ON SYMBOLIC COMPUTATIONS WITH CHERN CLASSES:
REMARKS ON THE LIBRARY CHERN.LIB FOR SINGULAR

OLEKSAND IENA

ABSTRACT. We provide an informal overview of the algorithms used for computing with Chern classes
in the library chern.1ib for the computer algebra system SINGULAR.
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INTRODUCTION

The main aim of this note is to present in an informal way the library chern.lib [I0] for the
computer algebra system SINGULAR. We comment on how to perform basic computations with Chern
classes without knowing much about vector bundles and complex or algebraic geometry. Though the
methods we are using are straightforward and rather obvious for people acquainted with the theory
of Chern classes, it may possibly be useful to give an introduction to the theory that is accessible
for people with basic mathematical education who are just comfortable enough with polynomials in

many variables.

This note was partially motivated by two master theses of my students. The first thesis [17] is
an introductory text to the theory of Chern classes. The second one [16] deals in particular with
Grobner bases and elimination theory. The library chern.lib can be seen as a link between these

two subjects.
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Chern classes are certain cohomological invariants of (complex) vector bundles. Chern classes
may be seen as elementary symmetric polynomials in the so called Chern roots. The existence of
the Chern roots provides a rather simple theoretical way of computing the Chern classes of vector
bundles that were obtained by performing linear algebra operations (such as tensor product, direct
sum, etc.) on given vector bundles with known Chern classes.

The formula one is looking for is usually a symmetric expression in the Chern roots of given vector
bundles. However, though their existence is granted, the Chern roots of a given vector bundle are
almost never explicitly known. From the theoretical point of view it is not a problem since every
symmetric polynomial in a given set of variables can be written as a polynomial in the elementary
symmetric functions in those variables.

In practice however it is a rather time consuming task to get the required formulas in terms of the
Chern classes. Therefore, in order to perform the elimination of the Chern roots, it is reasonable to
use a computer.

In Section [I] we give in a very informal way the most important definitions. Sections [2] 3] and
concentrate on some computational aspects related to Chern classes. Section [5| briefly addresses
the Hirzebruch-Riemann-Roch theorem. In Section [f] the particular situation of complex projective
spaces is considered. Appendix [A] relates the elimination theory and the fundamental theorem of
symmetric functions.

Though the elimination approach gives a universal way to work with Chern classes, it is extremely
inefficient one since it involves computations of Grébner bases (see [5] for an informal introduction to
the topic by the inventor of the theory). Therefore, if possible, one should use approaches avoiding
Grobner bases computations. This is indeed possible in the cases of Chern characters (Section ,
Todd classes (Section [3|), Chern classes of tensor products (Subsection , second exterior and
symmetric powers (Subsection [4.5).

All formulas and computations mentioned in this note are implemented as a library for SINGULAR
(cf. [6], [T]). The resulting library chern.lib [1(] is a basic and by no means complete toolbox for
symbolic computations with Chern classes. Though the algorithms from [2] are implemented in the
library, we do not discuss them as they require a profound knowledge of algebraic geometry. For
other examples of algorithms that could be implemented in the library in the future see [3].

1. BASIC DEFINITIONS

Let
A=ApA's...0AV, A =7,
be a graded commutative ring.
One should think of A as of a ring of invariants associated to a space X. One could think, for

example, about the even part of the integer cohomology ring of a complex manifold X of dimension
N, i e.,

A=HX,Z)®o HY(X,Z)®--- & HN (X, 7).

If one prefers the category of algebraic varieties (schemes), the ring A may be seen as the Chow ring
of an algebraic variety X of dimension N over a field k.
The ring A is also equipped with a so called degree homomorphism

deg: AN - 7Z (1)
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of abelian groups, which should be thought about either as a composition of the Poincaré duality
isomorphism and the augmentation map (in this case it is an isomorphism)

(a1

H*™M(X,7) — Hy(X,Z) > 7

or as the degree homomorphism

AN(X) = 7, [Zax-x]HZam

zeX rzeX

from the highest Chow group of X to Z, which maps the rational equivalence class of a cycle of
maximal codimension to its degree.

