro} T 0L{py(2)<Ro}-

We then complete the proof of (b) by using Lemma 2.4.
O

Proof of Corollary 2.3. We still consider p, € C?(M) for the sake of brevity. In case (a), for
€ (0,1), define the Lyapunov function by

Wo(r) :/ he(s)174e?V®) ds 41, for all r > Ry.
Ro

Then using a similar calculation as in the proof of Theorem 3.1(a), we have

LWo(po(2)) _ (L= )h(po())' =7V o) V' (po(x))

Wo(po(z)) — Wo(po(x))
for all p,(z) > Ry. Therefore, there exists a positive constant b such that
LWs(po(z))

— OOV <
Wo(po(z)) 9(po($))1{po(g@)2Ro} + bl{po(x)<R0}7

which, together with Lemma 2.4, implies (a).
In case (b), by assumption (2.2), we have that for all p,(z) > Ry,

(d = )R (po(2))
hi(po())

Combining this with Theorem 2.1(b), we complete the proof of (b). O

3|VV (po(2))* = AV (po(@)) = 8|V (po(x))* = V" (po(x)) = V"(po(x)) > 0.

3 Application to convolution probability measures on R?

In this section, we first apply the results in Section 2 to the convolution probability measures

on R% and then give the proofs.

3.1 Main results

For each = € R?, let )

pu(z)

For any non-increasing function 6 : [0,00) — (0, 00), let

vy(dz) = e V@2 p(dz).

Hy(r) = (p+v) (]a:\ > %9_1 (1/r)> , r>0. (3.1)

By Theorem 2.1, we have the following first main result.
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Theorem 3.1. Let V € C'(RY) such that p(dz) = e~V ® dz is a probability measure on R?,
and let v be another probability measure on R such that p, € C’l(Rd).

(a) Assume that for some positive constant Ry, one has
1
P(s) := — inf / (VV(z — 2),x)vp(dz) >0, s> Ro. (3.2)

Then for any o € (0,1), p* v satisfies the weak Poincaré inequality with a(r) = CHQ_I(T)

for some positive constant c, where

0(s) = inf { (1 = )bl explo [, V() dul
f;o t1—d explo flt{o Y(u)du]dt + 1

r e [R(),S\/Ro]}. (33)

(b) Let V € C?(RY) such that for some constant Ry and 6 € (0,1), one has

0(s) =(1—-9) \a:|€[li%101f9VRo} /Rd (6|VV (z — 2)? = AV (x — z)) vg(dz) > 0. (3.4)

Then p * v satisfies the weak Poincaré inequality with o(r) = cHgl(r) for some positive

constant c.

Remark 3.2. (i) In [13], the authors prove that if the function ¢ in the Lyapunov condition
satisfies

liminf ¢(z) = oo, (3.5)

|| =00

then there exists a super Poincaré inequality with respect to u+v. Let é(r) = inf|z|>rvR, o(x).

Then (3.5) holds if and only if lim, ;o 6(r) = oco. Note that in this case, to keep as

much information about ¢ as possible, it is better for us to choose 6(|z|) instead of

0(|z|) = infjyc[ry,Rov|e] #(¥) used in Theorem 3.1 to control ¢(x). However, in this

article, we take more consideration of the following case for weak Poincaré inequalities:
liminf ¢(z) = 0.

|x|—o00

So in the case (3.5), we should refer the reader to [13] for super Poincaré inequalities.

(ii) In the proof of Theorem 3.1 (a), it provides a new and reasonable Lyapunov function such
that [13, Theorem 4.1 (a)] can be improved as follows. Recall that p satisfies the super
Poincaré inequality with 3 : (0,00) — (0, 00) if

u(f?) < ru(VEP) + Bu(f)?, r>0, f€CLRY.

Theorem A. Let V € CY(RY) such that pu(dz) = e~V ® dx is a probability measure on
R, and let v be another probability measure on R? such that p, € C'(R?). Let

—(§+1)V ()
o _d\ SUP|g<r € 2
E(r,s) = (1 + s 2) T

iIlfmST e_(
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If liminf, ,oc ¥ (r) = 400, where v is defined as in (3.2), then p x v satisfies the super
Poincaré inequality with

Br) =c(1+&(v(2/r),r/2)),

where ¢ is some positive constant and

B (- oy el [}, ¥(u) du)
v(s) i= inf {t >0 rZIR/fRo ffgo sl=dexplo f;o Y(u)dulds +1 28

for any o € (0,1) and some positive constant Ry such that ¥ (r) > 0 for all v > Ry.
In the following subsection, we will give a brief explanation for the proof of this theorem

and use the example in [13, Theorem 4.4] to show the benefit of this result.

