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Transient, laminar, natural-convection flow of a micropolar-nanofluid (Al,0s/water) in the presence of a
magnetic field in an inclined rectangular enclosure is considered. A meshless point collocation method
utilizing a velocity-correction scheme has been developed. The governing equations in their velocity-vor-
ticity formulation are solved numerically for various Rayleigh (Ra) and Hartman (Ha) numbers, different

nanoparticles volume fractions (¢) of and considering different inclination angles and magnetic field

Keywords:

Micropolar
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directions. The results show that, both, the strength and orientation of the magnetic field significantly
affect the flow and temperature fields. For the cases considering herein, experimentally given forms of
dynamic viscosity, thermal conductivity and electrical conductivity are utilized.

© 2014 Published by Elsevier Ltd.

1. Introduction

Magnetohydrodynamic (MHD) flows, associated with heat
transfer, have received considerable attention over the last decades
since there is a growing interest of understanding the underlying
physical processes occurring, that is natural convection under the
influence of a magnetic field. This is due to their wide variety of
application in engineering areas, such as crystal growth in liquid,
cooling of nuclear reactor, electronic package, microelectronic
devices, and solar technology. There has been an increasing inter-
est to understand the flow Eehavior and the heat transfer mecha-
nism of enclosures that are filled with electrically conducting
fluids under the influence of a magnetic field [1-3]. For an electri-
cally conducting fluid when the magnetic field is present, there are
two body forces, a buoyancy force and a Lorentz force. These two
forces interact with each other and influence the flow and heat
transfer.

Numerical studies have been performed in order to evaluate the
effect of the magnetic field on natural convection flow and heat
transfer in cavities. Authors in [4] studied the steady state, laminar
natural convection flow in the presence of a magnetic field, consid-
ering as a study case an inclined rectangular enclosure heated and
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t-mail addresses: bouranta@mpi-chbg.de (G.C. Bourantas), vxloukop@physics.
upatras.gr (V.C. Loukopoulos).
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cooled on adjacent walls. They stated that the magnetic field sup-
pressed the convective flow and the heat transfer rate, while the
orientation and the aspect ratio of the enclosure along with both
the strength and direction of the magnetic field significantly
affected the flow and temperature fields. Authors in [5] numeri-
cally studied natural convection occurring in a water filled square
cavity under the influence of a magnetic field. They considered
temperature dependent physical properties and they observed that
both flow and temperature fields were affected by changing the
reference temperature parameter when both thermal conductivity
and viscosity were temperature dependent. Additionally, they
stated that the heat transfer rate was influenced by the direction
of the external magnetic field and decreased by an increase of
the magnetic field. Authors in [6] conducted a numerical study
concerning a magneto-convection flow in a cavity with partially
active vertical walls. They found that the average Nusselt number
decreases with an increase of Hartmann number (Ha), while it
increases with the Rayleigh number (Ra). Authors in [7] considered
the effect of the magnetic field on convection heat transfer inside a
tilted square enclosure. Their study showed that the heat transfer
mechanism and flow characteristics inside the enclosure depend
strongly upon both magnetic field and inclination angle.

In applications where a significant amount of heat needs to be
removed from a very small surface, the coolant should have more
effective heat transfer characteristics. Due to technological
achievements nanomaterials with size ranging from 1 to 100 nm,
have been mainly used in the areas of heat transfer, electriﬁty,
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Nomenclature
G specific heat at constant pressure (] i<g; K" 0 dimensionless temperature
g gravitational acceleration (m s, ?) u dimensionless thermal conductivity
Ra Rayleigh number J0) density (kg mj)relative nanoparticle  volumetric
L length of the enclosure (m) fraction
k thermal conductivity (Wm_ 'K ") w dimensional vorticity (s ")
Nu Nusselt number Q dimensionless vorticity
p pressure Y angle of inclination of the enclosure from the horizontal
Pr Prandtl number axis
T dimensional temperature (°C) & angle of orientation of the magnetic
uv dimensional velocity (m s;') T dimensionless time
uv dimensionless velocity components
Xy dimensional coordinates (m) Subscripts
XY dimensionless coordinates avg average
C cold
H hot
Greek symbols F base fluid
o thermal diffusivity (m®s ") p particle
B thermal expansion coefficient (K ') nf nanofluid