For a vector bundle £ on X there is a way to construct the so called Chern classes ¢; = ¢;(E) € A’
(cf. [8]).

Let r = rank E be the rank of E. Then the splitting principle ensures that possibly after embedding
A into a bigger graded ring A’ (free module over A), the Chern classes ¢; = ¢;(E) can be expressed
as the elementary symmetric polynomials in certain elements aq, ..., a, of A" of degree 1, so called
Chern roots of E.

From now on we shall assume that (for a vector bundle E as above) there is an embedding of
graded rings A C A’ and elements ay,...,a, € A’ of degree 1 called the Chern roots (of E).

Definition 1.1. For a non-negative integer k, the k-th Chern class ¢ is the k-th elementary sym-
metric polynomial eg(aq,...,a,) in ay,...,a,.
The total Chern c¢ class (of E) is defined to be

c=14+a)- 1+4ay)...14+a)=cot+c1+ca+ - +cp.

The higher Chern classes ¢; = ¢;(E), for i > r, are defined to be zero.
The total Chern class can be seen as a map

{vector bundles on X} - A, FE > ¢(E).
It turns out that for an exact sequence of vector bundles
0—>F —-FE—FE =0

the equality ¢(E) = c¢(E’) - ¢(E") holds true.

The first Chern class turns out to be a homomorphism from the Picard group Pic(X), i. e, the group
of the isomorphism classes of the line bundles on X with multiplication given by [L]-[Ls] = [L1® Lo,
to Al

Pic(X) — A', [L]+— ¢ (L).
This means in particular that the first Chern class of a trivial line bundle is zero, which in turn

implies that, for a trivial vector bundle X x k" of arbitrary rank r on X, all Chern classes (in
positive degrees) are zeroes.

Definition 1.2. Let ¢;,..., ¢, be the Chern classes (of a vector bundle E of rank r on a manifold
(scheme) X of dimension N). A Chern number is by definition a monomial ¢{* - ¢5? -+ - - i in{q}
of weighted degree

041+2'052+"'+N'04N:N,

i. e., a monomial which lies in AV,
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Remark 1.3. There is a one-to-one correspondence between the Chern numbers and the partitions
of N. For example, the Chern numbers

c, cica,  c3
on a 3-fold correspond to the partitions
1+1+1=3, 1+2=3, 3=3
respectively.

Remark 1.4. As it will be mentioned in Section |6, on the projective space P, the degree homomor-
phism deg : AN — 7 is an isomorphism, hence the Chern numbers are indeed integer numbers.

Definition 1.5. The Segre class
s=s(E)=1+s1+ss+--+syeEA
is defined by the equality ¢(FE) - s(E) = 1, hence

So — 1,
$1 = —C1,
_ _ 2

SS9 = —C1+ 81 — Cy = C{ — Co,

83:_C]_‘82_02'81_03:_0?“'_20102_63
k

Spy1 = —(C1 S+ Cav Spo1 + o+ Cpy1) = — E Cit18k—i,

=0

which gives a recursive formula for the Segre classes.
In other words, the Segre classes are up to a sign the complete homogeneous symmetric functions
hi(ai, ..., a,) in the Chern roots:

sp(ar,...,a,) = (=) hplay,. .., a,).

Definition 1.6. For a given partition I = (i1,...,4,), 0 < i; < iy < -+ < 4y, the Schur polynomial
can be defined either in terms of the Serre classes by the first Jacobi-Trudi (first determinantal)
formula

hil (CLl, e ,(1,7«> ]’L1'2+1<CL1, Ce ,CLT) . him+m_1(a1, e ,CLT)
hi _1(a,...,a, hi,(ai,...,a, coo hipgm—o(ay, ... a,
SI:SI<E) — det 1 1( 1: ) 2( 1 | ) ; + 2(:1 ) (2)
hil,mﬂ(al,...,a,,) hiQ,erQ(&l,...,ar) him((zl,...,ar)

or, if [ = (J1,- -+, Jn) is the partition dual (conjugate) to I, in terms of the Chern classes by the
second Jacobi-Trudi (second determinantal) formula

ej(ay, ... a.) ejpr1(@r, ... ar) ... e in1(ar, ..., an)

ej—1(a, ... a.) ej,(ar, ..., a) oo €jan—2(a1, ..., a;)

