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Abstract

We prove the existence of a unique maximal surface in an anti-de Sitter
(AdS) convex Globally Hyperbolic Maximal (GHM) manifold with parti-
cles (i.e. with conical singularities along timelike lines) for cone-angles
less than w. We reinterpret this result in terms of Teichmiiller theory,
and prove the existence of a unique minimal Lagrangian diffeomorphism
isotopic to the identity between two hyperbolic structures with conical
singularities of the same angles on a closed surface with marked points.
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2 1 INTRODUCTION

1 Introduction

For an angle 6 € [0, 2x], consider the space obtained by cutting the hyperbolic
disk along two half-lines intersecting at the center and making an angle #; then
by gluing the two half-line bounding the angular sector of angle 6 by a rotation
of angle 2 — #. We denote this singular Riemannian manifold by Hg. The
induced metric is called hyperbolic metric with conical singularity of
angle 6. This metric is hyperbolic outside the singular point. Let ¥, be a
closed oriented surface of genus g with n marked points x1, ..., z,.

Definition 1.1. For 0 := (64, ...,6,,), with §; € [0, 27|, a hyperbolic metric with
conical singularities of angle 6; at the points z; € ¥ is a metric on X such that
each z; has a neighborhood isometric to a neighborhood of the singular point
in H§¢ and each point p € ¥\ {z1,...,x,} has a neighborhood isometric to an
open set in H?. We denote by Tg.n,6 the space of such metrics modulo isotopy
fixing each x;.

For 3 of genus g > 2 without marked points, 7, ) = 74 corresponds to
the classical Teichmiiller space of X, that is, the space of equivalence classes of
hyperbolic metric on the surface (where two hyperbolic metrics belong to the
same class if and only if they are isotopic).

Minimal Lagrangian diffeomorphism

Definition 1.2. Let h,h' € T,, a minimal Lagrangian diffeomorphism ¢ :
(X,h) — (X,h') is an area preserving diffeomorphism such that its graph is
minimal in (X x X, h @ R').

In 1992, F. Labourie [Lab92] and R. Schoen [Sch93] proved that for each
h,h € Ty, there exists a unique minimal Lagrangian diffeomorphism isotopic
to the identity ¢ : (X,h) — (X, h/).

Minimal Lagrangian diffeomorphisms are related to harmonic maps (see
[Sam78] and [Wol89]). Namely, let Jy be a complex structure on ¥, h € Ty
and ¢ : (X,Jp) — (X,h) a harmonic diffeomorphism isotopic to the identity.
Let ¢ be the Hopf differential of 9 (that is the (2,0) part of ¢¥*hC where hC is
the complexified of the metric h). There is a unique harmonic diffeomorphism
Y (8, Jo) — (X,h) isotopic to the identity where ' € T, and the Hopf
differential of ' is —g. Moreover, ¢ := 1 o ¢/~! is a minimal Lagrangian
diffeomorphism isotopic to the identity.

Moreover, for h,h' € Ty, let ¢ : (X,h) — (X,') be a minimal Lagrangian
diffeomorphism isotopic to the identity. Let (g, Jy) be the graph of ¢ together
with the complex structure defined by its induced metric in (X x X,h @ R').
Then the natural projection from Xy to (X,h) and to (X,h') are harmonic
diffeomorphisms isotopic to the identity, and the sum of their Hopf differentials
is equal to zero.

That is, minimal Lagrangian diffeomorphisms can be thought as ”squares”
of harmonic maps.

In his thesis, J. Gell-Redman [GR10|] proved the existence of a unique har-
monic map from a closed surface with n marked points equipped with a complex



structure to a hyperbolic surface of the same genus with n conical singularities
of angles less than 27 at the marked points. Thus, a natural question arising, is
about the existence of a unique minimal Lagrangian diffeomorphisms isotopic
to the identity between hyperbolic surfaces with conical singualrities [BBD™ 12,
Question 6.3]. In this paper, we give an answer. Precisely, we prove the next
result:

Theorem 1.1. For all h,h' € Ty, 9, with 0 = (61,...,0,) and 6; < m, i =
1,...,n, there exists a unique minimal Lagrangian diffeomorphism ¢ : (3, h) —
(3, 1) isotopic to the identity.

In particular, this result extends the result of F. Labourie and R. Schoen to
the case of surfaces with conical singularities of angles less than 7. In Theorem
[6.3] we extend the relations between this unique minimal Lagrangian diffeo-
morphism and the harmonic maps provided by [GRI0]. Namely, we prove that
given two metrics h, ' € T, ,, g, there exists a unique conformal structure with
marked points Jy on S such that the Hopf differential Hopf(¢)) of the unique
harmonic map ¥ : (S,Jy) — (S, h) is the opposite of the Hopf differential of
the unique harmonic map ¢’ : (S, Jo) — (S, ') and ¢ := ¥ oty'~! is the unique
minimal Lagrangian isotopic to the identity. The proof of this statement uses
the deep relations between hyperbolic surfaces and three dimensional anti-de
Sitter (AdS) geometry.

AdS geometry The AdS three dimensional space is a Lorentzian sym-
metric space of constant sectional curvature —1. It can be thought as the
Lorentzian analogue of the three dimensional hyperbolic space H3. In its work
on three dimensional Lorentzian geometry, G. Mess [Mes(07] parameterized the
moduli space of Lorentizan Globally Hyperbolic Maximal (GHM) structures of
constant curvature (see below for the definition of a GHM manifold). In partic-
ular, he found an analogy between three dimensional AdS GHM geometry and
quasi-Fuchsian geometry. In fact, Bers’ simultaneous uniformization theorem
[Ber60] gives a parameterization of the smooth moduli space QF, of quasi-
Fuchsian structures on the topological product M = 3 x R. More precisely, he
proved that the application associating to every quasi-Fuchsian manifold the
conformal class of the metrics of the boundary of M gives a parameterization
of QF, by Ty x T,.

An AdS GHM manifold is a topological manifold M = ¥ x R equipped with
Lorentzian structure of constant curvature —1 such that the manifold contains
a Cauchy surface (i.e. a spacelike surface which intersects every inextensible
timelike curve exactly once), which is maximal in a certain sense (precised be-
low). G. Mess [Mes07,, Section 7] proved that this moduli space is parameterized
by two copies of 7,. This result can be thought as an AdS analogue of Bers’
theorem.

Several years later, K. Krasnov and J.-M. Schlenker [KS07] proved the exis-
tence of a unique maximal surface in each AdS GHM structure on ¥ x R. Max-
imal surfaces are the Lorentzian analogue of minimal surfaces in Riemannian
geometry: they are surface of vanishing mean curvature (the name 'maximal’
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comes from the fact that they maximize the area functional). Moreover, they
showed that this result is equivalent to the result of F. Labourie and R. Schoen
of the existence of a unique minimal Lagrangian diffeomorphism isotopic to the
identity between two hyperbolic surfaces.

