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1. Introduction

In this study, we aim to establish transportation-cost inequalities associated with

the uniform distance, which is on the path space of (reflecting) diffusion processes

over manifolds carrying a complete geometric flow. More precisely, our base manifold

is a d-dimensional differential manifold M possibly with boundary dM equipped with
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a family of complete Riemannian metrics (g¢)sejo,r,) for some T, € (0,00], which is C*
in t. Let V! and Ric; be, respectively, the Levi-Civita connection and the Ricci curvature
tensor associated with the metric g;. For simplicity, we take the notation: for X, Y € T M,

: 1
R7(X,Y) :=Ric(X,Y) — (V5 Z,Y), — 509:(X,Y),

where Z; is a C11-vector field and (-, ), := g¢(-, ). Define the second fundamental form
of the boundary with respect to g; by

(X, Y) = — (V4N Y) , forall X,Y € TOM,

0
where N; is the inward unit normal vector field of the boundary associated with the
metric g; and TOM is the tangent space of M. If II; > 0 for all ¢ € [0,T.), i.e., OM
keeps convex for all ¢ € [0,T.), then we call {g:} a convex flow.

Consider the elliptic operator L; := Ay + Z; on [0,T,) x M, where A; is the Laplacian
operator with respect to the metric g; and Z is a C'!-vector field. Let u € 22(M), where
P (M) is the set including all probability measures on M. A (reflecting) diffusion pro-
cess X*, generated by L; with initial distribution p, can be constructed as in [4]. Assume
that X} is non-explosive before time T, by a similar discussion as in [5, Corollary 2.2],
which is the case if

RZ > K(t), for some K € C([0,T.)) and II, > 0(if OM # @), t € [0,T.).  (1.1)

When = 6,, we simply denote X9* = X#. Moreover, by [4], we know that X¥ solves
the following equation

dX; = V2u; 0 dBy + Zy(Xy)dt + Ny(Xy)dly, Xo =z, (1.2)

where B; := (B}, B%,---, B{) is a R%valued Brownian motion on a complete filtered
probability space (2, {.Z; }+>0,P) with the natural filtration {.%; };>0, u; is the horizontal
lift process of X; and [; is an increasing process supported on {t > 0: X; € OM}. Note
that if OM = @, then [, = 0.

Given p € (M) and 0 < S < T < T, let HLS’T] be the distribution of X{g 7} :=
{X; :t € [S,T)} with initial law p at time S. Then HLS’T] is a probability measure on
WISTl .= C([S, T]; M) with o-field F1%7! induced by cylindrically measurable functions.
When S = 0, we simply denote HE = HEJ’T] and W7 := WIT]. Our aim is to establish
transportation-cost inequalities for HLS’T] under some new curvature conditions, which
may include the influence from the time changing of the metric.

Transportation-cost inequality was first introduced by Talagrand [15] in 1996 to bound
from above the L2-Wasserstein distance to the standard Gaussian measure on R? by the
relative entropy. This inequality has been extended to distributions on finite- and infinite-

dimensional spaces. In particular, this inequality was established on the path space of
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diffusion processes with respect to several different distances (i.e., cost functions). See
[7,19,20] on the path space of diffusions with the uniform distance; see [8] on the Wiener
space with the Cameron—Martin distance; see [6,16] on the path space of diffusions with
the L2-distance and [17] on the Riemannian path space with intrinsic distance induced
by the Malliavin gradient operator. In their previous works, the metric of the base space
is fixed and the corresponding diffusion process is homogeneous. A natural question is
how to extend these results to the time-inhomogeneous diffusion case on manifolds with
time-changing metrics.

Indeed, since Arnaudon et al. [1] first construct the g,-Brownian motion (i.e. the
diffusion process generated by %At) on manifolds with time-depending metrics, there
has been tremendous interest in developing stochastic analysis on these manifolds. One
of the results is the transportation-cost inequality with respect to the L?-Wasserstein
distance, which is induced by the g;-distance (the Riemannian distance with respect to
the metric g;); see e.g. [2,4,5]. Let pi(x,y) be the gi-Riemannian distance between z and
y for z,y € M. For v,y € P(M), the L>-Wasserstein distance of y and v, induced by
the g;-distance, is defined by

1/2

Waslvew) = it [ penfanen) |
neEL (v,1)
MxM
where € (v, u) is the set of all couplings for v and . In [4], the author has proved that
the curvature condition (1.1) is equivalent to that for any x € M, 0 < s <t < T, and

nonnegative f with Ps . f(z) =1,
WQJ(PS,t(xa '), fPs,t(xv ))2 < 6_2'[; K(rdr WQ,S(Ma V)' (13)

In this article, we extend this result to the path space WI5T]. More precisely, we aim to
estimate some Wasserstein distance between two different probability measures on the
path space WIS, The main idea is to modify the argument of [19] where fixed metric
is considered.