S[ = S[(E) = det . . . . . (3)

ejr—nt1(a1,-..,ar) €j_nia(@r,...,a;) ... e;.(ar, ..., ar)
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Definition 1.7. The Chern character ch = ch(E) is defined by ch = "7, exp(a;). In other words,
Ch:T+Ch0+Ch2+"'+ChN,

|~

where chy, is the sum of k-th powers of the Chern roots multiplied by

ol

!

r

1
Chk:E-pk(al,...,ar), pr(ay, ... a,) = ar.
) i=1
Since chy is a symmetric polynomial of degree k£ in the Chern roots aq, ..., a,, one can express them

as polynomials in the Chern classes with rational coefficients, hence
chy, = chg(eq, ... ) € Qley, ... el
One can consider the Chern character as a map
{vector bundles on X} - A®;Q, E ~— ch(E). (4)

It turns out that ch(E ® F) = ch(FE) - ch(F) and ch(FE) = ch(E") + ch(E") for every exact sequence
of vector bundles
0—-E —E—E"—0.

This means that the map factors through a homomorphism of rings
K(X) = A®zQ, [E]~ ch(E),

where K (X) (the Grothendieck ring) is the quotient of the free abelian group generated by vector
bundles on X by the subgroup generated by the relations £’ — E'+ E” corresponding to a short exact
sequence of vector bundles

0—-E —-FE—E —0.

The multiplication on K (X) is defined by [E] - [F] = [E ® F].
Definition 1.8. The Todd class is defined by

T oy
td = td(ag,....a)) = [[ ————.
S P
In other words
td =14 td; +tdy + - - + tdy,
where td;, is the k-th degree term of the product
ai as Qy

1—exp(—a;) 1—exp(—as) ~1— exp(—a,)

and
o0

a 1 .

S = . Bid*

1 —exp(—a) ; i
is the exponential generating function for the second Bernoulli numbers By = 1, By = 1/2, B, = 1/6,
etc. The Bernoulli numbers can be computed, for example, by the Akiyama-Tanigawa algorithm

(cf. [1],[12]).
Since tdy is a symmetric polynomial of degree k in the Chern roots aq, ..., a,, one can express td
as polynomials with rational coefficients in the Chern classes ¢y, ..., ¢, hence

tdk = tdk(cl, c. ,Ck) € Q[Cl, .. .CT].
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The Todd class can be seen as a map
{vector bundles on X} - A®;Q, E — td(F).
It turns out that td(E) = td £’ - td E for every exact sequence of vector bundles
0—+EFE —FE—E"—0,
which gives a homomorphism of the additive group of K (X) to the multiplicative group of A(X)®zQ.
td: K(X) > A®zQ, [E]—td(E).

Definition 1.9. The Chern classes, Chern numbers, Chern character, Todd class of X are by defi-
nition just the Chern classes, Chern numbers, Chern character, Todd class of the tangent bundle on
X.

2. COMPUTATION OF THE CHERN CHARACTER

Since the sum of k-th powers of the Chern roots is a symmetric polynomial in a4, ..., a, of degree
k, it can be expressed as a polynomial in cy, ..., c.
Though the computation of chg(cy,...,¢,) can be done using elimination as indicated in Appen-
dix [A] one can use a faster approach.
We compute the polynomials chy(eq, ..., ¢) = % - pr(er, ..., ) using the Newton’s identities:
Pk+1 = C1 - Pk — C2 * Pk—1 + -+ (—1>k<k' + 1)Ck+1, ]{7 c Z;O- (5)

In particular
p1 = G,
p2=c1-p1—2c = C% — 2¢y,
pP3=c1-Pa—Cy-p1+3c3 = — 3cicy + 3cs,
Py =CL-P3—Cy- Pyt 3Py —dey =] —4Acicy + deres + 265 — 4dey.
Since pi(cy, ..., cx) € Zlcy, . .., cx], one sees that chy(cy, ..., cx) € Qley, ..., k).