magnetism and mechanics. These nanoscale particles, such as
oxide ceramics, nitride ceramics, carbide ceramics, metals and
semiconductors, when suspended in a base fluid such as water,
ethylene, glycol, engine oil or refrigerant form the so-called nano-
fluids [8]. In the numerical studies for natural convective heat
transfer of nanofluids conducted by several researchers, nanofluids
were treated as a single-phase fluid and conventional equations of
mass, momentum and energy were solved. Authors in [9] studied
natural convection of Cu-water nanofluid in a two-dimensional
enclosure assuming uniform volume fraction. The mass and
momentum equations were solved in their stream function-vortic-
ity formulation and it was stated that Nusselt number increases
with an increase of the volume fraction of the nanoparticles. In
[10] a study of natural convection in horizontal annuli using differ-
ent nanofluids took place and showed that the heat transfer is
enhanced by using nanofluids. In fact the Nusselt number increases
with increasing nanoparticles volume fraction. In Oztop and Abu-
Nada [11] authors studied the natural convection of a nanofluid
being in a partially heated enclosures considering different aspect
ratios. They found that the heat transfer was more pronounced at
low aspect ratio and high volume fraction of nanoparticles. Ami-
nossadati and Ghasemi [12] considered the effect of apex angle,
position and dimension of heat source on fluid flow and heat trans-
fer in a triangular enclosure using nanofluid. They found that at
low Rayleigh numbers, the heat transfer rate continuously

Fig. 1. Geometry and coordinate system.

increases with the enclosure apex angle and decreases with the
distance of the heat source from the left vertex.

Most of the studies which focus on the natural convection in
enclosures with magnetic effects have considered an electrically
conducting fluid with low thermal conductivity. This limits the
enhancement of heat transfer in the enclosure especially when a
magnetic field is applied. There are several studies dealing with
the nanofluids heat transfer that state totally different findings.
Most researchers argue that the addition of nanoparticles with rel-
atively higher thermal conductivity to the base fluid results in an
increase of the thermal performance of the resultant nanofluid
[13-15]. On the other hand, some researchers argue that the dis-
persion of nanoparticles in the base fluid may result in a decrease
of the heat transfer [16]. The numerical studies and experimental
findings in the case of natural convection in enclosures are contro-
versial. Therefore, it is possible that the assumptions made in the
theoretical models lead to false outcomes. The enhancement or
mitigation of the heat transfer of nanofluids may be because of
the formulae used for their thermal properties. A comprehensive
nanofluid simulation study should take account of the structure,
shape, size, aggregation and anisotropy of the nanoparticles as well
as the type, fabrication process, particle aggregation and deteriora-
tion of nanofluids. A fluid theory that potential can bridge the gap
between the numerical and experimental finding is the micropolar
flow theory. Micropolar fluids, introduced by Eringen [17], take
into account the microstructure of the fluid along with the inertial
characteristics of the substructure particles, which are allowed to
undergo rotation. In such way nanofluids can be considered as a
fluid medium whose properties and behavior are strongly influ-
enced by the local motions of the material particles contained in
each of its volume elements.

In the present paper we incorporate the micropolar flow theory
to study the natural convection of an electrically conducted nano-
fluid in a square cavity subjected to a magnetic field. The work in

Table 1
Thermo-physical properties of water and nanoparticles.
p(kgr/m3)  Cp(/kgrk)  k(W/mK)  gx 105K ")
Pure Water 997.1 4179 0.613 21
Alumina (Al,03) 3970 765 40 0.85
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Fig. 2. Convergence analysis for the case of K =2, Ha = 60, Ra = 10*and ¢ = 0.03 for (a) average Nusselt number (b) microrotation and (c) vorticity.

[18] has been extended, considering that nanofluid has an electri- nanofluid has been used due to available experimentally derived
cal conductivity and incorporating suitably the influence of the relations for the thermo-physical properties of the nanofluid, that
applied magnetic field in equations of the flow. An Al,Os/water is, thermal conductivity, dynamic viscosity and electrical
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Table 2a
Numerical results for the local Nusselt number for various inclination angles using Finite Volume Method (FVM).
® Gr Nu (Ha=0) Nu (Ha = 100)
@=0° @ =45° ®»=90°
0° 10° 3.745834 3.681442 3.676955 3.678740
104 4.771623 3.683067 3.681906 3.681277
10° 6.677280 3.824211 3.944665 3.885215
108 N/A 6.766862 N/A N/A
—45° 10° 3.755500 3.682916 3.680122 3.680210
10* 4.552761 3.680572 3.684567 3.684299
10° 6.379730 3.854637 3.877413 3.875004
10° 9.997426 N/A 6.151953 N/A
45° 10° 3.682832 3.680268 3.681467 3.680166
10* 4.334201 3.678017 3.682005 3.680053
10° 5.686973 3.703160 3.683273 3.711887
108 N/A N/A N/A N/A
Table 2b
Numerical results for the local Nusselt number for various inclination angles using the Meshless Point Collocation (MPC) method.
® Gr Nu (Ha =0) Nu (Ha = 100)
p=0° @ =45° @ =90°
0° 10° 3.73583 3.669983 3.681255 3.668332
104 4.76083 3.678857 3.679896 3.680025
10° 6.68012 3.830211 3.939895 3.879315
10° 6.758962
—45° 10° 3.742293 3.675116 3.678522 3.675810
104 4.514968 3.690238 3.688685 3.690359
10° 6.290098 3.860638 3.887543 3.882854
108 9.986437 6.149953
45° 10° 3.673349 3.680532 3.680025 3.670576
10* 4.329640 3.669087 3.673368 3.682053
10° 5.680058 3.710160 3.680465 3.709757