For 0 < S < T < T, consider the following uniform norm on the path space W71

prsm(vsm) == sup_pi(ye,me),  v,m € WISTL
te[S,T]

Let W2p %71 be the L2-Wasserstein distance (or L2-transportation cost) associated with

ps,7)- In general, for any p € [1,00) and two probability measures II;, Iy on WIST),
1/p
Wy (1, ,) ;== inf / ,n)Pr(dy,d
P (I, IIp) e (s T1y) p[S,T]('Y n)Pm(dy,dn)

WIS.TI X WS,

is the LP-Wasserstein distance (or LP-transportation cost) of II; and Ily, induced by the
uniform norm, where % (II1, 1) is the set of all couplings for IT; and II,.
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In this article, we present two types of transportation-cost inequalities with respect to
this distance, which are proved to be equivalent to the curvature condition (1.1); see The-
orem 2.1 below. In particular, we prove that (1.1) is equivalent to the following Talagrand

inequality: for 0 < § < T < T, and nonnegative F on WS} with T "(F) = 1,

t
Wy (FHLS’TLHLSE;])Q < 4<t es[gSpT] / e~2 )y K(r)dr du) TN (Flog F),  (1.4)
s

where
p2 T () := 1T (F)u(dz) € 2(M). (15)

Moreover, (1.4) implies other types of Talagrand inequalities; see Corollary 2.2.

As in [19], we then extend these results to non-convex flow by using a conformal
changing of metrics; see Theorems 3.4 and 3.5 below. We would like to indicate that
when it reduces to the fixed metric case, i.e., gy = g, Theorem 3.4 simplifies the results
in [19], see Remark 3.2 for details. This result is applied to the following Ricci flow with
umbilic boundary: for A € R,

{%gt = 2Ricy, in M; (1.6)
II; = A, on OM.

See [14] for the short time existence of the solution to this equation and [3] for more
geometric explanation of this solution.

The rest parts of the paper are organized as follows. In Section 2, we prove the
equivalence of some Wasserstein distance inequalities and the condition (1.1), and in
Section 3, we extend part results to the case with non-convex setting.

2. Transportation-cost inequalities

The main result of this section is presented as follows.

Theorem 2.1. For any p € [1,00) and K € C([0,T.)), the following statements are
equivalent to each other.

(i) (1.1) holds.
(ii) For any 0 < S <T < T, p € P(M) and nonnegative F with HLS’T] (F) =1,

t

oo S, T o [t r
Wy (FHLS’T],HLE,%)Z <4 o / e 2L K@Ar qy | TIIST(Flog F),
s

where ,u[f‘,?’T] € P(M) is defined as in (1.5).
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(ii") For anyx € M, 0< S <T < T, and nonnegative F' with 7! (F) =1,

t

Wee (FIET IS TH2 < 4 sup / e~ 2 i Kn)dr gy | TIISTI(Flog F).
te[s,T]
S

(iii) For any 0 < S<T <T, and p,v € (M),

o~ (LST) TIST)) < ( up el Kwdr) Wy ().
te[S,T]

(iv) For anyx € M, 0< S <T < T, and nonnegative f with Psrf(x) =1,

T

Wa,r(Psr(z,-), fPsr(z,-))* < 4 /6_2 L K gy, Ps(flog f)(x).
5

Proof. Firstly, we explain that (ii) and (ii’) are equivalent to each other. By taking
p = 6z, we have pf, = IIZ(F)6, = d,, which implies that (ii’) follows from (ii) directly.
To show “(ii’) = (ii)”, we first observe that by (ii’), for each x € M, there exists

F
n? a?
”wé(g(HT(F) g )

x

such that

t

poo (1) (dy,dn) <4 | sup / e 2 i Kdr gy | ST (Flog F).
WIS, TIx WIS, T] te[S,T] %

If  — 7,(G) is measurable for bounded continuous function G on WT! x WIsT]
then (ii) is derived by integrating both hand sides with respect to p%(dz). The proof
of measurability for x — m, is standard, see (b) in the proof of [7, Theorem 4.1]. Thus,
(ii) and (ii’) are equivalent to each other.