Computation of the components chy of the Chern character

[T T T T T T
10° ||~ elimination b
" Newton’s identities
'% i |
g 10t} :
2 B ]
é 103; ;
g B ]
g L i
2 10% E
101 ;L | | | | | | ;
0 2 4 6 8 10 12 14
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3. COMPUTATION OF THE T'ODD CLASS

Though the computation of the Todd class can be done using elimination as described in Appen-
dix [A] it is faster to do it recursively.
Let ¢14,...,ci; be the Chern classes in case r = 4. Put ¢;; = 0 for j > ¢. Let
tdg,; = tdgi(cis, .- cri) € Klens, . cryl

be the expression for the k-th degree term of the Todd class corresponding to r = .
For example, since

a " 1 n 1 1 .
—_— = —a+—-a"———-a" +...,
1 —exp(—a) 2 12 720
taking into account that for 7 = 1 only the first Chern class ¢;; = a is non-zero, one obtains
1 1 1
tdi; == -c tdey = — iy, tds1 =0, tdiy=—o—-c;.
1,1 9 1,1, 2,1 12 1,1» 3,1 ) 4,1 720 1,1
Assume that for some positive integer ¢ we have all the expressions for
tdkﬂ' € k[CLi, Ce ,Ckﬂ'].
In this case there are ¢ Chern roots aq,...,a; and
a a a;
1+tdy;+---+tdo; +--- = ! . 2
’ ’ 1 —exp(—ai) 1—exp(—az) 1—exp(—a)
Assume now, we have ¢ + 1 Chern roots aq, ..., a;,a;11 = a. Then
51 a; a

L+ tdy g+ + tdgipg +- -

T1- exp(—a;) 1 —exp(—a;) 1— exp(—a)

a
(T+tdy;+- - +tdyt...) ————— =
1 —exp(—a)
Z“ 1
7
i=0
Therefore,
k
tdk’i+1 = E bj cal - tdkfj,i(cl,i; ce 7Cj,i)- (6)
j=0
However we are interested in getting a formula in ¢ ;41,. .., Ckit1-
Notice that
Clit1 =C;+a, Cojp1 =Cyi+a-C;, €341 =2C3;+a-Coyy---
This implies
C,i = Cli+1 — 4,
_ _ 2
Coi = Coiy1 — QA Cl; = Coip1 — Q- Clip1 +a°,
2 3
€3 = (341 — Q- Coi =C3i11 — Q- Coip1+ Q" -Criy1 —a (7)

"
Chi = Chit1 — @ Ch1i01+ -+ (=1)"-a



ON COMPUTATIONS WITH CHERN CLASSES: REMARKS ON THE LIBRARY CHERN.LIB FOR SINGULAR

Moreover, since ¢; 41, = 0, it holds

2 i i
Citlitl = @ Cijp1 — @+ Cio1ip1 + -+ (=1)"a".

8

(8)

Finally substituting in @ ¢y by their expressions from and eliminating if necessary the Chern

root a using , we obtain the expression for tdy ;1 € K[c1 i1, -+, Chit1]-
k
td,iv1(Cliigts -5 Chyiv1) = E bj-a - tdp_ji(criv1 — a,Coi01 — @ Crip1 + a’,...).
Jj=0

In particular

tdyir1(criv) = tdii(crin —a) + bia
tdoit1(Crit1, C2i41) = tdai(c1it1 — @, o1 — acy it + a®) + bia tdyi(crip1 —a) + bya’
Remark 3.1. Notice that @D implies that
tdgk(cr, ... cp) = tdgi(er, .. cn), > k.
Indeed, it is enough to evaluate both sides of @D at a = 0.

Example. Let us compute tds 3.
1) One starts with

12
2) As mentioned in the Remark above, td; o(c;) = tdy 1(c1). We compute

1 1
tdy 1 = 3 ci1, tdeg = —- Cih tds = 0.