From (3.2) and (3.4), it is easy to see that if the function p, has previous estimates, then

Theorem 3.1 can be simplified as follows.

Theorem 3.3. Let u(dz) = e V@) dz be a probability measure on R* and v be another probability
measure on R? such that p, € C'(R?). Set

e = inf [ e VE D y(dz) and e = SUP/ e V) y(dz).
R4

lz|=s JRd |z|=s
(a) If V,, € C([0,00)) such that for some positive constant Ry and any o € (0,1), one has

(1- U)V,,’(r)e"v”(’")rlfd

0(s) := inf . >0, 3.6
( ) r€[Ro,sV Ro] flgo sl=daoVi(s) dg +1 ( )
then p * v satisfies the weak Poincaré inequality with
Vi ()= Vi (t)
a(r) = cin { sup0§t<23>(§s) (ptv) (x|l =s) <r, s> 0} (3.7)

for some positive constant c.

(b) If Vi, € C2([0,00)) such that for some positive constant Ry and & € (0,1),

d—1
r

0(s):==(1—0) inf [5\17;(7«)\2 —V!(r)

V") | >0, 3.8
r€[Ro,sVRo] v (T>:| ( )

then u * v satisfies the weak Poincaré inequality with «(r) defined as in (3.7) for some

positive constant c.

Next, we shall apply above results to the convolution with compactly supported probability
measures. Note that, if v is a probability measure with compact support, then the function p, is

obviously differentiable on R?. Thus, by Theorem 3.1, we obtain the following corollary directly.

Corollary 3.4. Let V € C'(R?) such that u(dz) = e~V @) dx is a probability measure on R?
and let v be another probability measure on R with R := sup{|z| : z € suppr} < oco.
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(a) Assume that for some positive constant Ry > R, one has

O(s) = 23R<12|f<R+5(<u, VV () — RIVV(W)]) >0, s> Ro. (3.9)

For any o € (0,1), let

(= o)) explo [ w(u)du]
0(s) = inf { f;:;o(sl_d p— f;o O(a) dul)ds £1° r € [Ro,s V Ro]} . (3.10)

Then u v satisfies the weak Poincaré inequality with a(r) = cHe_l(r) for some positive

constant c.

(b) Let V € C?*(RY) such that for some positive constants Ry > R and § € (0,1), one has

6(s) :=(1—-9) RO—R§|i?§fR+szo<5‘vv(u)’2 — AV (u)) > 0. (3.11)

Then u x v satisfies the weak Poincaré inequality with a(r) = cHe_l(r) for some positive

constant c.

Remark 3.5. We remark that in Corollary 3.4, due to the compactness of ¥ and the mono-

tonicity of 6, there exists a positive constant rg such that

1
1) = (Jal 2 307 1/0)) . € (co)
By Theorem 3.3, we obtain the following corollary directly.

Corollary 3.6. Let V € C*(R?) such that p(dz) = eV dz is a probability measure on R?
and let v be another probability measure on R with R := sup{|z| : z € suppr} < co. For some

constant Ry > R and any s > Ry, let

V(s) = sup V(z) and V(s)= inf V(x).
=) s—R<|z|<R+s (=) (®) s—R<|z|<R+s (@)

Then the assertions in Theorem 8.3(a)(b) still hold by replacing V,, and Vi, with V and V,

respectively.

3.2 Proofs

Using Lemma 2.4, we complete the proof of Theorem 3.1.
Proof of Theorem 3.1. Let L, = A — VV,. First, if the Lyapunov condition (L) holds for

L, with some function ¢ = 6(] - |), where 6 : (0,00) — [0,00) is a non-increasing function, then

e (00aD) < )

< prllz| = 07 (1)) = / / V@) y(dz) da
{lz|>6-1(1/r)}

we have
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< // e V=2 p(d2) dz + // e V=2 y(dz) da
{lz—2>56-1(1/r)} {lz[>36-1(1/r)}

= // e V@2 dzp(dz) +/ /ev(‘rz) dz v(dz)
{Jle—z>L16-1(1/r)} {lz1>56-1(1/r)}

=pu(2z] > 071 (1/r)) +v (22| = 071 (1/r))
= Hy(r).
Hence, by Lemma 2.4, p * v satisfies a weak Poincaré inequality with a(r) = cH, L(r) for some

positive constant ¢. We now turn to construct some suitable Lyapunov functions.