Secondly, we need to show that “(i) = (ii’)”. We only consider the case where OM is
non-empty. For the case without boundary, the following argument works well by taking
l; = 0 and Ny = 0. We assume without loss of generality that S = 0. Simply denote
X[%’T] = Xjo,7)- Let F' be a positive bounded measurable function on WT such that
inf F > 0 and IIZ(F) = 1. Let dQ = F(X[o77)dP. Then Q is a probability measure
on Q due to the fact that EF(X[o ) = IIZ(F) = 1. Moreover, we need the following
square-integrable .%#;-martingales

ms

t
dmg
mg = ]E(F(X[OT])'yt)? Lt = / s t e [O,T]
0
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Le—3(L)

It is easy to see that m; = e ¢, t € [0,7]. By the martingale representation,

we conclude that there exists a unique .Z;-predict process 8; on R? such that L; =

fOt </883st> and
F(Xo,m) =mr = ol (BedB) = [T 1B.]1%ds.

where || - || is the norm on RY. Then by the Girsanov theorem, B; := B; — fg Bsds,
t € 0,7] is a d-dimensional Brownian motion under Q.
Let Y; solve the following SDE

dY, = V2P%, y,u 0 dBy + Z,(Yy)dt + Ny(YVi)dly, Yo =z, (2.1)

where P)t(t,Yt is the g4-parallel displacement along the minimal geodesic from X; to Y%,

l; is the local time of Y; on OM and wu; is the horizontal process of X; given in (1.2).
As explained, under Q, B, is a d-dimensional Brownian motion and then 7% is the
distribution of Yo 7.

On the other hand, since B, = By — fg Bsds, (1.2) implies

dX, = V2u; 0 dB, + Z,(X)dt + V2u, Bedt + Ny(X,)dl,, Xo = 2. (2.2)
Moreover, for any bounded measurable function G on W7,
EqG(Xjo,1)) == E(FG)(X[o,1)) = Hf(FG)~
Thus, we conclude that the distribution of X[ 7) under Q coincides with FIIL. Therefore,

W™ (FIL, 113)* < Egpjo,11(Xjo1): Yio11)* = Eg ax, pr(X, Yoo (23)

Then it suffices for us to estimate Eq max;cj 1) pt (X, Y;)2. To this end, we first observe
that by the convexity of (OM, g¢), we have

<Nt(ﬂ3)7vtpt(',y)(93)>t = <Nt(x)a Vtﬂt(ya )(ZL‘)>t < 07 x € OM.

Combining this with the It6 formula (see [11]) and using the index lemma, we obtain
from the condition RZ > K(t) that

dpe(X¢, Y3)
pe(X¢,Y)

<O [ [R5 + (Vi Zei(s)), ] ds + @upn) (X0, Yo p
0

+ \/§<Utﬁt, tht(-, )/t)(Xt)>t dt
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pt(X¢,Yz)
1
= / —Rice(Y(s),5(s)) + <V,t-y(s)Zt,"Y(S>>t + 581&915(7(5)”7(5)) ds o dt
0
+ V2w By, Vipi(:, Yi)(Xy)), dt
< —K()pe(Xe, Ya)dt + V2 (ueBy, Vipe (-, Y1) (X)), dt
< (K (t)pe( X1, Y2) + V2|8t (2.4)

where v is the minimal geodesic connecting X; and Y; associated with the metric g;
and the second equality holds true due to the following equality (see [12, Lemma 5 and
Remark 6])

Pt(Xth)l
(Oepe) (X4, Y3) = / iﬁtgt("y(s),*'y(s))ds.
0
Since Xo = Yy = z, (2.4) implies that for any ¢ € [0, 7],
2

t
pe (X, Yt)2 < e ? Jo K (r)dr \/i/efos K(rjdr [l Bsl|ds
0

t

t
<ol [, [ 15

0 0

Taking the maximum on both hand sides over ¢t € [0, T], and then taking the expectation
under QQ, we have

t

T
Eg tgf&)j{j} pe( X, Y7)? < 2trer%3§] /672 Ji K(rydr g /EQ||5S||2ds. (2.5)
0 0

To estimate fOT Egl|8s]|?ds, we first observe that

Eql|Bsl* = E(mr|Bsl*) = E(||Bs|*E(mr| Zs)) = E(ms||8s[%), s € [0,T].
Then, by the It6 formula, we have

d
d(mylogm;) = (1 + logm;)dm, + d(m),
th

mid (L),

=(1+1 d
(1 +logmy)dm, + 9y

m
= (1 + logmy)dm; + TtnﬁtHth’
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which implies

T

/EQ||BS||2ds = 2EF (X[o,7)) log F(X[0,77)- (2.6)
0

Therefore, (ii’) follows from (2.5) and (2.6).

Thirdly, we turn to prove “(i) < (iv)”. If (1.1) holds, then by “(i) = (ii’)” and taking
p =0, and F(Xp,)) = f(X7) into the inequality in (ii’), we obtain (iv) directly.