A particle in an AdS GHM manifold M is defined as a conical singularity
along a timelike line. In this paper, we only consider particles with cone-angles
less than 7. F. Bonsante and J.-M. Schlenker extended Mess’ parameterization
to the case of AdS convex GHM manifolds with particles. Precisely, they proved
[BS09, Theorem 1.4] that the application from the moduli space of AdS convex
GHM structure on ¥, x R with n conical singularities of given angles 6 :=
(61, ...,0y) € (0,7)" to the product of two copies of Ty ,, ¢ associating to an AdS
convex GHM manifold with particles the right and left metrics (see Section 3
below) is one-to-one. So, a natural question is about the existence of a unique
maximal surface in each AdS convex GHM manifold with particles [BBD™12,
Question 6.2]. In this paper, we give an answer to this question:

Theorem 1.2. Let (M, g) be an AdS convex GHM 3-manifold with particles of
angles less than mw, then M contains a unique mazximal spacelike surface.

Moreover, we prove that the existence of a unique maximal surface provides
the existence of a unique minimal Lagrangian diffeomorphism isotopic to the
identity

0 (Bn,h) — (S, b)),

for all h,h' € Ty o (With 6; < 7).

The parameterization of the moduli space of AdS convex GHM structure
and Theorem provide a homeomorphism W : T*7, ,, g — Tgng X Tgne. In
Theorem [6.3], we give a geometric interpretation of this map: for h,h' € Ty, 9,
there exists a unique complex structure Jy on S such that the Hopf differential
of the harmonic map v : (S, Jy) — (S, h) is the opposite of the Hopf differential
of the harmonic map ¢’ : (S, Jy) — (S, k'), and

U= (h, 1) = ([Jo], Hopf(v)),

where [Jp] € Tg.n,6 is the unique hyperbolic metric whose associated complex
structure is Jy.

Acknowledgement. It is a pleasure to thank Jean-Marc Schlenker for its
patience while discussing about the paper. I would also thank Francesco Bon-
sante and Thierry Barbot for helpful and interesting conversations about this
subject.

2 AdS GHM 3-manifolds

2.1 Mess parameterization

The AdS 3-space. Let R?2 be the usual real 4-space with the quadratic

form:

q(z) = 21 + @5 — 25 — 21,



2.1 Mess parameterization )

The anti-de Sitter (AdS) 3-space is given by:
AdSs = {x € R*? such that q(z) = —1}.

With the induced metric, it is a Lorentzian symmetric space of dimension 3 with
constant curvature —1 diffeomorphic to D x S! (where D is a disk of dimension
2). In particular, AdSs is not simply connected.

In this text, we are going to consider the Klein model of the AdS 3-space:
consider the canonical projection

7 R>2 — RP3.

7 is a 2-to-1 covering of AdS3 on AdS? := m(AdSs). We call AdS® with the
metric pushed forward, the Klein model of the AdS 3-space. In this model,
AdS? is the interior of a hyperboloid of one sheet. Moreover, the geodesics
are given by straight lines: spacelike geodesics are the ones which intersect the
boundary dAdS® (that is the hyperboloid) in two points, timelike geodesics are
the ones which do not have any intersection and lightlike geodesics are tangents

to OAdS3.

Remark 2.1. This model is called Klein model by analogy with the Klein model
of the hyperbolic space. In fact, in these models, geodesics are given by straight
lines.

The isometry group. As 0AdS® is a hyperboloid of one sheet, it is
foliated by two families of straight lines. We call one family the right one and the
other, the left one. The group Isom, (AdS?) of orientation and time-orientation
preserving isometries of AdS® preserves each family of the foliation. Fix a
spacelike plane Py in AdS3, its boundary is a spacelike circle in OAdS? which
intersects each line of the right (respectively the left) family exactly once. Then
Py gives an identification of each family with RP! (when changing Py to another
spacelike plane, the identification changes by a conjugation by an element of
PSLy(R)). Tt is proved in [Mes07, Section 7] that each element of Isom , (AdS?)
defines a couple of projective transformation, which uniquely extend to a couple

of elements in PSL(2,R). So Isom (AdS?®) = PSL(2,R) x PSL(2,R).

AdS GHM 3-manifold. An AdS GHM (Globally Hyperbolic Maximal)
3-manifold is a manifold M homeomorphic to M = ¥ x R (where ¥ is a closed

oriented surface of genus at least 2), which carries a (G, X)-structure, where
G = Isom, (AdS?), X = AdS? and satisfies two conditions:

1. M contains a spacelike Cauchy surface (that is a closed oriented surface
which intersects every inextensible timelike curve exactly once).

2. M cannot be strictly embedded in an AdS manifold satisfying the same
properties.

Let X be a closed oriented surface of genus g > 1, we denote by M 445 the
space of AdS GHM structure on 3 x R considered up to isotopy, and by 7, the
Teichmiiller space of X.

We have the fundamental theorem of [Mes07, Proposition 20]:
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Theorem 2.1 (Mess). There is a parameterization Mess: Mg ags — Ty % Tg.

Construction of the parameterization. To an AdS GHM structure on M is as-
sociated its holonomy representation p : m (M) = m(X) — Isom,(AdS?).
Consider the decomposition p := (py, pr), where py, pr = m1(X) — PSL(2,R). G.
Mess proved [Mes(07, Proposition 19] that these holonomies have maximal Euler
class (that is | e(p;) |=| e(pr) |= 29 — 2, where e designs the Euler class). Using
Goldman’s criterion |Gol88], we get that these holonomies are holonomies of
hyperbolic structures and so define a pair of point in 7j.

Reciprocally, as two holonomy representations py, p2 of hyperbolic structures
are conjugated by an orientation preserving homeomorphism ¢ : RP! — RP!
and as 0AdS? identifies with RP! x RP! (fixing a totally geodesic spacelike plane
Py), the graph of ¢ defines a nowhere timelike closed curve in dAdS®. Taking
the quotient of the convex hull of this curve by the application p := (p1, p2), we
get a piece of a globally hyperbolic AdS manifold which uniquely embeds in an
AdS GHM manifold. So the map Mess is a one-to-one. O

2.2 Surfaces embedded in an AdS GHM 3-manifold

J.-M. Schlenker and K. Krasnov [KS07, Section 3] found results about surfaces
embedded in an AdS GHM manifold. We are going to recall some of them, and
invite the interested reader to look at [KS07]. Recall that a spacelike surface
embedded in a Lorentzian manifold is maximal if its mean curvature vanishes
everywhere. They are Lorentzian analogue of minimal surfaces.