conductivity. In Section 2, the governing equations of the proposed
micropolar nanofluid model are presented. Section 3 describes the
Moving Least Squares (MLS) approximation methods and the algo-
rithm used, while details of the numerical technique are presented
in the Appendix. In Section 4 the validation of the proposed
scheme is depicted. In Section 5, the heat transfer performance of a

micropolar nanofluid enclosed in a rectangular cavity is studied for
arange of solid volume fractions (0 < ¢ < 0.05), Hartmann numbers
(0 < Ha < 120), Rayleigh numbers (10* <Ra < 106) and, orientation
(OE ¢< 60 ) along with inclination angles (0 <Y< gO"). For all
simulations, pure water is considered as the base fluid with
Pr=6.2. Finally, in Section 6, the conclusions complete the paper.

Table 3
Average Nusselt number at various Hartmann (Ha) numbers and volume fraction (¢) with Ra = 10°. First line for the results of FVM and second line for MPCVC method.
»=0 ¢ =0.02 ¢ =0.04 ¢ =0.06
Ha=0 Nup, 4.738 4.820 4.896 4.968
4,739 4818 4.894 4.965
[P | max 11.053 11.313 11.561 11.801
11.018 10.920 11.559 11.798
Ha=15 Nup, 4.143 4.179 4211 4239
4.142 4.170 4.211 4.238
| ¥ | max 8.484 8.615 8.734 8.842
8.480 8.608 8.725 8.824
Ha=30 Nuy, 3.150 3.138 3.124 3.108
3.148 3.128 3.122 3.109
|| max 5.710 5.682 5.642 5.591
5.711 5.682 5.634 5.584
Ha =45 Nup, 2.369 2.342 2.317 2.293
2.345 2.335 2.315 2.284
[ | max 3.825 3.729 3.629 3.525
3.815 3.658 3.512 3.485
Ha =60 Nup, 1.851 1.831 1.815 1.806
1.827 1.849 1.872 1.895
| ¥ | max 2.623 2.518 2415 2314
2.615 2.483 2.360 2.246
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Fig. 3. Streamlines contours for Hartmann numbers Ha = 60 and Ha = 120, with Rayleigh number given as Ra = 10%, Ra = 10° and Ra = 10°.

2. Problem formulation

We consider transient, laminar, incompressible natural convec-
tion flow in the presence of a magnetic field in an inclined square
enclosure of length H filled with micropolar-nanofluid of Al,0s/
water. The geometry and the coordinate system are schematically
shown in Fig. 1. The angle of inclination of the enclosure from the
horizontal axis is denoted by 7. A magnetic field of strength B is
applied at an angle ¢, with respect to the coordinate system. The
top and the bottom walls are insulated and the fluid is isothermally
heated and cooled by the left side and right side walls at uniform
temperatures of Ty and T, respectively.

The physical properties of the fluid are assumed to be constant
except the density in the buoyancy force term, which is estimated
by the Boussinesq’s model. For the latter we can write for the
buoyancy term (p 00)8 =~ — pof)’(T—To)g. where pg is the constant
density of the flow, To is the operatmg temperature and, g is the
thermal expansion coefficient. The thermophysical properties of
the nanofluid are listed in Table 1. For a micropolar electrically
conductive nanofluid under the influence of an external magnetic
field for the conservation of mass, linear momentum, angular
momentum and in the case of natural convection conservation of
energy, the models presented in [18,19] are extended as:
V-u=0, (1)

Please cite this article in press as: G.C. Bourantas, V.C. Loukopoulos, MHD natural-convection flow in an inclined square enclosure filled
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Ha=60
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Ra=10°
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Fig. 4. Temperature contours for Hartmann numbers Ha = 60 and Ha = 120, with Rayleigh number given as Ra = 10%, Ra = 10° and Ra = 10°.

Pus (6_"+ (u- V)u) = VD + (lyy + K)VU+ KV x N

ot
—&((pPr) (T = To)) +J x B, (2)
.(ON )
pnf]<ﬁ+u-V>N:yan N+ kV xu — 2kN, (3)
Z—f +u-VT = oy VT, 4)

where u= (u,v) is the velocity vector with u and v being the velocity
components along x and y axes, p is the pressure, T is the fluid tem-
perature, N is the microrotation vector, g is the acceleration due to
gravity, pnris the density, s is the dynamic viscosity, « is the vor-
tex viscosity, Y, is the spin-gradient viscosity, j is the micro-inertia

density, oy is the thermal diffusivity of the nanofluid, B is magnetic
field and J is the current density which, in the absence of an electric
field, can be written as

J =0y (uxB). (5)

In the present simulations, the magnetic Reynolds number was
assumed to be small and the induced magnetic field due to the
motion of the electrically conducting fluid was neglected [20].
The Joule heating of the fluid and the effect of viscous dissipation
were also considered to be negligible.