1
td272(61, CQ) = tdg’l(cl — a,Cy — acy —+ CL2> + blCL . td1,1<01 — CL) + b2a2 = E(C% + 02),
and also

1 1
tdgvg(cl, Ca, Cg) :td3,1<61 —a,Cy — CL(31) + QOJ td271(61, CQ) — E(Iz td1,1<cl> + CL3 =
1 1 1 1
—aci — ﬁCLQCl = ﬂcla(cl —a) = gacice:

3) Finally one obtains

1 1
tdys(c1) = tdia(cr) = tdya(ar) = 5CL tdas(c1, c2) = tdao(cr, c2) = E(Cf + c2),

(9)

and
tdss(cy, 2, c3) = i(01 —a)(cy —acy +a*) + —a((c1 — a)* + (ca — acy + a?)) + ia2(cl —a) =
’ 24 24 24
i(olcQ —aci + c1a® — acy + a’c; — a®) + ia(cf —2c1a + a® + ¢y — acy +a®) + 2—14(61201 —a’) =
1
—c10o.

24
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Using this approach one gets

1 1 1 1
tdl = 5 - C1, tdg = E . (C% + CQ), tdg = ﬂ * C1C9, td4 = —%(Cil — 40%62 — 36% — C1C3 + 64),
1
td5 = — 1440 (C?Cg - 3010% — C%Cg + 01C4),
1
tdg = 60430 (2¢5 — 12¢jcy + 11cica + 5cies + 1065 + 1leieacs — 5cicy — ¢3 — 9cgey — 2¢1¢5 + 2¢6),
td; = 120960 (2 ¢y — 10c3c5 — 2ctes + 10c165 + 11cicacs + 2¢icy — cica — 9cicacy — 2¢3cs + 2¢1¢6).
Computation of the components td; of the Todd class
; T T T T B
Hl—e— elimination .
" i recursive approach )
= 10t} E
o) = E
S g 1
g :
ERIE E
2 ]
= i |
£ 10°}
T | | | | | | |
0 2 4 6 8§ 10 12

4. CHERN CLASSES AND LINEAR ALGEBRA OF VECTOR BUNDLES
4.1. Extensions of vector bundles. Let
0—>F —-FE—=E =0

be an extension of vector bundles. Let ay,...,a, be the Chern roots of £’ and let by,...,br be the
Chern roots of E”. Then ay,...,a,,b,...,bg are the Chern roots of E.
As mentioned in Definition c(E) =c(E') - ¢(E") and hence

k
r(E) =Y ci(E) - cri(E).
i=0
4.2. Dual vector bundle. Let E be a vector bundle with Chern roots a4, ..., a,. Then —aq,...,—a,
are the Chern roots of the dual vector bundle £V and thus
G(EY) = (=1)" - c(B). (10)
4.3. Tensor products of vector bundles. Let E be a vector bundle with Chern roots a4, ...,a,,

let F' be a vector bundle with Chern roots by, ..., b.
The set of the Chern roots of the tensor product F ® F' coincides with the set of sums

a;+b;, 1<i<r, 1<j<s,
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and hence the total Chern class of £’ ® F' equals

Eliminating a; and b;, one gets the expression for ¢(E ® F') in terms of the Chern classes of E and
F (cf. Appendix [A)).

We compute ¢(E® F') using the equality ch(E® F') = ch(E)-ch(F'), and the Newton’s identities
rewritten in order to define the Chern classes in terms of the Chern characters. This recursive
approach turns out to be faster than elimination of variables.

Rewrite as

1
Cky1 = A 1(Ck : Ch1 —Ck—1 Ch2 +- (—1)k : Cthrl)- (11)

In particular

c1 = chy,

Cy = 5(61 . Ch1 —Chg),

1
C3 = 5(02 . Ch1 —C1 Ch2 -+ Chg)7
1
Cy = Z(Cg . Ch1 —Cy Ch2 +c1 - Ch3 — Ch4),
Now let E be a vector bundle of rank » with Chern classes ¢, ¢o, ... and let I’ be a vector bundle of

rank R with Chern classes C4,Cs, . ...
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We obtain the following formulas for the first four Chern classes of £ ® F.