Theorem 2.2 (K. Krasnov, J.-M. Schlenker). Fvery AdS GHM 3-manifold
contains a unique maximal spacelike surface.

Moreover, they give an explicit formula for the map Mess:

Theorem 2.3 (K. Krasnov, J.-M. Schlenker). Let S be a spacelike surface em-
bedded in an AdS GHM manifold M whose principal curvatures are in (—1,1).
We denote by E the identity map, J the complex structure on S, B its shape
operator and I its first fundamental form. We have:

Mess(M) = (hy, hy),
where hy,(z,y) = I((E £ JB)x, (£ + JB)y).
Remark 2.2. In particular, the metrics h;, are hyperbolic and do not depend

of the choice of the surface S (up to isotopy).

If we denote by Hgy aqs the space of maximal spacelike surfaces in germs
of AdS manifold, it is proved in [KS07] (using the Fundamental Theorem of
surfaces embedded in an AdS manifold) that this space is canonically identified
with the space of couples (g,h) where g is a smooth metric on ¥ and h is a
symmetric bilinear form on 7S such that:

1. try(h) = 0.

2. dVh = 0 (where V is the Levi-Civita connection of g and d¥ is the co-
variant derivate).



3. Kg = —1 —dety(h) (where K, is the Gauss curvature). We call this
equation modified Gauss’ equation.

We recall a theorem of Hopf [Hop51]:

Theorem 2.4 (Hopf). Let g be a Riemannian metric on ¥ and h a bilinear
symmetric form on T, then:

i. trg(h) =0 if and only if h is the real part of a quadratic differential q.
#. If i. holds, then d¥h =0 if and only if q is holomorphic.

iti. if i. and . hold, then g (respectively h) is the first (respectively second)
fundamental form of a maximal surface if and only if K, = —1—dety(h).

Moreover, it is proved in [KS07, Lemma 3.6.] that for every conformal class
of metric [g] on ¥ and every h real part of a holomorphic quadratic differential
q € T [’é]’Tg, there exists a unique metric gy € [g] such that modified Gauss’
equation is satisfied. This result allows us to parameterize H, aqs by T*74. In
this parameterization, h is the real part of a holomorphic quadratic differential,
and gy € [g] is the unique metric verifying Ky, = —1 — detg,(h). In addition,
such a surface has principal curvatures in (—1,1) [KS07, Lemma 3.11.].

As every AdS GHM manifold contains a unique maximal surface, there is a
parameterization ¢ : T*T, — My aqs [KSO7, Theorem 3.8]. Hence, we get an
application associated to the Mess parameterization:

U= Messop: T"Ty — Ty x Ty

3 AdS convex GHM 3-manifold with particles

In this section we define the AdS convex GHM manifolds with particles and
recall the parameterization of the moduli space of such structures. The proofs
of these results can be found in [KS07] and [BS09].

3.1 Extension of Mess parameterization

First, we are going to define the singular AdS space of dimension 3 in order to
define the AdS convex GHM manifolds with particles.

Definition 3.1. Let 6 > 0, we define Ang as the completion of R x Ry X
(R/0Z) with the metric:

g = —dt* + cos?(t)(dp? + sinh?(p)d¢?)
where t € R, p € Ry and ¢ € (R/0Z).

Remark 3.1. AdSj can be obtained by cutting AdS® along two timelike planes
intersecting along the line [ := {p = 0}, making an angle #, and gluing the
two sides of the angular sector of angle 6 by the rotation of angle 27 — 6 fixing
I. A simple computation shows that, outside of the singular line, Adsg’ is a
Lorentzian manifold of constant curvature -1, and Adsg’ has conical singularities
of angle 0 along the points of [.
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Definition 3.2. An AdS cone-manifold is a Lorentzian 3-manifold M in which
any point x has a neighborhood isometric to an open subset of Adsg’ for some
0 > 0. If 0 can be taken equal to 27, x is a smooth point, otherwise 6 is uniquely
determined.

To define the global hyperbolicity in the singular case, we need to define the
orthogonality to the singular locus:

Definition 3.3. Let S C Adsg’ be a spacelike surface which intersect the
singular line [ at a point z. S is said to be orthogonal to [ at x if the causal
distance (that is the ’distance’ along a timelike line) to the totally geodesic
plane P orthogonal to the singular line at x is such that:

d(y, P)

y—z,yesS dg(z,y)

where dg(x,y) is the distance between x and y along S.

Now, a spacelike surface S in an AdS cone-manifold M which intersects
a singular line d at a point y is said to be orthogonal to d if there exists a
neighborhood U of y in M isometric to a neighborhood of a singular point in
AdS} such that the isometry sends SN U to a surface orthogonal to [ in AdSj.

Now we are able to define the AdS GHM manifold with particles.
Definition 3.4.

e An AdS convex GHM manifold with particles M is an AdS cone-manifold
which is homeomorphic to ¥, xR (where ¥ ,, is a closed oriented surface
of genus g with n marked points), such that singularities are along timelike
lines dy,...,d, and have fixed angle 64,..,60, with 6; < m; moreover, we
impose two conditions:

1. M contains a spacelike future-convex Cauchy surface orthogonal to
the singular locus (condition of convex Global Hyperbolicity).

2. M cannot be strictly embedded in another manifold satisfying the
same conditions (condition of Maximality).

Remark 3.2. The condition of convexity in the definition will allow us to use a
convex core. As pointed out by the authors in [BS09], we do not know if every
AdS GHM manifold with particles is convex GHM.

Many results known in the non-singular case extend to the singular case (i.e.
with particles of angles less than 7). We recall some of them here (cf. [BS09],
[KS07]):

1. The parameterization Mess defined above extends to the singular case;
that is, we have a parameterization of the moduli space M, ,, g of AdS con-
vex GHM metrics with conical singularities along timelike lines dy, ..., d,
with prescribed angle 6 = (04, ...,6,,) € (0,7)" taking up to isotopy, by
two copies of the Teichmiiller space 7y 9. Here, Ty, ¢ is, as in the intro-
duction, the moduli space of hyperbolic metrics with conical singularities
at fixed points x1, ..., 2, of prescribed angles 6 = (61, ...,0,).
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2. Any AdS convex GHM 3-manifold with particles contains a minimal non-
empty convex subset called its ”convex core” whose boundary is a disjoint
union of two pleated spacelike surfaces orthogonal to the singular locus
(except in the Fuchsian case which corresponds to the case where the two
metrics of the parameterization are equals. In this case, the convex core
is a totally geodesic spacelike surface).