To prove “(iv) = (i)”, let f € C?(M) such that Pszf(z) = 0, where C2(M) :=
{f € C*(M) : f is constant outside some compact set}. Then, for small ¢ > 0 such that
fe:=14¢f >0, we obtain from [13] that

(o (o) < | 1y Pl VT War (1o, ), Por(a )

2
Wor(f-Psr(z,-), Psr(z,-)?| | (2.7)

N |[Hess ||
2¢e

where |[Hess} |l = sup, [[Hess}||ms, Hess}(X,Y) == (VX V*f,Y) , XY € TM and
I - || s is the Hilbert—Schmidt norm. To estimate the term W v (f-Psr(z, ), Psr(x,-)),
using the condition (iv), we have

T

Wor(Psr(z,), f-Psr(z,-))? <4 /efzf“T K0T qu | Psp(f-log fo)(z).  (2.8)
5

Using the Taylor expansion of log f. at =, we further obtain

Peir(futog 1)(e) = Par {1+ <) (21 - 31?4 @

2
= EPS7Tf2(:c) + o(£?).

Combining this with (2.7) and (2.8), and letting ¢ — 0, we conclude that for 0 < § <
T<T,

T
T
(Psrf)*(x) < 4 / e 2 I KO qu | PV [l (2) - lim
S
T

<2 /e_Qf: Kmar qu | Ps VT f|2(x) - Psrf?(x).
5

Pg 1 felog f-(x)
22

This is equivalent to [4, Theorem 5.3] (ix) for o = 0, p = 2 and continuous function K.
Therefore, by [4, Theorem 5.3] “(ix) < (i)”, (iv) implies (i).



L.-J. Cheng / Bull. Sci. math. 140 (2016) 541-561 549

Fourthly, we turn to show that “(ii") = (i)”. By taking y = ¢, and F(X[g 7)) = f(X7),
we obtain (iv) from (ii’) directly. Then by “(iv) < (i)”, we conclude that (ii’) implies (i).

Finally, it leaves us to show that “(i) < (iii)”. By taking y = §, and F(Xg7]) =
f(X7), we have that uL = IZ(F)d, = J, and then (iii) implies

Wp,s(8.Ps,r, 6, Ps,r) < e Js KO po(e ) 0<S<T <T.,
where Pgr(z,-) is the distribution of X7 with conditional Xg = z. This further im-
plies (i) by [4, Theorem 4.2].
As the proof of “(i) = (iii)” is similar to that of Theorem 3.4, we skip it here. O

The following result is a direct consequence of Theorem 2.1.

Corollary 2.2. For any p € [1,00) and K € C([0,T.)), the following statements are
equivalent to each other.

(i) (1.1) holds.
(ii) For any0< S <T <T,, p€ P(M) and F > 0 with HLS’T](F) =1,

t 1/2
WQP[S,T] (FHLS,T]’ HLS,T]) S 2 tes[ng] / 672 fu K(r)dr du HLS,T] (F 10g F)
TS
LKA (ST
+ (tér[lgz):(ﬂe s ) 2,S(/~LF OB

(iii) For any p € (M) and nonnegative function G € C([0,T.)) such that
Wa,s(fp,n)* < G(S)u(flog f), f=0, p(f) =1, (2.9)
it holds

Wy (FIs T )

t
< [2,] sup /ifzfzi KMdr qu 4+ 1/G(S) ( max e~ Js K(’”)dr>
te[S,T) % te[S,T]
x ST (Flog F)
for F >0 and T2"/(F) = 1.

Proof. It is clear that (iii) follows from the inequality in (ii) and the condition (2.9). On
the other hand, as
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WQP[S,T] (FHLS,T]’HLS,T]) < W;[S,T] (FHLS,T]’HI[iSﬂ]) +WQP[S,T] <HA[A»S;S7;]7HLS,T]) 7

then (ii) is derived from (i) by combining Theorem 2.1(ii), (iii). By taking p = 4, it is
easy to see that (i) follows from each of (ii) and (iii). We then complete the proof. O

Remark 2.3. When the metric is constant, i.e., g+ = g, the curvature condition (1.1)
becomes

Ric—VZ>K and II1>0 (OM # ©)

for some constant K. Then, under this curvature condition, the inequalities in Theo-
rem 2.1 and Corollary 2.2 are reduced to that in [19, Theorem 1.1].

3. Extension to non-convex flow and Ricci flow

As in [19], we first consider L; = 9?(A,;+ Z,;) with diffusion coefficient 1, on manifolds
with convex flows; then extend to the case with non-convex flow. Finally, we apply these
results into the Ricci flow with umbilic boundary.