Cl(E®F) :R-cl—i—r-Cl

1 1
2 (E®F) :§R(R—1)-cf—i—(rR—l)-0101+§7“(7"—1)-C’lz—i-R-cQ—i-r-Cg

c3(E®F) :éR(R —1)(R-2)-&+ ér(r —1)(r—2)-C3+

C4(E®F)

1 1

5(7’— D(rR—2) -0 + Q(R_ D(rR—2)-c,C7+
R(R—l)'clcg—f-T(T—l)'0102+(TR—2)'CQCl+(TR—2)~0102+
R-cs+r-Cs

iR(R CD(R=2)(R=3)- '+ —r(r — 1)(r —2)(r —3) - C'+

24
1 1
E(R —1)(R=2)(rR—3)-&Cy + 6(7“ —1)(r—=2)(rR—3) - c;C3+
1
Z(T —1)(R—=1)(rR—4) 20+
%R(R C(R-2)- e+ %m S —2)- C20t
(R — 1)(TR — 3) . 010201 —+ (7” — 1)(7‘R — 3) . 010102+
1 1
§(T2R — 7R —4r +6) - c;C} + 5(7"R2 — 7R —4R+6) - c]Co+

1 1
§R(R —1)-c+ ér(r —1)-C3+

R(R— 1) '01C3—|—T(T— 1) 'C103+(TR—3) ‘C3Cl+(7’R—3) '0103—|—<TR—6) 'CQC2+
R-ci+r-Cy

Remark 4.1. Notice that A. Lascouzx in [I3] provides an explicit formula for ¢(E ® F) in terms of
Schur polynomials of E and F. This formula involves a sum over partitions and, though it turns
out to be more efficient than the elimination approach, it is much slower that the approach using the
multiplicativity of the Chern character.

Remark 4.2. A wvariation of the Lascoux’s formula involving Littlewood-Richardson coefficients
(cf. [14]) is given by L. Manivel in [15]. Our implementation of the Manivel’s formula uses the
Littlewood-Richardson calculator by Anders Koch [4] (via the interface [11] for SINGULAR) and turns
out to be the slowest one for small ranks. However it is more efficient than elimination for big ranks.

The diagram below shows the times needed to compute the Chern classes of all possible tensor
products of vector bundles E and F' such that rank(E£ ® F) = N.
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Computation of the Chern classes of tensor product

107 7 | | | | | | 7 multiplicativity of the Chern character
1 |—e— Lascoux’s formula
%; 108 | | elimination
S g ] Manivel’s formula
z 107}
2 10t} |
§= B ]
o 10%F E
g |
Tty
101 ; ! | | | L L é

0 5 10 15 20 25
N

4.4. Hom-vector bundles. Let E and F be vector bundles as in [£.3] In order to compute the
Chern classes of Hom(FE, F') in terms of the Chern classes of £ and F, it is enough to consider the
canonical isomorphism

Hom(E,F) ¥ E'® F

and to combine with .

The set of the Chern roots of Hom(E, F') = EY ® F coincides with the set of sums
_al+b]7 1<Z<T; 1<]<87
and hence the total Chern class of £’ ® F' equals
cHom(E,F)) =[] 1-ai+b).
1<i<r,1<j<s
4.5. Symmetric and exterior powers. Assume we deal with a vector bundle with Chern roots
ai,...,a,, Chern classes ci, ..., ¢, and hence with the total Chern class
c=14a) - 14+a)...(1+a)=co+ci+c2+--+c.

Let k be a positive integer.
4.5.1. Symmetric powers. It follows that the set of Chern roots of the symmetric power S*E coincides
with the set of sums

i, + @iy + -+ a;,, 1< <ipg <<y ST
The total Chern class of S¥E is then given by the product

c(S*E) = H (14 aij, +a, +---+a;,).

1<in i< <r

Eliminating the Chern roots gives the formula in terms of the Chern classes cy,..., ¢, (cf. Appen-

dix .

Remark 4.3. Notice that an explicit formula for the second symmetric power in terms of Schur
polynomials is given by A. Lascouz in [13]. For higher ranks r it is more efficient than the elimination
approach.
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Computation of the Chern classes of the second symmetric power

T T T T
—o— elimination
—e— Lascoux’s formula

107

109

10°
10

10°

time in milliseconds

102

10!