Remark 3.3. The analogy between AdS GHM geometry and quasi-Fuchsian ge-
ometry explained in the introduction extends to the case with particles. Namely,
the parameterization of the moduli space QF , ¢ of quasi-Fuchsian manifolds
with particles is given by the product of two copies of Ty ,, ¢ (cf. [LS09], [MS09]).

3.2 Maximal surface

Let M be an AdS convex GHM 3-manifold with particles.

Definition 3.5. A maximal surface in M is a spacelike Cauchy surface orthog-
onal to the singular lines with vanishing mean curvature outside these intersec-
tions with the singular lines.

It is proved in [KSO7] that, as in the non-singular case, we can define the
space Hg adsn,e of maximal surfaces in a germ of AdS convex GHM with n
particles of angles 6 = (01, ...,60,,) € (0,7)". This space is again parameterized
by the cotangent bundle of 7, ¢ (the cotangent space at a point is the space
of holomorphic quadratic differentials with at most simple poles at the marked
points).

4 Existence of a maximal surface

In this section, we prove the existence part of Theorem Note that in the
Fuchsian case (that is when the two metrics of the parameterization Mess are
equals), the convex core is reduced to a totally geodesic plane orthogonal to the
singular locus which is thus maximal (its second fundamental form vanishes).
Hence, from now, we suppose that the AdS convex GHM manifold with particles
M is not Fuchsian and so contains a convex core whose interior is not empty
(see [BS09, Section 5]). The proof will be done in three steps:

1. Approximate the singular metric by a sequence of smooth metrics.

2. Prove the existence of a maximal surface in each manifold with regularized
metric. This sequence is convergent (because each maximal surface can
be locally seen as a graph of a Lipschitzian map which is contained in a

compact set).

3. Prove that the limit surface is a maximal surface.
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4.1 Approximation of singular metrics

Take 0 € (0,27) and consider Cg C R? the cone given by the parameterization:

Cop := {(u.cos(v),u.sin(v),cotan(0/2).u), (u,v) € Ry x [0,2m)}.

Now, look at the intersection of this cone with the Klein model of the hy-
perbolic 3-space, and note hy the induced metric. Let H2 := (ID, hy) (where D is
the unit disk) be the hyperbolic disk equipped with this metric. It is a complete
Riemannian manifold of curvature -1 outside the singular point (because it is a
convex ruled surface in a constant curvature space) with one conical singularity
of angle #. We call this space hyperbolic plane with cone singularity.

[(Cp)

Note that the angle of the singularity is given by lin%] —F= where I(C)) is
p—0 p
the length of the circle of radius p centered at the singularity.

Now, to approximate this metric, take (€;)ien.,, where ¢; = — and define a

sequence of even functions (f;)ien., C C*°(R,R) such that:

fi(0) = —€2.cotan(0/2)
fl(x) <0 Va € (—€, &)
fi(z) = —cotan(8/2).x if z > ¢

>\

—€2.cotan(6/2)

Figure 1: Graph of f;

Consider the surface Cp; obtained by making a rotation of the graph of
fi around the axis (0z) and consider its intersection with the Klein model of
hyperbolic space of dimension three. Denote by hg; the induced metric, by
HZ . = (D, hy,;) the disk equipped with this metric and by B; C D the smallest
ball where the metric is not of constant curvature —1 (note that B; — {0},
where {0} is the center of D).

As ¢; — 0, we get the following result:
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Proposition 4.1. For all compact K C D\ {0}, there exists an I € N such
that for all i > I, hg‘K = hgﬂ“K.

We define the AdS 3-space with regularized singularity:

Definition 4.1. Let 0 > 0, ¢ € N, we define Adsg’l. as the completion of R x D
with the metric:

gi = —dt® + COSQ(t).hg,i
for t € R.

Clearly, there exists a smallest tubular neighborhood V of d = {0} x R such
that Ang’,i \ V§ is a Lorentzian manifold of curvature -1.

In this way, we are going to define the regularized AdS convex GHM mani-
fold with particles.

Let M = ¥ x I be a differentiable manifold and M := (M, g) be an AdS
convex GHM manifold with conical singularities of angle 64, ...,6,, < 7 along
timelike lines dy, ..., d,. For all j € {1,...,n} and x € d;, there exist a neighbor-
hood of z isometric to a neighborhood of a point on the singular line in Ang’j.

For i € Ny, we define M; := (M, g;) as the manifold M equipped with the
metric g; such that the neighborhoods of points of d; are isometric to neighbor-
hoods of points of the central axis in Angj ;- Clearly, M; is obtained taking

the metric of VHZJ in a tubular neighborhood U, j’ of the singular lines d; for all
j € {1,...,n}. In particular, outside these U;, M; is a regular AdS manifold.

n

Proposition 4.2. Let K C M\ (U d;) be a compact set, then there exists
j=1
=9K-

I € N such that, for all i > I, ik |

4.2 Existence of a maximal surface

We are going to show the existence part of Theorem by convergence of
maximal surfaces in each M;. A result of Gerhardt [Ger83|, theorem 6.2] provides
the existence of a maximal surface in M; given the existence of two smooth
barriers, that is, a strictly future-convex smooth (at least C?) spacelike surface
and a strictly past-convex one. This result has been adapted in [ABBZI12
Theorem 4.3] to the case of C° barriers. The natural candidates for these
barriers are equidistants surfaces from the boundary of the convex core (the
geometry of the boundary of the convex core is described in [BS09), Section 5]).

As the differentiable manifolds M and M; are canonically identified, we can
consider the future component of the boundary of the convex core dy of M as
embedded in M;. For e > 0 fixed, consider the 2e-surface in the future of 04
and denote by 04  the e-surface in the past of the previous one. As pointed
out in [BS09, Proof of Lemma 4.2], this surface differs from the e-surface in the
future of d; (at the pleating locus).
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Proposition 4.3. For i big enough, 0+ ¢ C M; is a strictly future-convex chl
surface.

n
Proof. Outside the open set U’ := U U]Z: , M; is isometric to M. Moreover, for
j=1
each j, U JZ — d;. As proved in [BS09, Lemma 5.2], 0, is spacelike and totally
1—00

n
geodesic in a neighborhood of 9, N (U dj). So, there exists ig € N such that,
j=1
for i > 1g, Uij N d; is totally geodesic.

The fact that 0, ¢ is a Ch! surface is proven in [BS09, Proof of Lemma 4.2].

For the strict convexity outside U?, the result is proved in [BBZ07, Propo-
sition 6.28]. So it remains to prove that 0, N U; is a strictly future-convex
surface.