3.1. The case with a diffusion coefficient

Let ¢,(-) = ¥(t,-) > 0 be a smooth function on (M, g;) and constant outside a compact
set K C M. Let Hz;w be the distribution of the (reflecting if 9M # &) diffusion process
generated by L; = 92 (A+ Z;) on time interval [0,7] C [0, T,) with initial distribution .
Write Hgyw = H(;me, x € M for simplicity. Moreover, for any positive function F' with
n? ,(F) =1, let

E () = TIZ (F) ).
Write |V f|loo 1= supgeas [V f(2)]: for simplicity.

Theorem 3.1. Assume that 11, > 0, Ric? > K (t) and 8,g; < Ky(t) for all t € [0,T.)
and some continuous functions Ky, Ko on [0,T.). Let

_ 1
Ky (t) = dIIV* % + Ky @lel% + 20 Zelooll$nlloo Vi lloo + S5 (1)

Then for some positive function F with Hlep(F) =1, and p€ (M),

W

HE 4>

T
T
<401+ O )T | [ e K ds | 1T (Plog F)
0
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holds for

-1
C(T, ) := 4T sup ||V usll5 1+<2T sup IV%SII%O> +1
s€[0,T] s€[0,T]

Proof. We shall only consider the case that M is non-empty. As explained in the proof
of Theorem 2.1 above, it suffices for us to prove this for y = §,, x € M. In this case, the
desired inequality reduces to

WQP[OYT] (Fﬂf,l/u Hfﬂp)Q
T
T
< 4(1 + O(T, ))eCTY) / a2 €27 e 45 | T (Flog F),
0

F>0, I ,(F)=1.

Since the diffusion coefficient is non-constant, it is convenient to adopt the It6 differ-
ential d; for the Girsanov transformation. So the reflecting L;-diffusion process can be
constructed by solving the It6 SDE

dr Xy = V20 (X )udBy + 07 (X1) Zo(Xy)dt + Ny(Xp)dly,  Xo =z,

where B; is the d-dimensional Brownian motion with natural filtration .%;. Let 5;, Q
and B, be the same as in the proof of Theorem 2.1. Then

dr Xy = V20 (X )urd By + {02 (Xe) Ze(Xe) + V20 (Xo)ue B ydt + Np(Xp)dly,
Let Y; solve

drYy = V2 (Yy) Pk, v, ud By + 07 (Y1) Ze(Yy)dt + Ny (Yo)dly, Yo =, (3.2)

where [y is the local time of Y; on M. As explained in the proof of Theorem 2.1, under Q,
the distribution of Y}o 1) and X[ 7} are ng and Fﬂf’w, respectively. Thus,

Wy T (FIL 115 )° < Eg max pi(Xe,Y0)?. (3.3)

We now turn to estimate Eqg max;cjo, 1 pt(X¢, Y:)?. Note that due to the convexity of the
boundary,

(Ne(2), V'pe (- ) (), = (Ne(2), Vipe(y, ) (), <0, x € IM.

Combining this with (3.1), (3.2) and the It6é formula, we obtain
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d
A (X0 i) VR0~ 00 (T V)X By, + { Y0260,
=1
(2050, V(X Y40), + (X0, Tl T)(X), fa
+ (Dupe) (X2, Yt + (V' pu( Vo) (X0), V2 (XoJusy) dt

where b; is a one-dimensional Brownian motion, {Uf}Z, are vector fields on M x M
such that V'U}! = 0 and

UN (X, Y1) = Ye(X)VE + e (Vo) Py, v, Vi, 1<i<d

for {V!}4 , a g;-orthonormal basis of Tx,M with V! = Vip,(-,Y;)(X;). Let p, =
pt(X+,Y:). Define

s —s _
Ji(s) = (;W(Yt) + & wt(Xt)) Pfi(o),—y(s)‘/ita 1<i<d,

where J;(0) = 1 (X:) V! and J}(py) = ¥¢(Y2) Pk, v, Vi’ Note that P! ) V; are parallel
vector fields along ~.
d

Z(Uf)zﬂt(xt,yt)

i=1

d Pt
Z/IWﬁ-—&WﬁWdMW@MS

1o

< d|VH |21 — ?/wmm+@rmmmmmmwawmm.@@
0

On the other hand,

VP (X)) (Ze(Xe), Vipe(-, Vi) (Xe)), + Vi (Y2) (Z(Y), Vipe( X, (Y2)),

zé L Iswu(¥) + (o0 — )X {Z(3)), 4 (), s
0

< i%/szm Y) + (pr — $)0u (X (V4 2Z0) 07,4, (5)ds

+ 20| Ze )| oo IV e[l oc [t oo - (3.5)
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Moreover,