In case (a), define
Wy(r) = / (slfd exp [U P(u) duD ds+1, forall r> Ry,
RO Ro

where 0 < 0 < 1. Then by a similar discussion as in the proof of Corollary 2.3 for £ = 0 and

Ly, we have that there exists a constant b > 0 such that
LWo(a) _ (L= 0)b(al)la' " exp [o [} ¢ (u) du]
Wollzl) = [ilsi=dexp [o [ ¥(u)du] ds +1
< = 0(|2D) 121> Roy + bL{ja|<Ro}-

L{ja|>Ro} + b1 {j|<Ro} (3.12)

In case (b), we consider a smooth function such that W(z) = e(1=9V»(®) for |z| > Ry and

W (z) > 1 for all € R Using the same argument as in the proof of Theorem 2.1, we have

LW (x
W(I()) < —(1=8)OIVVi = AV)L{a1> R} + bL{ja)<Ro}- (3.13)

Moreover, for any |z| > Ry,
SV (@) — AVy(z) = / (VV(z = 2)P = AV(2 — 2))va(dz) — (1 — 6)|VV, ()2
Rd
> / (GIVV (1 — 2)2 — AV (z — 2))wa(d2)
Rd
1
> — . .
S—) (514
Combining this with (3.13), we complete the proof of (b). [

Proof of Theorem A. Let

_ (=0 () explo [, ¥(u) du]
fzgo s!=dexplo f;o Y(u)du]ds +1°

By (3.12), we know that L, satisfies

0(r)

L, Wo (|2])

< — .
Wg(|l”) = 9(|$|)1{|$\2R0} +b1{|m|<Ro}

It is easy to see that if liminf, , ¢(r) = +oo, then liminf, ,o 6(r) = 400. Thus by [13,
Lemma 4.2], we complete the proof directly. O
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Now we use Theorem A to prove the following result.

Example 3.7. Let V(z) = ¢ + |z|P for some p > 1 and ¢ € R such that p(dz) := e~V ®) dz is
a probability measure on R%. Let v be any compactly supported probability measure. Then there

exists a constant ¢ > 0 such that p * v satisfies the super Poincaré inequality with
__pr
B(r) =exp(er 2-1), r > 0.
Proof. Suppose that v is supported on {x : |z| < R} for some positive constant R. Then

: pls — R|P!s
f VV(ir—2z2),z) > ———.
\m|:lsl,l\z|§R< (IL' Z) IE> - s+ R

Y(s) >

% (3.15)

Thus there exists a positive constant Ry, for r > Ry,

(1= o)p(r)r'~4exp [o [5 () du] > oqp2-1)

0 —
) = e [o J3, v dulds 1 =9

1
for some positive constant ¢;. Thus y(u) < ea(1+u2®-D ), u > 0 holds for some positive constant

¢o. Moreover, as explained in the proof of [13, Example 4.4], one has
£(r,s) < es(1+s~Y2) e 51 >0
for some positive constants cs, cq. So the desired assertion follows by using Theorem A. 0

However, by [13, Theorem 4.1 (a)], it is easy to calculate that p*v satisfies the super Poincaré
inequality with
B(r) = exp(criﬁ), r >0,
which is less sharp than that presented in this example.
Let us continue with the proofs of main results in Subsection 3.1.
Proof of Theorem 3.3. Let L = A — VV,, and fi(dz) = e=Vle) dz. First, if the Lyapunov

condition (L) holds for L with some function ¢(-) = (| - |), where 6 is a positive and non-
decreasing function on RT, then for any f € C}(RY) with p(f) = 0 and 29 € R? such that

F@0) = 7y (S, f AR
prv(f?) < infpxv(f - )’

— 2 * U — 2 * U
< /(b R COR A /¢ IR CIRY
< / O(f — flao)? dus v+ pxv (6 < 1/5) Osc(f)?

¢>1/s

< s sup eVl =Vulla) / ¢(f — f(w0))? dfi + px v (¢ < 1/s) Osc(f)”
¢>1/s

<s sup ef/”(t)_v"(t) /(;S(f — f(xo))2 dp * v

0<t<0-1(1/s)
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+(p+v) <|x\ > %9_1 (1/8)) Osc(f)?, 1/s > inf 6.

Let r = 2071 (1/s). Then, using a similar argument as in the inequality (2.5) we obtain
SUPg<t<2r ¥

0(2r)

t)—Va(t)
e JIV8P s+ (utv) () = ) Oscls P >

It follows that w * v satisfies a weak Poincaré inequality with

V., (t)—Vi (t)

su (§]
o(s) = cinf { Pose<ar

e :(u+u)(]m\2r)§s,r>0}

for some positive constant c. Now it suffices for us to construct some suitable Lyapunov functions.