Let d = d; be a singular line which intersect J; at a point . AsU := U{h&r
is totally geodesic, U, := Uij N Oy is the e-surface of U with respect to the
metric g; (in fact, the spacelike surface Py given by the equation {t = 0} is
totally geodesic in Ang,w the one given by P, := {t = €} is the e-surface and
corresponds to the e-surface in the past of Ps). Precisely, U is obtained by
taking the deformation of U along the vector field e N, where N is the unit
future-pointing vector field normal to 0, extended to the whole M by the
condition V4N = 0 (where V' is the Levi-Civita connection of g;).

We are going to prove that the second fundamental form on U, is positive
definite.

Note that in Ang’N, the surfaces Py := {t = cte.} are equidistant from the
totally geodesic spacelike surface Py. Moreover, the induced metric on P is
I; = cos?(t)h; and so, the variation I] under the flow of the unit normal future
pointing vector field N is given by

I} (u,u) = —2cos(t) sin(t),
for u a unit vector field tangent to P;. On the other, the variation is given by:
L(u,u) = LI (u,u) = —T1(u,u),

where £ is the Lie derivate and Bu = —V,NN.
It follows that II(u,u) > 0 for ¢t > 0 small enough. So 04  C M; is strictly
future-convex. O

So we get a CY! barrier. The existence of a C1! strictly past-convex surface
is analogue. So, by [ABBZ12, Theorem 4.3], we get:

Proposition 4.4. Vi > ig,35; C M; such that S; is a maximal Cauchy surface.

M; canonically identifies with M, and all the S; belong to a compact subset
of M (the convex core) so, up to passing to a subsequence, (S;)i>, converges
CY to a surface X.
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Remark 4.1. Note that, as ¥ is a limit of spacelike surfaces, it is nowhere
timelike. However, it may contains some lightlike locus. We recall a theorem

of C. Gerhardt [Ger83, Theorem 3.1]:

Theorem 4.5. (C. Gerhardt) Let S be a limit on compact subsets of a sequence
of spacelike surfaces in a globally hyperbolic spacetime. Then if S contains a
segment of a null geodesic, this segment has to be mazximal, i.e. it extends to
the boundary of M.

So, if ¥ contains a lightlike segment, it would extend to the boundary of M
and then ¥ would go out of the convex core, which is impossible as ¥ is a limit
of surfaces embedded in the convex core.

It follows that the only lightlike locus possible is a union of rays such that
each ray intersects two singular lines: one in its past, the other in its future.
Thus, the lightlike locus of ¥ lies in the set of lightlike rays from a particle
to another one. Moreover, we prove in Section [£3] that X is orthogonal to
the singular lines hence cannot contain lightlike segment going from a particle
to another one. So the orthogonality to the singular locus implies that > is
nowhere lightlike.

Theorem 4.6. Qutside the lightlike and singular loci, 3 has everywhere van-
ishing mean curvature.

Proof. To prove this statement, we are going to use the theory of pseudo-
holomorphic curves. A good reference for this theory is [LA94]. Recall that
a pseudo-holomorphic curve is a map f from a Riemann surface ¥ into an
almost complex manifold (W, .J) such that df (T'Y) is stable by J. A sequence
of pseudo-holomorphic curves is then a sequence of (Sy,, fn, Jn)neny where for all
n € N, S, is a Riemann surface, .J,, is an almost complex structure on W and
fn+ Sp — (W, Jy,) is such that df,(T'S,) is stable by J,. If the almost complex
structures J,, are integrable, the pseudo-holomorphic curves are holomorphic.
Classical results of complex analysis imply that C%-convergence for holomorphic
curves provides C°°-convergence and the limit is again a holomorphic curve.

Here we are going to adapt the construction of [Lab94 Section 3] to the
case of spacelike surfaces embedded into Lorentzian 3-manifolds. In [Lab94,
Section 3], the author lifts a prescribed mean curvature surface embedded in a
Riemannian manifold M into a pseudo-holomorphic curve in a vector bundle
over a Grassmanian manifold. Precisely, he defines an almost-complex structure
Jrr on the normal bundle F' over G, the Grassmanian of 2-planes in M, such
that if a surface ¥ C M has mean curvature H, then its lifting by Gauss’ map
into F' is pseudo-holomorphic with respect to Jy.

Denote by H; N the mean curvature field of S; with respect to the metric g,
where N is the unit future pointing vector field normal to S;. As the metrics g
and g; coincide except in the open set U’ = U;‘L:1 U ;, then

(Hi)ispvi = 0. (1)

It follows that H; €% 0 outside the singular and lightlike loci.
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Extend H;N to the whole M by the conditions VyH; = 0 and VyN =0
(where V is the Levi-Civita connection with respect to g). Denote by Ga(M)
the Grassmanain manifold of spacelike oriented plane in M, that is the vector
bundle over M whose fiber at a point m is the Grassmanian of oriented spacelike
plane into T;,,M = R%!. Define 7 : F — G2(M) the line bundle over Go(M)
whose fiber at a spacelike plane P C T;, M is the orthogonal to P, denoted
by PL. It follows that H;N defines a section of F' and a spacelike surface S
has mean curvature H; if and only if its lifting ¢(S) by Gauss’ map into F' is
tangent to this section.

We are going to define an almost-complex structure J; on TF such that
©(S;) is Ji-pseudo-holomorphic. Let P € Go(M), where P C T,,M. We have
the following decomposition:

Tp(G2(M)) = Hom(P, P1) @ T;, M.

It follows that, using the decomposition T,,M = P @ P that for z € F, with
mw(x) = P C T,,M we have:

T,F = Tpn Y(P) ® TpGo(M) = P+ @ Hom(P, P1) @ P @ P (2)

As the induced metric on a spacelike plane is not degenerate, we have a canonical
identification Hom (P, P+) = P (this identification sends u € P to the map
uf € Hom(P, P*) defined by u®(v) := g(u,v)N).

Using (), we define the subbundle W C T'F by

W(z) = {0} & P& P& {0} C Tu(F),

where 7(z) = P C T,,, M. It follows that the lifting dp(S;) lies in W.
Define J; on W by

Ji(u,v) = (=Jo(u) + 2H; Jo(v), Jo(v)),
where Jj is the classical complex structure on P induced by its orientation.
Proposition 4.7. ¢(S;) is a J;-pseudo holomorphic curve.

Proof. The tangent bundle to ¢(S;) is generated by (B;(e1), e1) and (B;(e2), e2)
where (e1,e2) is a direct orthonormal framing of S; diagonalising the shape
operator B; of S;. It follows that B;(e1) = (k+ h1)e; and B;(ea) = (—k + ha)es
where (hy + he) = 2H;.