As an example we compute the Chern classes of some symmetric powers of a vector bundle F of
rank 2 with Chern classes ¢; and c¢s.

c1(S*E) = 6¢y,

ca(S*E) = 11c] + 10cy,

c3(S*E) = 6¢ + 30c; ¢y,
(S°E)

= 18c%cy + 9c3;

(S*E) = 10¢q,
(S*E) = 35¢2 4 20c,,

c3(S*E) = 50¢3 + 120c; ¢,
(S'E) = 24¢] + 2085 ¢y + 64c3,
(S*E) = 96¢icy + 128c¢c5.

4.5.2. Exterior powers. The set of Chern roots of the exterior power A\* E coincides with the set of
sums

ai1~|—ai2~|—---—|—aik, 1<i1<i2<"'<ik<T.
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The total Chern class of /\k E is then given by the product

(N\E) = I[I  Cta+an+-+a).

1<t <io<-<ip<r

Eliminating the Chern roots gives the formula in terms of the Chern classes ¢y, ..., ¢, (cf. Appen-
dix [A)).

As an example we compute the exterior powers of a vector bundle E of rank 4 with Chern classes
C1, C2, C3, C4.

2
Cl(/\ E) = 361,
2
CQ(/\ E) =3¢ + 2¢y,
2
C3(/\ E) = C:13 + 46102,
2
c4(/\ E) = 2cicy + 5 + cic3 — dey,

2
2 | 2
05(/\ E) = c1c5 + cies — 4derey,

2
2 2,
06(/\ E) = cieac3 — ey — €5;

3
Cl(/\E) = 361,
3
CQ(/\ E) =3¢} + ca,

3

C3(/\ E) = C:13 + 2C1€2 — C3,
3

04(/\ E) = ey — cie3 + ¢y,

Remark 4.4. Notice that an explicit formula for the second exterior power in terms of Schur poly-
nomials is given by A. Lascouz in [13]. For higher ranks r it is more efficient than the elimination
approach.
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Computation of the Chern classes of the second exterior power

T T T T
—o— elimination
—e— Lascoux’s formula

108
107
106
105
10*
103
102
10!

time in milliseconds

5. EULER CHARACTERISTIC AND THE HIRZEBRUCH-RIEMANN-ROCH THEOREM

For a vector bundle on E on a smooth projective variety (manifold) X, its Euler characteristic
X(FE) is by definition the alternate sum of the dimensions of its cohomology groups

X(E) =) (-1)"-dim H'(X, E).
Let T" be the tangent bundle on X. Let as above N be the dimension of X. The Hirzebruch-Riemann-
Roch theorem gives a formula for x(E)

X(E) = deg(ch(E) - td(T))x. (12)

Here (ch(FE)-td(T))y € AN ®7Q denotes the component of N-th degree of the product ch(E)-td(T') €
A ®7 Q, where

deg: AN -7

is the degree homomorphism mentioned in Section [1}

6. CHERN CLASSES ON THE PROJECTIVE SPACE P,

On the projective space P,, we have A = Z[h] = Z[x]/(2"*1), where h = Z € A! is the Chern class
of SV, the dual line bundle to the tautological line subbundle S C P, x k™*!. In particular

A*=7-W"=27 k=0,...n,
the degree homomorphism is in this case an isomorphism and reads as
deg: A"=7Z-h"—7Z, o -h"— «.

Let T be the tangent vector bundle on P,,. Then there is a short exact sequence of vector bundles
(Euler sequence, cf. [9] II, Example 8.20.1})

n+1
O%anka@SV%T—m.
1
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This and the properties of Chern classes imply
1 1 1
c(IPn)=c(T)=(1+h)"“=1+<nJ1r >-h+<n; >-h2+~-+<n+ >-h”,
n
n+1 n+1 , n+1
TR TR U

ch(P,) =ch(T) = (n+1)exp(h) — 1 =n+ -h",

td(P,) = td(T) = (#M)W.