1
(Owpe) (X, Y1) = /3t9t (s))ds < §K2(t)Pt-

Combining this with (3.4) and (3.5), we have

dpe(Xe,Yy) < V2(4e(Xe) = 0(Y2)) (V' pe(-, Vo) (Xo), ud By),

K (1) pi / (s (Y2) + (pr — )by (X)]2ds b dt

1
+{ AT 4 22Tl + KO

+ V2|9t | oo || Bl
< V2 (Xe) — (YD) (VEpi (-, Vi) (X)), wed By,
+ Koy (t)pe (X, Vi)t + V2[00 || oo || Be || dt, (3.6)

where

1
—K, (t) > 0.

Ky (t) = dlIV'ulS + Ky Ol + 201 2eloo [V Prlloc oo + 3

Then
t
My =V [ B0 (5,(X,) = 0(V) (Vopu, Vo) (X.). wdB),
0
is a Q-martingale such that
pe(Xt,Y:) < elo Ko mar g, 4 \/i/e_ Js Ko mar |y | |1Bsllds |, ¢ € [0,T].

Thus, by the Doob inequality, we obtain

By = o2 Jo Ky S)dSE max ps(XmY)
sE[O t]
. 2
< (1+ R)Eg SIQ[aX]M +2(1+ R VEq /e‘ Jo Ko | oo ]| Bl ds

0
t

t
A1+ RBQM? +2(14 B [ 2100y 2 as [ Bolls,
0 0

IN

|2ds
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t

§m+mstW%&/m®
s€[0,T] 0

T

T
P20 R [l e 26 90 ds. [BollaPds, te o7 (37
0 0

Since hg = 0, by the Gronwall inequality, this implies

hr = e 2 jOT Ky(s)ds EQ H%éi);] ps(XS7 Y;)Q
se|0,

T
<2014 R [ [l K as
0

T
xmpsa+stw\wwww~/ﬁme@. (3.8)
s€[0,T] 0
Moreover, as explained in (2.6), it holds
T
[ BallfulPds = 2BF (X 1) log F(Xiom),
0

which, together with (3.8), implies
]E S X97Y‘} 2
@ﬁ%ﬂ((()
<4(1+R7YH

T
~exp |8(1+ R)T sup |VS¢S||30:| /|Ws||§o‘32ng”’(r)drd5'Hf,w(FlogF)-
s€[0,T]
0

Combining this with (3.3), and taking

1
1

R—_ L+ (2T sup Vsl -1
2 s€(0,T

into the term on right hand of the above inequality, we complete the proof. O

Remark 3.2.

(1) We would like to indicate that in [19], the author used the FKG inequality to deal
with the term Eqg maxeo 0%(X,,Yy). Here, we apply the Gronwall inequality di-
rectly, which leads to the wanted estimates in a simple way.
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(2) Using RZ > K, (t) in place of RicZ > K;(t) for some continuous function K; on
[0,T%), the assertion of Theorem 3.1 still holds with the following K:

L ) K5 ().

Ky(t) = d V' 0%+ Ky (O0el% + 20 Zelloo[elloo [V 4t llo0 + 5

The coupling method also implies the following result.
Theorem 3.3. In the situation of Theorem 3.1, it holds
wye @l 1l ) < 9 el KuOHIV BellZ)dt yyry 1) ).

Proof. As explained in the proof of [19, Theorem 1.1] “(6) = (5)”, we only consider
v =0y, and v = J,. Let X; and Y; solve the following SDEs respectively.

dr Xy = V2 (X)) udBy + V7 (X)) Zy(X)dt + Ny(Xp)dly, Xo = ;
d1Y; = V20 (V) P, y,wd By + Y7 (Y1) Zo(Yy)dt + Ny(Yy)dly, Yo =y.

Then, as explained in Theorem 3.1, by the It6 formula,
dpe(X1, Y2) < V2(e(Xy) — (Y1) (Ve (-, Vi) (Xo), udBy), + Ky (t)p(Xy, Yr)dt.
Therefore,

pe( X, Yy) < elo Ko@ds (N, + po(z,y)), t >0 (3.9)

for M, = \/Ef(f e Jo Ko(du(y, (X ) — hy(Y2)) (Vops (-, Ya)(Xs), usdBs),. By this, we
arrive at
W2 o (Hz RUE ng)2

<E X, Y,
tre%%}%]pt( ts t)

< 2[ K¢(t)th M
e”Jo tgfg%a]( ++ po(z,y))?