So one sees that:
T (u,v) = (=Jo(=Jo(u)+2H;Jo(v)), J§ (v)) = (—ut+2Hw—2Hv, —v) = —(u, v),
and
Ji(B(e1),e1) = Ti((k+ hy)er,er) = (—(k + hi)ea + 2H e9,e2) = (Bjea, e2).

O
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Moreover, as Uij — d; for all j, then from (), on each compact K C M
11— 00

which intersects 2 but does not intersect any singular lines, there exists ix € N
such that, for all 7 > ik,

%\w(;(msi)(u’v) = (—Jo(u), JO(U))

Its almost-complex structure corresponds to the multiplication by v/—1 for
an identification between P and C (which exists as P is an oriented plane).
So there exists a chart such that J; is given by the multiplication by +/—1. It
follows that J; is integrable and ¢(K N S;) is a holomorphic curve. It follows
that, on each compact K C M which does not intersect the singular lines nor
the lightlike locus of ¥ (one needs K N'Y to be spacelike to define p(K NY)),
¢(K NX)is a limit of holomorphic curves. As it is true for each compact K
satisfying the above properties, it follows

COO

1—00
and Sec = ¢(X) is a holomorphic curve for the complex structure defined on
the lifting of 3 outside the lighlike and singular loci by:

Too(u,v) = (=Jo(u), Jo(v)).

Moreover, as So, projects on X3,

S; &5 5.
1—00

Note that the arguments of [Lab94, Introduction] can be adapted in the
Lorentzian case (in the same way as before) to show that a J..-holomorphic
curve is either a curve contained in the fiber of the projection, or a lifting of
a nowhere timelike surface in M with vanishing mean curvature outside the
lightlike and singular loci (or a union of the two). Hence, the surface ¥ has
everywhere vanishing mean curvature outside its lightlike and singular loci.

Remark 4.2. If a piece of Sy, is contained in the fiber of the projection, it
follows that the fiber should contain at least a subspace of complex 1. Such
a phenomenon corresponds to a singularity of a principal curvature of ¥ and,
because Y has vanishing mean curvature, to a singularity of Gauss’ curvature.
Hence, if ¥ is orthogonal to the singular locus and its curvature is nowhere
infinite, it is a maximal surface.

O

4.3 X is orthogonal to the singular locus

The orthogonality to the singular locus will be proved considering the link of
the surface at a singular point p = dN X, that is essentially the set of rays from
p that are tangents to the surface. In this section, we see locally the surface as
the graph of a function u over Dy = Dy (0,7) = ((0,7) x [0,)) U {0}, a small
disk contained in the totally geodesic plane orthogonal to d passing through p
(it follows that u(0) = 0).
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First, we describe the link at a regular point of an AdS convex GHM man-
ifold, then the link at a singular point. The link of a surface at a smooth point
is a circle in a sphere with an angular metric (called HS-surface in [Sch98]).
However, as the intersections of ¥ with the singular lines are not necessary

smooth, we will define the link as the domain contained between the two curves

0
given by the limsup and liminf at zero of M

p

The link of a point Consider p € M a regular point of an AdS convex
GHM manifold, so T, M is identified with the Minkowski 3-space R*!1. As the
link of p (denoted by L) is the set of rays from p, it is the set of half-lines
in R%!. Geometrically, L, is a 2-sphere, and the metric is given by the angle
”distance”. So one can see that £, is divided into five subsets (depending if the
ray is timelike, lightlike or spacelike and if it is future or past pointed):

e The set of future and past pointed timelike rays that carry a hyperbolic
metric.

e The projectivisation of the light cone, which defines two circles called
past and future lightlike circles.

e The set of spacelike rays which carries a de Sitter metric.

Now, to obtain the link of a singular point of angle a < 27, we just have to
cut £, along two meridian separated by an angle o and glue by a rotation. We
get a surface denoted L, , (see Figure [2).

—Future lighlike circle

Gluing

- Co

'« Past lighlike circle

\/

Figure 2: Link at a singular point
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The link of a surface Let S be a smooth surface in M and p € M a point
of S. The space of rays from p tangent to S is just the projection of the tangent
plane and so describe a circle in £,. We denote this circle by Cg,. Obviously,
if S is a spacelike surface, Cg ) is a spacelike geodesic in the de Sitter domain
of £, and if S is timelike or lightlike, Cg, intersects one of the timelike circle
in L.

Now, if p € S belongs to a singular line, we define the link of S at p as

0
the domain Cg delimited by the limsup and the liminf of M When Cg,

P
is a smooth curve in £, ,, an important fact is that the angle of the conical
singularity of S at p is given by the length of Cs,. In particular, we have the
following result:

Proposition 4.8. If the link of a spacelike surface at an intersection with a sin-
gular line is reqular, then at this point, the surface carries a conical singularity
of angle at most the angle of the singular line.

Proof. The angle of the cone singularity of S at p is given by lir% @ where
p—

C, C S is the circle of radius p > 0 centered at p. Hence, lin%]l(i”) = 1(Csp):
p—

the length of the curve Cg ), with respect to the metric of £, .

However, a = [(Cy,) where Cpy, is the link of a surface orthogonal to the
singular locus. So, Cp, is the orthogonal projection of Cg,. As in de Sitter
domains, the orthogonal projection increases length, we get that the length of
[(Csp) < 1(Cop) = . O

Another important result is the following one:

Proposition 4.9. Let S be a nowhere timelike surface which intersects a sin-
gular line of angle a < 7 at a point p. If Cg ) intersects a lightlike circle in L, q,
then Cgsp does not cross Cop. That is, Cg)p remains strictly in one hemisphere
(where a hemisphere is a connected component of Ly, o \ Cop)-

Proof. Fix a non-zero vector u € T,(S) and for 6 € [0,a), denote by vy the
vector making an angle § with u. Suppose that vy, corresponds to the direction
where Cg,, intersects a lightlike circle, for example, the future lightlike circle.
As the surface is nowhere timelike, S remains in the future of the lightlike
plane containing vg,. But the link of a lightlike plane at a non singular point
p is a great circle in £, which intersects the two differents lightlike circles at
the directions given by vg, and vg,+-. So it intersects Cp, at the directions
corresponding to vg,+r/2-

Now, if p belongs to a singular line of angle o < 7, the link of the lightlike
plane which contains vy, is obtained by cutting the link 7;,(M) along the direc-
tion of vg 14/ 2 and gluing the two wedges by a rotation (see the Figure[2). So,
the link of our lightlike plane remains in the upper hemisphere, which implies
the same for Cg,,. ]

Remark 4.3. By contraposition, we get that if Cg ), intersects Cp p, it does not
intersect a lightlike circle.
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If u € C1(D,), we get that there exists > 0 (depending of «) such that:

o If 9,u(0,6p) = 1 (and so #y corresponds to the direction of the lightlike
vector), then
u(p,0) = n.p V0 € 0,a), p < 1. (3)

e If 0,u(0,61) = 0 (that is Cg, intersects Cpp), then

u(p,0) <(1—n).p Vo€ 0,0) p< 1. (4)

lightlike plane

Figure 3: The link remains in the upper hemisphere

These two results will be used in the next part.