By applying the curl operator to the vorticity, defined as @
=V x u and, using the mass conservation equation (V- u =0) for
the incompressible fluid flow we get an elliptic Poisson equation
for the velocity
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Fig. 5. (a) Local Nusselt number along the hot wall for various Rayleigh (Ra) and Hartmann (Ha) numbers and (b) average Nusselt number plot versus Hartmann number (Ha)

with different Rayleigh (Ra) numbers for a micropolar nanofluid (solid line) and a

Vu+Vxw=0. (6)

Additionally, we can apply the curl operator to the momentum
conservation equation (Eq. (2)), taking into consideration that
V-w=0and V- N=0, due to the vorticity and microrotation defi-
nition, along with V-u=0 due to mass conservation equation.
Finally, for the case of two-dimensional plane flow and accounting
for all previous assumptions the governing equations, in the veloc-
ity—vorticity formulation, can be written as: -

Vzu:—%—?/), (7)
vzy:%—f, (8)

nanofluid (dashed line).

Pos <‘i,)—at)+u . Vw) =y +K) V20— KV°N
aT . aT
+8(pprny (costn - sinn )

2 L ou 2/, ov
+0yB <sm(é)cos(g)&—cos (g)a

+ 40 B (sinz(g”)g—;f sin(g)cos(g)%’/’)

p,ﬂ(%izj—ir u. VN) =7y V2N = 2KN + Ko,
aT
St V= O V2T,

(10)

(11)
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Fig. 6. Microrotation contours (20 isocontours) for Hartmann numbers Ha = 30 and Ha = 60 having different volume fractions.

Further, we assume that y, has the following form as proposed
in [21,22]

K\ .
Vor = (Har +5)i (12)
The effective density of the nanofluid is given as
Pog = (1 = @)ps + @p, (13)

and the effective dynamic viscosity of the nanofluid given by
My = (1 +39.11¢ +533.9¢?), (14)

measured experimentally by Pak and Cho [23]. The effective
diffusivity of the nanofluid is

knf
Apr = , 15
o (pcp)nf ( )
where the heat capacitance of the nanofluid is given as
(PCo)ny = (1 = @)(pCp); + @(pCy),- (16)

The thermal expansion coefficient of the nanofluid can be deter-
mined as

(PB)y = (1= @) (PP + @(PB)y- (17)

In Eq. (15), kys is the thermal conductivity of the nanofluid which
has been calculated experimentally [23] and is given by:

knp = k(1 +7.47¢). (18)
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The base fluid (de-ionized water) electrical conductivity can be
considered as negligible. Therefore, it can be safely stated that alu-
mina nanoparticles are the major contributor towards the electri-
cal conductivity of alumina nanofluid, calculated experimentally
in [24]

On =2982.7¢ + 57.818 (19)

The boundary and initial conditions for the natural convection
problem under investigation are set as
t=0:u=v=0,N=0,T=0
t>0:u=v=0,T=Ty, N=0

u=v=0,T=T,, N=0
aT

8y70 N=0

forx=0 0<y<1
forx=1,0<y<1 (20)

u=v=0, fory=0,1,0<x<1

Introducing the following non-dimensional variables

*,y) _H
H ’ (U7 V) _;f(uv U)7

H? T-Tc
(N7Q)—7f(NCU)7 Q_TH_TC7

v,
Hf;r (X,Y) =

j=H (21)

for the case of two-dimensional flow and, accounting for all previ-
ous assumptions the final form of equations is written as follows:

0Q

2 e
VU= 57" (22)
VIV = o5 (23)
% y.va- “”f+1< br V2N
ot Hy pnf
<((€)ﬁ)nf> <5ff> cos ) —07 sin(y) ?)
nj
an Pr\ya? ou L OV
>< nf) a sm &) cos(&) X cos (g)ax
an Pr 2 ?) ou , ov
) < nf)Ha sin’ ) v — sin(¢) cos(¢é) = 5y
(24)
N, y.yN-= “"f X VZN 2« (22N
ot 2 Prf
+k( 2 ), (25)
pnf
00 ks (pcp)f 1,
—+U-VO= (—) — V0, 26
o ks (umwﬁ Pr 20)
where K = £ is the material parameter, Pr = ‘f is the Prandtl num-
ber, Ra = gpﬂfATH is the Rayleigh number and Ha = BOL\/7 is the

Hartmann number The Nusselt number can be expressed as

hyH

Nu = Ky

(27)

Regarding to heat transfer between a surface and a fluid flowing
past it, a thermal boundary layer develops if the fluid free stream
temperature and the surface temperatures differ. In fact, a temper-
ature profile exists due to the energy exchange resulting from this
temperature difference.