In case (a), define the Lyapunov function by
i 1-d oV,
W (|z]) :/ s178e () ds 4+ 1, for all |z| > Ro.
Ro
Then by a similar calculation as in the proof of Corollary 2.3 (a), we have that for all |x| > Ry,

there exists a positive constant b such that

iwg(]m\)
- < — .
Wolal) = 0(12])L1j21>Ro}y + 0L{jz|<Ro}

In case (b), we consider a smooth function such that W(x) = ce1=9Vullel) for |x| > Rp.
Then,

- - d—1 -
< (1= 8) [BTLoD = Vi) " = VoD St + Mg

= —0(|z)) L{jz/> R} T DL{jz|<Ro}- O
Proof of Corollary 3.4. In case (a). It is easy to see that
/ (x, VV(z — 2)) vy(dz)
Rd
= / ((x—2,VV(z —2)) + (2, VV(z — 2)) )vz(dz)
Rd

> / (e —2VV(z—2)) — RIVV(z — 2)|)va(d2)
Rd

:/ ({(x =2, VV(z - 2)) = RIVV (z — 2)|)vz(d2).
{lzI<R}
Then according to the definitions of ¢, we have that for any s > Ro(> R),

inf /Rd (x, VV(x — 2)) vzp(dz)

|z|=s
> \illl—f ((x — 2, VV(x — 2)) — RIVV (z — 2)|) vx(dz2)
TI=s J{lzI<R}

2 il TV = RV )

= s1(s).
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Then, we complete the proof of (a) due to Theorem 3.1(a).
In case (b). For any s > Ry (> R), we have that for s > Ry,

inf /Rd (wvy?(x )~ AV(z— z))yx(dz)

Ro<|z|<s
= inf SIVVI?(x — 2) — AV (x — 2) ) vy (dz
it /{ oy IV —2) = AV ) ()
> inf (6|VV[*(u) — AV (u)) >0,

T (Ro—R)<|u|<R+s

which leads to complete the proof by Theorem 3.1(b). O
Proof of Corollary 3.6. The results follow from Theorem 3.3 and the following fact: there
exists constant Ry > R such that for s > Ry,

sup / e V%) (dz) < sup sup e V(72 < sup eV — e_V(s);
|z|=s JR4 |z|=s|2z|<R s—R<|u|<s+R

inf / eV p(dz) > inf inf e V@2 > inf eV =V O
Rd

|z|=s lz|=s|z|<R " s—R<[|u|<s+R

4 Examples

In this section, we present the following examples to illustrate the results obtained in Section
3. As an application of Theorem 3.3, we present below an example where the support of v is

unbounded and disconnected.

Example 4.1. Letd=1. For0<d <1 andp>0, let V(z) =c+ (1 + :c2)g and

v(dz) = ! Z %(dz)

T’
Y & THETT
where 5 .
_ —(1+22)2 _
C—log/Re dr and w—iezzl_i_mprp.

Then there exists a positive constant C' such that the weak Poincaré inequality for u * v holds
with as) = Cs~2/P for all s > 0.

Proof. We use Theorem 3.3(a) to give the proof. First we need to estimate p,. It is easy to see
that S o)
—c e [1+(z—1)?]2 —c e [1+((2)—k)%]2

e e
P =2 T T T A

iez 7 ez

where x = [z] 4+ (x) and [z] is the integral part of . Moreover, as
1
Gk <14 ((2) k)P <24+ 42,

we have

2+k2)3 o~ 1H(@)—k)2)? o ()38

—(
(§
< < .
2 T = 2 1+ [ =R S A T [ = H




WEAK POINCARE INEQUALITY FOR CONVOLUTION PROBABILITY MEASURES 15

To deal with the terms on the both sides of the inequality above, we need the following estimates:

[] [Pt 2p(![x] — kP \klp“)
e

< 2p(1 n |k:|P+1).

Using these inequalities and the dominated convergence theorem, we have

,l
=Y e,

kezZ

]+t e 3

: |
lim Zl+|[ s

and S
’p+1 o~ (2+K%)2

|[]
Z 1_’_‘ |p+1

Combining these with (4.1) yields

= o (21k2)3

\z|%+oo ez

1

Here and in what follows, for any functions f and g, we write “f =< ¢” if there exist positive
constants ¢; and co such that cof < g < c¢1f. It then follows that

A

Vi, (s) =V, (s) = log(1 4 s)P + o(log(1 + s)).