Link of ¥ and orthogonality. As said above, our maximal surface is not
necessarly smooth at its intersections with the singular locus. Let p € ¥ be an
intersection with a singular line d of angle o < w. As before, consider ¥ as the

local graph of a function
u:D, — R

in a neighborhood of p. We consider the "augmented” link of p, that is, the

connected domain contained between the curves Ci, where C; is the curve
: : u(p, 9)

corresponding to lim sup

p—0 p
Cs,p C Ly« the compact connected domain between Cy and C_.

, and C_ corresponding to the liminf. We denote

Lemma 4.10. The curves Cy and C_ are CO'.
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Proof. We give the proof for C_ (the one for C; is analogue). For 6 € [0, «),
denote by

0
k(6) = liminf 120
p—0 1%

Fix 6p,0 € [0,«). By definition, there exists a decreasing sequence (pk)ren C
R+ such that lim pr, = 0 and

k—00

. u(pr,bo)
kl;r& P E(6o).

As Y is nowhere timelike, for each k € N, ¥ remains in the cone of spacelike
and lightlike geodesic from ((pg, 6p), u(pk,6p)) € X. That is,

[u(pr, 0) — u(p, 00)| < da(8,60)pr,

where d, is the angular distance between two directions. So we get

Jim 42k, 0) < k(60) + da(6, 6),
k—oo Pk

and so
k(0) < k(0o) + da(0, 00).

On the other hand, for all € > 0 small enough, there exists R > 0 such that, for
all p € (0, R) we have:

u(p, 60) > (/{?(60) — E)p.
By the same argument as before, because ¥ is nowhere timelike, we get
|u(p’ 9) - u(p, 90)| < da(a’ 90)/),

that is
u([), 6) > U(P7 00) - da(aa 60)/)

So
u(p,0) > (k(0o) — €)p — dqa(6,00)p,

taking € — 0, we obtain
k(0) = k(6o) — da(0,60).
So the function k is 1-Lipschitz O

Theorem 4.11. Cyx, ), = Cyp, and so X is orthogonal to the singular line d.

To prove this statement, we distinguish these two cases:
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If Cyx, , intersects a lightlike circle. For example C; intersects the upper
lightlike circle (the proof is analogue if C_ intersects the lower lightlike circle).
The proof in this case is based on the following lemma:

0
Lemma 4.12. In the above situation, lim infu(p’ )
p—0 1%

> for all 6 € [0, ).

Proof. As C; intersects the upper timelike circle, there exist 6y € [0, «), and
(pr)ken C R a strictly decreasing sequence, converging to zero, such that

k—o00 Pk

=1.

From (3)), for a fixed n > 7, there exist ky € N such that:

VEk > ko, u(pr,0) > npr V0 € [0, o]

As ¥ has vanishing mean curvature outside its intersections with the singular
locus, we can use a maximum principle. Namely, if a strictly future-convex
surface S intersects X at a point x outside the singular locus, then X lies locally
in the future of S (the case is analogue for past-convex surfaces). It follows that
on an open set V' C D,, supu(z) = sup u(x) and inf u(z) = inf u(z)

zeV 2V zeV xedV

Now, consider the open annulus Ay := Dj \ Dy C D, where Dy, is the

open disk of center 0 and radius pg. As X is a maximal surface, we can apply

the maximal principle to u on Ay, we get:

infu =minu > Npp41.
" DA, Z NPk+

So, for all p € [0,r), there exists k € N such that p € [pg41, px] and

u(p,0) = Npr+1- (5)
. e cu(ps0)
We obtain that, V0 € [0, a), u(p,d) > 0 and so lim 1(1;1f7 > 0.
p=0
Now, suppose that
360, € [0, «) such that lim imfM =0,
p—0 P

then there exists (7x)ren C Rsq a strictly decreasing sequence converging to
zero with

Lim u(’rka 91)
k—o0 Tk

=0.

Moreover, we can choose a subsequence of (pg)keny and (r;)k € N such that
T € [pr+1, pr[ VK € N.
This implies, by (@) that there exist k1 € N such that

Vk > ki, u(rg,0) < (1 —n)r, V0 € [0, a).
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Now, applying the maximum principle to the open annulus By = D}, \
D'i41 C Do where D) is the open disk of center 0 and radius 7, we get:

supu = maxu < (1 —7)rg.

And so we get that for all p € [0,7) there exists k € N with p € [rr41,7%]
and we have:

u(p,0) < (1 =mn)ry < (1 —1)pr. (6)
Now we are able to prove the lemma:
u(pi, 0o)

Take € < 1, as lim =1, there exist k3 € N such that:

Pk

Vk > ks, u(pk,Ho) > (1 — empk.
Using (@) we get:

1—en
(1 —emn).pr < ulpg,00) < (1 —1)prs+1, and so Pitt o 27T (7)

pe — 1—=7
[
Now, as lim M = 0, there exist N’ € N such that, for all £ bigger than
Tk
N’ we have:
u(rg, 01) < enrg < eq.pg.
Using (@), we get:
N-pk+1 < u(rg,0o) < e.n.pg, and so P41 <e. (8)
Pk
But as € < 1, the conditions (7)) and (8) are incompatibles. O

Using this lemma, the proof of the theorem in this case follows: as the
curve C_ does not cross Cp , and is contained in the de Sitter domain, we obtain
[(C-) < l(Cyp) (where [ is the length). For D, C D, the disk of radius r and
center 0 and Ay(u(D;)) the area of the graph of vp, , we get:

Au(D) < [ s

< / Z(Co,p)pdp.
0

T

The first inequality comes from the fact that / [(C_)pdp corresponds to

the area of a flat piece of surface with link C_ WhiCl’(l] is bigger than the area of
a curved surface (because we are in a Lorentzian manifold).

If we consider the local deformation of ¥ sending a neighborhood U N X
of p into the totally geodesic disk orthogonal to the singular line (making the
resulting surface connected). The last inequality shows that this deformation
would strictly increase the area of Y. However, ¥ is a limit of a sequence of
maximal surfaces and so maximize the area. So there exists no such deformation
and Cs, cannot cross the lightlike circles.
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O
Corollary 4.13. X is nowhere lightlike.

Proof. The proof directly follow from Remark 1l In fact, if the link of ¥ at
a singular point does not contain any lightlike direction, ¥ cannot contain any
lightlike ray going from a particle to another one. O

Now, consider the second case for the orthogonality.