The convective heat transfer rate per area is expressed as

w =Ny (Tu —Tc). (28)

and because heat transfer at the surface is by conduction
=-k Q(T—T ) (29)
w fax c)-

By substituting Eqgs. (28), (29) into Eq. (27), and using the dimen-
sionless quantities, the Nusselt number on the left wall is written as
knf a0

The average Nusselt number is defined as

1
Nitgye — / Nudy. (31)
0

3. Moving Least Squares approximation and solution procedure
3.1. Moving Least Squares

The non-dimensional governing equations were discretized
using the meshless point collocation method. The Moving Least
Squares (MLS) method [25] was used for the approximation of
the unknown field functions, namely velocity components, tem-
perature and microrotation. In the context of the meshless approx-
imation method schemes, the MLS method is widely used, since it
can directly approximate the field variables in a local manner and,
additionally, can easily be extended to n-dimensional problems.

In the context of the MLS method, an unknown field function
u(x) is approximated by u’(x) is expressed as

u'(x) = > _pi(®)(x) = p’ (x)a(x) (32)

where p'(x) is a polynomial basis in the space coordinates, and m is
the total number of the terms in the basis (herein m =6 since we
use a second order polynomial basis) and «(x) is the vector of coef-
ficients. The polynomial basis can be written as

—p(x—x)
= [17(X_Xi)a(y_)/i)7(x_xi)27 (X_Xi)(y_yi)v(y_yi)z] (33)

in 2D problems.

There exists a unique local approximation associated with each
point in the domain. In order to determine the form of «(x), a
weighted discrete error norm is constructed and minimized.

Finally, the approximation function takes the form

= Z(Pi ®)u; =
=

where the spatial dependence has been lumped into one row
matrix, ®'(x) and, therefore, the approximation takes the form of
a product of a matrix of shape functions with a vector of nodal data,
while matrices A and B are defined in [26,27]. Derivatives of the
shape functions [26,27] may be calculated by applying the product
rule to

p'(x)

T(:\c)A’1 (X)B(x)u = (I)T(x)u (34)

o =p'A'B. (35)

3.2. Solution procedure and algorithm

For the solution of the Eqs. (22)-(26) the Meshless Point Collo-
cation Velocity-Correction (MPCVC) method presented in [28] is
used in relation to the ¥ -weighting method for the spatial and
temporal discretization (presented in the Appendix and [29]).
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Fig. 9. Microrotation contours for different inclination and magnetic field orientation angles.

After the linearization of the non-linear partial differential Egs. e A velocity-correction method [28] is used to calculate the
(21)~(26) and their discretization, the resultant algebraic linear updated velocity components u®**" and #**), which satisfy
system “of equations is solved using an iterative procedure. The the incompressibility constraint.
steps of the iterative method are described below: e The updated velocity values are used to calculate the tempera-

ture field by solving Eq. (26), using the linearization method

e Set the initial velocity components u® and 4 and calculate the described above, for the Ind operator (Eq. (A6)). The prescribed
vorticity w© f’”@ f"“ temperature boundary conditions are used.

e Calculate 0“’(0’ and ‘7"’;,) and use them to solve the Poisson type o The updated velocity values are used to calculate the microrota-
equations for the u and v velocity component (Egs. (22) and tion values by solving Eq. (25) using the linearization method
(23)) using the prescribed boundary conditions. The u* and 7* described above, for the LV operator (Eq. (AS)) The prescribed
intermediate velocity components are calculated. microrotation boundary conditions are used.
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e The updated velocity and temperature values are used to calcu-
late the vorticity values by solving Eq. é 4), using the lineariza-
tion method described above, for the L operator (Eq. (A6)). The

vorticity ~ boundary  conditions are calculated by

(k+1) _ gpk) _ puks))
w - x

ay

e The L., errors (maximum absolute error) for the u, », N, 6 and
are calculated and if their values are less than 10;6 the iteration
stops.