< 42l Ko WU RN + po(a,y))? = de2 o KeOVENIZ 4 p2(2,y))

T
S 46215 Kw(t)dt / K,/, s)ds Ilvtw H2 Ept(Xu}/t) d
0

< el Kot ()2 4 2 / o2 o Ko () | gty |2 B max pu(X,, Vo)t
s€|0,
0

< 42 Iy Ee@OFIVIelZdt o )2
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where the third inequality is due to the Doob inequality and the last inequality is due to
the Gronwall inequality. This implies the desired inequality for 4 = d, and v =4,. O

3.2. Non-convex flow

By using a proper conformal change of the geometric flow, we are able to establish the
following transportation-cost inequality on manifolds carrying a non-convex geometric
flow. Let

P ={p € CH[0,T.) x M) :inf ¢, = 1, TI; > —N, log ¢ }.
Assume that 2 # @ and for some K1, Ko € C([0,T,)),
Ric? > K1 (t) and 0,9, < Ka(t) (3.10)

hold. Let ¢; € 2. Then, by [18, Lemma 2.1], &M becomes convex under §; = ¢; 2g;. Note
that we do not need the condition “V'¢; || N;”, which is included in [18, Lemma 2.1],
since we find that it is not used in this proof. Let A; and V! be, respectively, the
Laplacian and gradient operator induced by the new metric g;. As ¢y > 1, pi(x,y) is
larger than p¢(z,y), which is denoted as the Riemannian g;-distance between z and y.

Theorem 3.4. Let OM # @ and I, > —o(t) for some positive function o € C([0,T¢)).
Assume (3.10) holds. Let ¢ € D such that

Kolt) = dI V00l + Ky (6)+ 20002 + (d — 200l [V Oulloe + 3 K (1) < o0,
where
Koa(0)i= i {62K10) 4 3 Lu0% — (V6210200 — (0= DIVl |
Koalt) = sup{ 20, log ) + Ka).
Then for any p € P (M) and nonnegative function F with HZ(F) =1,

Wy T (FILE, L)
T

< 4(1+ O(T, ¢)) eC 19 ( sup [|é]|% ) / 2 Kadr g5 11T (Flog F)

te(0,T)
0

holds for

-1
C(T,¢) =AT sup [|[V°¢s|2, 1+ <2T sup ||V8¢s||§o> +1
s€[0,T] s€[0,T]
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Proof. From the proof of [4, Theorem 1.2], we know that L, = ¢; (A, + Z;), where
Zt = ¢?Zt + d—fvt¢%, and

—Z
R,iCt 2 K¢’1(t)7 8t§t S K(z,’g(t).

Let Ky be the same as in Theorem 3.4 for the manifold equipped with {g; }+c[o,7.). Then
for Ly = 17 (A; + Z;), where b, = ¢; ', it is clear from ¢; > 1 that K (t) < Ky(t) and
C(T,v) < C(T, ¢), where Ky, and C(T, 1)) are defined as in Theorem 3.1 with ¢, = ¢; *.
Hence, it follows from Theorem 3.1 that for any F' > 0 with Hg(F ) =1,

T
WO (FIL, T2 )% < A(1+ (T, 6)) e /e2 [T Kodr g 11T (Flog F),
0

where j is the uniform distance on W7 induced by the metric §;. The proof is completed
by using the fact that pjo 77 < sup,eio. 77 [|¢tllocfo. ). O

As explained in the proof above, Ky (t) < Ky(t) and p < py < ||¢¢]|opt, which imply
the following result by using Theorem 3.3 with ¢ = ¢ 1.

Theorem 3.5. In the situation of Theorem 3.4, it holds

WQP[O,T] (H57H3) <2 ( sup ||¢t||oo> efoT(K¢(t)+HVt¢t”io)dt WQ,O(/% V),
t€[0,T]

for v e (M) and T € [0,T,).
3.8. Applications to Ricci flow with umbilic boundary

As an application of Theorems 3.4 and 3.5, we now turn to consider the Ricci flow
with umbilic boundary (see (1.6)).

Suppose {gt}iefo,1,) is a complete solution to the equation (1.6). When II; = A > 0
n (1.6), by Theorem 2.1 “(i) implies (ii), (iii)”, we obtain that for 0 < S < T < Tq,
p € P (M) and nonnegative F with IT} (F) = 1,

2
s, o
oS (FHLS’TLHL[FS;]) <2 {lfe AT Sﬂ S TI(Flog F). (3.11)

Moreover, for p,v € Z (M), it holds

WES SIS < W, 500,

From this and (3.11), it is easy to see that these results look like those on Ricci flat
manifolds.
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For the case A < 0, i.e., the boundary is non-convex, we need more information about
the boundary. Let p?(z) be the distance between 2 and 9M with respect to the metric g;.
Our following discussion needs the following curvature condition:

(H) There exist positive constants ro, k and ky such that |Ric;] < k and on the set
Ot M :={xeM: p9(x) <ro}, p? is smooth and Sect; < k.