Let E be a vector bundle of rank r with Chern classes ¢;(E) = ¢; - h, ¢; € Z.
The Hirzebruch-Riemann-Roch formula (12)) reads in this case as

X(E)=r+¢ onPy,
1

X(E)=r+—--c(c1 +3)+c2 on Py,
2
1 1 1

X(E)=r+ g c1(c +6c; +11) — 3 co(er +4) + 5Cs on P,

and as
1 , 1 , 1 1
X(E)=r+ ﬂq(cl +5)(cf + bey + 10) + ECQ(CQ —2¢] — 15¢1 — 35) + E03(201 +15) — 0

on P4.

APPENDIX A. SYMMETRIC FUNCTIONS AND ELIMINATION

In this appendix k is an arbitrary commutative ring.

Let
e =elay,...,a.) = Z au,ay, -..ay, €klay, ... a), k=1,...,m
RN
be the standard elementary symmetric polynomials in variables aq, ..., a,. The following is a funda-

mental fact about the symmetric polynomials.

Theorem A.1 (The fundamental theorem of symmetric functions). The homomorphism of polyno-
maal rings

e:kley, .. 0] = Klay, ...y a,], g erlar, ... a), k=1,...r (13)
is injective and its image coincides with the subalgebra of all symmetric polynomials
Imy =Kklay,...,a]" Cklay,...,a
Equivalently, for a symmetric polynomial f(ai,...,a,) € kKlay, ..., a,]% there is a unique polynomial

gler,...,e) €Kley, ..., ¢) such that
flay,...;a,) =gler(ar, ..., an), ... e-(ar,...,a.)).

Proposition A.2. Let f € klay,...,a,|° be a symmetric polynomial and let g € Kklcy,...,c,]
be its preimage under the homomorphism ¢ from Theorem [A.1 Consider in the polynomial ring
klai,...,a,x,c1,...,¢] the ideal
I =(x— f(ay,...,a.),c1 —er(a,...,a.),...,c, —ep(ay,...,a.)).
Then
INnklz,cr,...,¢] ={(x —glcr,...,c)).
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Proof. First of all notice that I is the kernel of the homomorphism
v Klay, ... a0, 0] = Kag, )], ar e a;, e flag, .. an), o ep(ar, ... ay).
Indeed, clearly I is contained in Ker. On the other hand for h € Ker v write
h=h(ay,...,ap,z,c1,...,¢,) =h(ar,...,a, (x— )+ f,(c1—e1)+er,...,(c. —e) +ep)
and using, say, a Taylor expansion get
h = ho(ay,...,a,)+hy, hy €1,

and hence 0 = ¢(h) = ¥ (hg) = hgy, which shows that h belongs to I.
Now, notice that the homomorphism ¢ from Theorem coincides with the composition of the
standard embedding of polynomial rings and

kler, ..., c) Cklay, ... am, 2,61, ..., ¢ ﬂk[al,...,ar].
Thus ¢(x — g) = ¥(x) —(9) = f —¢(g9) = f — f =0 and therefore v — g € I Nk([z, ¢y, ..., ¢l
Consider now an arbitrary h € I Nk[z, ¢y, ..., ¢]. As above, writing

hz,cr,...,¢.) =h((x—9g)+g,c1,...,¢)
and expanding into a Taylor series we get
h = ho(co,...,c.) +hi(z,cr,... 0)(x—g).
Since 0 = ¢(h) = ¢(hg) = ¢(ho), using Theorem [A.IJone concludes hg = 0 and finally h € (z—g). O

Proposition says that one can reduce the computation of a preimage under ¢ to an elimination
problem, i. e., to the computation of the intersection I Nklz,cy,..., ¢

This problem can be solved by computing a reduced Groébner basis of I with respect to an elimi-
nation ordering for the variables aq, ..., a,. The only element of such a Grébner basis not involving
the variables ay,...,a; will be (up to a multiplication by a constant) x — g (see [7] for more details
on Grobner bases).

Grobner bases can be computed using a system of computer algebra. We prefer to use SINGULAR
for such purposes (cf. [6]).
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