By this and the definition of # in (3.6), there exists some positive constant Ry such that

1_ 7! oV (r),.1—d 1
o(s) =  inf _ oWy (r)e”r 7% . (4.2)
r€[Ro,sVRo] fRo tl=deoVi () dt + 1 S

Moreover, it is easy to calculate that for large r,
(n+v)(|a| =) <r7?.
By this and (4.2), we conclude that there exists some positive constant C' such that
Hy(r) < CrP/?,
which completes the proof by Theorem 3.3 (a). O

Example 4.2. Let V(x) = ¢+ |z[P for some 0 < p < 1, and p(dz) = e~V ®) dz. Then for any
probability measure v with R := sup{|z| : z € supp v} < oo, there exists some positive constant

C such that the weak poincaré inequality for p* v holds with

1 2(1—p)
a(s)zC[l—i—log <1—|—)} P s>0.
s
Proof. a) Method 1. 1t is easy to see that

inf ((VV(z),z) — R|VV(z)|) = psP (s — R).

|z|=s
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Then there exists Ry > R such that for |x| > Ry,

inf psP (s — R) < |zP.
|x|—R<s<|z|+R

Thus, we can choose ¥(|z|) := c|z[P~! and then have that for |z| > Ry,

C(l _ O')|:E|p_1|l’|1_d ecoll? |x|p—d ecolzl?

= Clz2P—1),
fII;O‘ wul—d ecou? Jq +1 B |:L’|2_d_p ecolzl? ‘ |
It follows from the definition of  in (3.10) that
0(|z]) < |z[>P~V, for all |z| > Ro.
From this, we obtain that for any r > 0,
> p oy dop
Hy(r) = u<2|x| >0 (1/r) v Rg) <C L eyt du < Cem T Y 2w
ch(l_P)

Now using Corollary 3.4 (a), we conclude that there exists some positive constant C' such that

2(1—p)

a(s) :C’[l—Hog <1+i>] :

b) Method 2. 1t is easy to calculate that for § > 0 and |z| > 0,
OVV (@) = AV (2) = 0p*a**™V — p(d + p = 2) a2,

Thus, there exists some constant Ry > 0 such that for all |z| > Ry,

\u|<iﬁf|+3|u‘2(pil) > (|z| + R)?P~Y.

So the function 6 in Corollary 3.4 (b) satisfies

O(r) < r?®P=1 r > Ry.

The rest of the proof is similar by using Corollary 3.4 (b), so we omit it. O

Next, the following examples are to illustrate Corollary 3.6.

Example 4.3. Forp >0, let V(z) = c+ (d+ p)log(1 + |z|). Then for any probability measure
v with R := sup{|z| : z € supp v} < oo, there exists some positive constant C' such that u * v

satisfies the weak poincaré inequality with

Proof. We use Corollary 3.6 to give the proof. It is easy to see that for s > R,

V(s) = sup V(z) =c+ (d+p)log(l+ R+ s),
s—R<|z|<R+s
V(s) = inf V(z) =c+ (d+p)log(l+s—R).

s—R<|z|<R+s
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Thus, there exists a positive constant C' such that

- N d+p
V(- - LR+ s)TP
e (1+s—R)d+P_C’ s> R.

Moreover, for o € (g%f} vV 0,1), let 6 be in (3.10). Then there exists a positive constant Ry > R
such that
_ cl=o)(d+p)(1+ R4 r)7HDtrimd

0 = < 1 —2 >R R).
= Rt sp@msiags g1 S 2R R)

Therefore, by Corollary 3.6, we obtain the results directly. This result also can be proved in a
similar way by using 6 constructed in (3.11) and Corollary 3.6. [

Similarly, we have

Example 4.4. Letp > 1 and V(z) = c+dlog(1+|x|)+ploglog(e +|x|). Then for any probability
measure v with R := sup{|z| : z € supp v} < oo, there exist some positive constants ci,co such

that the weak poincaré inequality holds for u v with
a(r) =c exp[czr_l/(p_l)], r>0.

Remark 4.5. When v = §y, i.e. R =0, Examples 4.3-4.4 have been treated in [12]. Compared
with the results in [12], the results presented above are more precise. We would like to indicate
that by [12, Corollary 4.2.2 (1)], the o in Example 4.3 implies the exact main order of p*v(|z| >
N) as N — oo. Hence, using Lyapunov conditions seems to be able to get better convergence

or decay rates for diffusion processes.
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