4. Code validation

A grid independence study took place for the natural convection
in the square cavity for K=2,Ha=60,Ra= 10° and ¢ =0.03 and, as
it can be seen in Fig. 2, a grid of size 161 x 161 (total of 25,921
nodes) satisfies the grid mdependence For the sake of accuracy
we used a dense grid configuration of 261 x 261. For the numerical
simulations, iterations were stopped when the maximum absolute
values (L., norm) of the difference between the successive solu-
tions for velocity components, vorticity, microrotation and temper-
ature at each mesh point are less than 10 o}

In order to validate the present scheme the steady, laminar nat-
ural convection flow in the presence of a magnetic filed in an
inclined filled with air is considered [4]. The enclosure is heated
(high temperature (Ty)) from one side (left vertical side) and cooled
(low temperature (T¢)) from the adjacent side (top horizontal side)
while the remaining walls are adiabatic. The average Nusselt num-
bers (Nugy.) for various inclination and magnetic field orientation
angles are listed in Table 2a. The numerical results obtained with
the proposed scheme are in an excellent agreement with those
using a Finite Volume Method (FVM) [4]. The comparison of the
proposed scheme with the FVM showed that the maximum abso-
lute error is 10;. As a second example we considered the natural
convection in an enclosure that is filled with a water-Al,03 nano-
fluid, influenced by a magnetic field. The enclosure is bounded by
two isothermal vertical walls at temperatures T, and T. and by
two horizontal adiabatic walls. The average and maximum abso-
lute value for the stream function |¥ .| with the solid volume
fraction at different values of the Hartmann number (Ha) are listed
in Table 3. The numerical results obtained by the present scheme

are compared with those obtained using the Finite Volume Method
(FVM) [30] and, it can be seen that they are in a very good agree-
ment.(See Table 2b)

5. Numerical results

The heat performance of the micropolar-nanofluid filled enclo-
sure is studied for a range of solid volume fractions (0 < ¢ < 0.05),
Rayleigh number (10* <Ra < 10°) to cover both ﬁuoyancy and
magnetic field dominant flow regimes and, Hartmann number
(O < Ha < 120). For all simulations, pure water is considered as
the base fluid with Pr=6.2 and the microrotation number was
set to K=2. The latter value has been chosen since, as depicted
in [18], the numerical results are closer to the experimental find-
ings. From the vorticity equation it can be seen that the magni-
tudes of Rayleigh (Ra) and Hartmann (Ha) numbers can regulate
the buoyancy or the magnetic force dominant on the flow field
inside the enclosure. In details, the buoyancy force is naturally
more effective for higher Rayleigh numbers, where the Lorentz
force reduces velocities and suppresses the convection currents.
On the other hand, when Ra/Ha? = 0(1) both forces are equally
effective. The buoyancy is dominant as long as O(Ra/Ha2)>>1
and the magnetic field is dominant when O(Ra/Ha? )<< 1. Fmally,
although the transient governing equations have been solved, we
plot the steady state solutions of the governing equations.

5.1. The effects of the Rayleigh and Hartmann numbers

In this part of the study, an enclosure filled with Al,0s/water
micropolar nanofluid is considered. In all the computations con-
ducted, the solid volume fraction of the nanoparticles was constant
and equal to ¢ = 0.03. Concerning the numerical computations, the
Hartmann number was taken in the range of O Ha 120, the
inclination angle was 7y = 0°, while the angle of orientation of the
magnetic field was taken also as & = 0° (B = Byi). The Rayleigh num-
ber used was varied in the rangéLof 10* < Ra < 10° to cover the
both buoyancy and magnetic field dominant flow regimes.

In Figs. 3 and 4 streamlines and temperature contours are
shown, for two different values of the Hartmann number, namely
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Fig. 11. Magnification of the local Nusselt number along the hot wall for different
magnetic field orientation (¢) angles for inclination angles (a) y = 0° (b) y = 30° and
(c) y=60°.

for Ha = 60 and Ha = 120, with the Rayleigh number ranging from
Ra=10* to Ra=10° Since the enclosure is not inclined, the
bu‘f)yancy force ascends the fluid particles heated near the hot wall,
acts parallel to it and the streamlines form a single eddy with
clockwise rotation. As far the isotherms, buoyancy force is more

active lifting the warm fluid particles along the hot wall, the fluid
then is forced to move horizontally along the adiabatic walls and,
finally is descends when it reaches the cold vertical wall. As a
result, the isotherms are closer to each other near the hot wall indi-
cating higher surface heat flux and slightly bulged toward the cold
wall due to the rapid transfer of heat by circulating fluid. The same
pattern is evident in both Hartmann numbers and for all the Ray-
leigh numbers encountered. As it can be seen, as the Ra number
increases the vortex that is formed in the middle of the cavity
becomes more elongated to the x-direction. As the Hartmann num-
ber increases lower values of streamlines were observed. The flow
patterns indicate lower values of the streamlines and weaker rota-
tion due to the higher Hartmann number. The streamlines are
bended in the region between x =0.2 and x = 0.8 and as the Ray-
leigh number increases they tend orientate along with the x-axis
direction, which is the magnetic field direction. This is also seen
for Ha = 60 where the bending is more pronounced.