Within this condition, Theorems 3.4 and 3.5 imply the following result.

Theorem 3.6. Let d > 2. Suppose {gt}te[O,TC) is a complete solution to (1.6) with A < 0.

For T € (0,T¢), let Hg be the distribution of X[‘é ) where X}' is a Brownian motion

generated by Ay with initial law p. Assume (H) holds for t € [0,T] and ro < s Let

1 11
K :=— —+§r0k M+ (4d — — | N2d? + 2k;
To 2 2

C(T, A\, d) := 20/AT2\4d* 4 2T A2d2 + AT\>d>.
Then for any nonnegative function F on WT with HE(F) =1 and p € (M), it holds
Wy (FIL, L)

Q2KT _ 4

< (O(T, A d) + 1) 7T (2 = Mdrg)? —

I (Flog F).
Moreover, for any p,v € #(M), we have
W3 (I, T < (2 = Adro) "X W o (4, ).

If the condition (H) holds, then Ric; < k for some k € R, which implies that K;(t) =
—k and Ks(t) = 2k in (3.10). Thus, if there exists ¢ € 2 such that

Ky (t) == nf{ge A}~ + [|0: 10g dillos + (1 + [|6c]%) + (4d = 6)[[V' 1% < oo,

then Theorems 3.4 and 3.5 hold by replacing Ky(t) with f(¢(t). Now, it leaves us to
estimate Ky4(t) to complete the proof of Theorem 3.6.

Proof of Theorem 3.6. Under assumption (H), to estimate K4(t), we construct a proper
¢ € CH2([0,T] x M) such that ¢ € 2 first. Let

h(s) = cos(v/k1s), s>0. (3.12)
Then 0 < h(s) <1 for s € [0, 2\7/%] Moreover, let

—A(L = h(ro))?*

Jo' (h(s) = h(ro))?=ds’

(5:(5(7“0,)\,]61) = (313)
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Consider ¢, := o p?, t € [0,T], where

To

=1 +6/(h(s) ~ h(ro))—"ds /(h(u) ~ h(ro))™du.

By an approximation argument we may regard ¢ as C°°([0,T] x M)-smooth. Obviously,
¢ > 1 and Ngloggs = —\ = —1II; for all s € [0,7T]. Since II; = A < 0 and Sect; < k1 on
L, (M), according to the Laplacian comparison theorem for p? (see [9,10]), we have

do'h’
At(bt > < @h + 90//) (pta) > _67 te [OvT]v P? < 70-

As h is decreasing on [0, 7], we conclude that

8 [h(pf Nro) — h(ro)]' ™ [15,, (h(u) — h(ro))*~'du
10, log | = e | _ [h(p? A7) — h(ro)] p2nre (P(w) = h(r0)) orp?
o b

Moreover, taking the following formula into the above inequality, we have

oy o7
1 . . 1 . .
o =5 [ 20u3(9) 3s)ds = 5 [ Riee(3(9)5(s)ds. o < o
0 0

where 7 is the minimal curvature from x to OM. Combining this with (3.14), we obtain
|0 log ¢y| < 613k, pf < ro.

Similarly, we have |Vi¢;|? < 6%r3. In addition,

T0 T0 70 712
/(h(s) — h(ro))t~%ds /(h(u) — h(rg))4 tdu < /(ro —s)ds = 50 (3.15)
0 s 0

which implies

T
? 2

i or,
[@tlloc =140 [ (h(s) = h(ro))'~%ds [ (R(u) — h(ro))"™ 'du <1+ 2
J J

S

Thus, we conclude that

- 9 ore 11 5 o
K¢(t)§(5+(5k7“0+ 2+7 k+ 4d/—? (5’/“0. (316)
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Now, it leaves us to estimate d. Since —h' is increasing and h is decreasing, by the FKG
inequality, we have

? - —ro J3° (h(s) — h(ro) W (s)ds g -
O/(h(s) — h(ro))d lds > 0 — foro 1 (s)ds = E(l — h(ro))d 1

From this and (3.15), we deduce that § < —Ad/rg, which, together with (3.16), implies

1 11
Ky(t) < — (— + §rok> A + (4d - —) Nd? + 2k;
To 2 2

C(T, ) < 2V/AT2\4d* + 2TA2d? + AT N\2d>.
Combining this with Theorems 3.4 and 3.5, we complete the proof. O
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