Fig. 5a shows the Local Nusselt number along the hot wall for
various Rayleigh (Ra) and Hartmann (Ha) numbers. It can be seen
that as the Rayleigh (Ra) number increases the local Nusselt num-
ber is shifted upwards. While, the increase of Hartmann (Ha) num-
ber shifts the local Nusselt number curves downwards.

In Fig. 5b the average Nusselt number was plotted against the
Hartmann number, considering a micropolar nanofluid and a nano-
fluid without the microrotation. For a micropolar nanofluid it can
be observed that for all the Ra numbers considered the average
Nusselt number is smaller compared with that of a pure nanofluid
model (this is thoroughly analyzed in [18]). It can be noticed that
when the Rayleigh number is low (Ra = 10%) the average Nusselt
number (Nugy.) is slightly different for the two models and slightly
changed for everyone when the Hartmann number increases. As
the Rayleigh number increases the Nug,. is different for the two
models and decreases as the Ha number increases.

5.2. The effects of solid volume fraction

In this part of the study, an enclosure filled with Al,Os/water
micropolar nanofluid is considered. In all the computations con-
ducted, the solid volume fraction of the nanoparticles was taken
in the range of 0< <005 along with the Hartmann number
ranging from Ha 10 to Ha 90. The Rayleigh number was set to
Ra=10°

Flg 6 shows the microrotation contours for with increasing
solid volume fraction of the nanoparticles for different Hartmann
numbers, namely Ha = 30 and Ha = 60. It can be seen that as the
volume fraction of the nanoparticles increases the strength of
the microrotation increases. In Fig. 7 the microrotation profiles
are plotted along the centerlines of the cavity, at y= 0.5 and
X = 0.5, respectively, for Hartmann numbers Ha= 30" and 60.
Symmetrlc profiles are obtained, with the strengthAof the micro-
rotation increasing as the volume fraction of the nanoparticles
increases. This can be explained by the fact that the total
amount of microrotation in the bulk is increased since the num-
ber of nanoparticles increases and consequently the total micro-
rotation is elevated. Additionally, as it can be seen from Fig. 8,
the average Nusselt number decreased as the volume fraction
of nanoparticles increases. This is more evident as the Hartmann
number is low. This can be explained by the fact that when the
applied magnetic field (Hartmann number) is low the rotation of
the particles remains without no intense mixing in the fluid. The
exchange of heat energy with the solid wall is low and the Nus-
selt number is decreased. Notice that results show opposite
behavior comparing with those of magnetite nanofluids under
the influence of an external magnetic field [31]. That is, the
increase of the magnetic field strength decreases the local heat
transfer coefficient.
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5.3. The effects of inclination angles

Microrotation contour lines in a square enclosure for Ra=10°,
Ha=60, K=2, ¢=0.03 and various enclosure inclinations and
magnetic field directions are shown in Fig. 9.

When the enclosure is tilted (30° and 60°) the buoyancy force
forces fluid particles toward to and away from the hot wall is in
the clockwise direction. Therefore, while the streamlines form a
single eddy with clockwise rotation, the orientation and the
strength of the eddy change. This can also be noticed when the
magnetic field is not yet normal to the hot wall (30° and 60°),
where the strength of the eddy increases as the inclination angle
increases. The magnetic field applied normal to the hot wall is
more effective reducing the convection and therefore the heat
transfer for square and tall enclosures and the magnetic field
applied normal to the cold wall is more effective reducing the con-
vection for the enclosure. Fig. 10 shows the local Nusselt number
along the hot wall for different inclination angles and orientation
of the magnetic field. It can be seen that as the inclination angle
() increases the local Nusselt number is shifted downwards. In
Fig. 11 a closer look of the local Nusselt number is shown and as
the orientation angle (¢) of the magnetic fields increases the local
Nusselt number is up shifted.

6. Conclusions

The present study considers a numerical investigation of lami-
nar natural-convection flow through an Al,Os/water micropolar
nanofluid in the presence of a magnetic field in an inclined rectan-
gular enclosure. The rotation of the nanoparticles was incorporated
in the flow model. The mathematical theory that describes this
particular flow regime is the micropolar flow theory that expresses
apart from the conservation of linear momentum and angular
momentum. Experimentally given forms of thermo-physical nano-
fluids’s properties, as dynamic viscosity, thermal conductivity and
electrical conductivity, are utilized. A meshless point collocation
with velocity-correction method was utilized in order to numeri-
cally solve the governing equations. The study leads to the follow-
ing conclusions:

e The flow characteristics and the convection heat transfer inside

the tilted enclosure, depend strongly upon the strength and ori-

entation of the magnetic field, the inclination of the enclosure,
the mlcrorotatlon number and the volume fraction of the nano-
partlcles used.

Circulation and convection become stronger with increasing

Rayleigh and microrotation numbers but they are significantly

suppressed by the presence of a strong magnetic field.

e The local Nusselt number increases considerably with Rayleigh
number since the circulation becomes stronger. The magnetic
field significantly reduces the local Nusselt number by sup-
pressing the convection currents.

e The local Nusselt number is shifted upwards as the Rayleigh
(Ra) number increases. While, the local Nusselt number curves
are shifted downwards as the Hartmann (Ha) number is
increased.

e The presence of nanoparticles alters the thermal properties of

the base fluid. For small values of nanoparticles’s volume frac-

tion (¢ < 0.02) as the Hartmann number increases the average

Nusself is increased, while for (¢ > 0.02) as the Hartmann num-

ber increases the average Nusself is decreased.

For a specific value of nanoparticles’s volume fraction (¢ = 0.03),

as the Rayleigh (Ra) number increases the average Nusselt is

increased, while as the Hartmann number increases and keeping

(Ra) constant the average Nusselt is slightly decreased.

e For a micropolar nanofluid model it can be observed that for all
the Rayleigh numbers considered the average Nusselt number
was smaller compared with that of a pure nanofluid model.
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Appendix A

Solution procedure

Consider the governing equation of the unsteady problem

aqgt D Lgt) =f(xt), YXE€QCR, >0 (A1)
Bg(x,t) =g(x,t), VXcdQCR}, t>0 (A2)

where L is a differential operator and B is a boundary operator,

which can be a Dirichlet, Neumann or a mixed operator. Using the

notation q**1= q(t(k”)), where "=+ 5t and introducing

0-weighting (0 < 1), we get

q(k+1) — q(k)
ot

For the vorticity transport equation, the microrotation and the
temperature equations under consideration the L operator is given
by

+0Lg*Y + (1 — o)Lg® = h** (A3)

a_y9 9 (K Pr o2

L =Ugp+t v v (uf +1<> (pnf v (A4)
0 o (K p p

oyl v (P K (PG ok (P A5
X X (:uf 2 )\ Py Prf (A3)
9 o (k[ PG\ 1,

g v (i) ((pq»nf prY (A9)

and the right-hand side by
Pr 2N Ra PP \ [ Ps ( a0
h? = —K V°N —— | cos
(w) TP ( (PB); ) \ Prg Mox -

O\ [ Pr . ou oV
+ <7f> <p—nf>Ha2 (sm(g)cos( &) 55— cos 2(&) 8X>

+ <‘j7ff) (/fff) Ha® <sm2<cr> % — sin(¢) cos(¢) Z‘;) (A7)

hN_K<pf>Q (A8)
nf

W—o (A9)

For illustration purposes we will describe in details the lineariza-
tion procedure used only for the vorticity. For now on we will use a
notation (r;) for the derivatives defined as differentiation of the var-
iable r withrespect to s. The Eq. (A3) using Eq. (A4) can be written as

W) ok
Q7 07 o wan e+ vay k- (B ) (£
ot :uf pnf

(Y +Q1+)) +(1-0) ((UQ_XW‘) +(ve,)* - (%%)

f
P (a0l ) ) = 0™ (A10)
pu )T
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Following we linearize the non-linear terms of the Eq. (40) as

(UQJ_)(kH) ~ U(k)inkH) + U(’Hl)Qy() _ U(k)Q(-k) (A]])

with i=x,y. Substituting Eq. (A11) in Eq. (A10), multiplying by Jt
and after collecting the (k+ 1) and the (k) terms on the left and
the right hand side, respectively, we get

QD s (Ul 4 yigiken _ (Far ) (Pr
’ ' Hy Prg

(foxﬂ) n foj”)) —_qb_ (m((U(km _ U(’”)Q_(f)

+(VED - vl —ot(1 - o) UMQY + vQ - P
, Ly
k+1
pp—ff (@Y +0) ) +orn ™" (A12)
n
Eq. (A12) can be written in matrix notation as
MoV — R+ Q)Y +F (A13)
where
Cand o st (110 ~apd o+ 0~ dd _ (H P d d
M | @ oty (U oal v o] - (7;+1<> (ﬁ) * (@4, + @)
(Db
(A14)
[ spqerppk+) gy d (k+1) _ yy(k) d
R— oty (U U )od;x+(V V%) o @) (A15)

g [0 (0705 ()2 0 195)
0

(A16)

. (k+1)
F_ | oth®)

g+ (A17)

where matrices ®, @, @, with s=x,y, give the unknown field
function approximation values and their spatial derivatives up to
second order and g are the boundary conditions. These matrices
N
@M
nodes and N;, boundary nodes (N = N4 + N;,), with N being the total
number of nodes. The symbol (w°D) means that the i component
of the vector w is multiplied to every element of the i row of the
matrix D.

can be written as ® = [ }GREXN, corresponding to Ny interior
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