If Cs; ), does not cross the lightlike circle. Consider
H:={z € R*?s.t. q(z) < 0}.

This manifold is foliated by the submanifolds H, := {x € R*? s.t. q(z) = —72%}
for 7 € Ryg wich are Lorentzian homogeneous manifolds of constant scalar

1
curvature k(H;) = ——. Moreover, we have a canonical embedding i : AdS? —
T

H and all the H, are homothetic to i(AdS®) = H; by the application

¢r : R — R2?
x = TX.

Now, consider two timelike half-planes P; and P; in AdS® making an angle
a < m and intersecting along a timelike line [. For j = 1,2, define P; :=
{0¢(i(P})), t € Rso}. The P; are timelike half-hyperplanes in H intersecting
along a timelike 2-plane and making an angle . We define H, as the space
obtained by cutting H along the P; and gluing the angular sector of angle a by
the rotation of angle 27 — a fixing P; N Ps. By construction AdS3 canonically
embeds into H, (by an application again denoted by ) and the slices H, o :=
H,Ng '(—7) are all homothetic to i(AdS3) = H; , by the application ¢, (here,
there is an abuse of notation because we consider ¢, and q as defined on H,).
We note g'ﬂa = ¢%(h;q) where h; , is the induced metric on H;,. Then, define
AdSiT as the completion of R x Ry X R/aZ with the metric

gr = —dt* + cos®(t/7)(dp* + % sinh?(p/7)d¢?).

Heret € R, p € Ryg, ¢ € R/aZ. One sees from the expression of g, that Ang’[,T
is a Lorentzian manifold with constant scalar curvature —T—12 (it is obtained from
the metric od AdS3 by a dilatation of factor 7) with one conical singularity of

angle v at the line {p = 0}. It follows that AdS} | is isometric to Heg, .

Let p be the intersection of ¥ with a singular line of angle o in M. By
definition, there exist a neighborhood V' C M of p and an isometry v which
sends V' to a neighborhood of a point in AdS3 lying on the singular line [. Let
U=V NY). It is a piece of surface in AdS3 which intersects [ at a point 0.
Denote by I, = ¢,(i(1)), 0 = ¢-(i(0)) and U, = ¢,(i(U)). As H, ; is isometric
to AdS3 ., we can consider that I, 0, and U, are lying in AdS3 .

o,T)
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Thanks to the identification (as manifolds) of AdS? , for all 7 > 0 by the
coordinate system (¢,p,¢) € R x Ry X R/aZ , we can take a compact set K
containing 0 in D x R and consider the sequence (U, N K ) en. It is a sequence
of graph of Lipschitzian functions contained in a compact set. Then, up to a

subsequence, U, C—O> Uso

For each compact set K/ C K which does not intersect the singular line, lift
the sequence (U, N K'),en into a sequence of holomorphic curve in the normal
bundle of the Grassmanian of oriented spacelike 2 planes in D x R (as in the
proof of Theorem [L6]). Note that it is possible since U, N K’ is a piece of
spacelike surface in AdS;O’L - with vanishing mean curvature for all n € N. It
follows from the same arguments that for each compact K’ C K which does

not intersect the particle, U, N K/ — €= U NK'. So U, i U, outside the
singular line.

Moreover, one sees from the expression of g, that g, i g, where
g = —dt* + dp? + p*d¢?

is the Minkowski metric with cone singularity (recall that t € R, p € Ry, ¢ €
R/aZ); that is the metric obtained by cutting R%! along two timelike halfplanes
making an angle o and intersecting along the timelike line d := {p = 0}, then
gluing by a rotation. We denote the singular axis of R2! by I

Let NV : Uso \ {000} — U'RZ! where 0o := d N Us and U'RZ! is the unit
tangent bundle of R%'. We have the following lemma:

Lemma 4.14. N : Uy, \ {0s} — H2 and is holomorphic (with respect to the
complex structure on H2, defined by the opposite orientation,).

Proof. Fix a point p € Uy \ {0x} and a simple closed loop ~ : [0,1] —
Uso \ {0} based at p. Note that, by construction, R5' contains H2 as an
embedded spacelike surface orthogonal to I, (here H2 is obtained by gluing the
intersection of the angular sector of angle o in R*! with the future component
of the hyperb0101d by the rotation ¢, of angle « preservmg the central axis).

Fix p € RS a hftlng of p in the universal cover of RZ' \ {lsc} and denote
by 7:[0,1] — Uso C RE! a piece of the lifting of ~([0, 1] l w1th 7(0) = p. Note
that R>' \ {0x} is obtained by taking the quotient of RZ! by the holonomy
representation p which sends [v], the homotopy class of v, to ¢, (in fact, RZ
is obtained by gluing together mﬁnltely many angular sector of angle «, so the
action of ¢, extends naturally to RZ )

It suffices to show that the set N'(5([0,1])) lies in H2 and so N(y([0,1]) C
H2 /p([y]) = H2 \ {04} (where 0, = loo NH2). As ~ does not intersect 0o,
for each point x € ¥([0,1]) there is an isometry ¥ from a neighborhood U of =
in R%! to an open set of R>!. Let V := ¥ (U N U ~0); 1t is a piece of spacelike
surface in R*! whose set of unit future pointing normal vector N (V') lies in H2.
However, if one wants to send N (V) by U~! to a subset of ]ﬁ% corresponding
to unit future pointing vectors normal to U N (700, we have to be sure that
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N(V)N0, = 0. It is not true in general. However, denote by K C V the set of
points x such that the unit future pointing normal vector to V at x lies at 04;
we have

Lemma 4.15. K is discrete.

Proof. Let K = K1UK>s where K := {x € K, det(B(z)) =0} and Ky := {x €
K, det(B(x)) # 0} for B the shape operator of V. It follows that K is the
inverse image of 0, by a regular map hence is discrete. Now, if x € K7, then
for each y € V in a neighborhood of x, the unit future pointing normal vector
to V at y is given by parallel translation along the unique geodesic joining z to
y hence is different from 0,. So K is discrete. O

Now we can lift N(V \ K) to a subset of ﬂi Applying this construction
to a finite open covering of ¥([0,1]) glued in a good way, we obtain that the
set of unit future pointing vector normal to Us, at ¥([0,1]) is a curve in H2
(except on a discrete subset) whose quotient by p([y]) lies in H2 \ {0,}. That
is V(7([0,1])) € H2 \ {04}, except for a discrete set of points.

Hence, there exists a discrete set X C Uy such that

N(Uso \ £) € HZ\ {04}

However, as Uy is smooth at each z € K\ {0}, it admits a normal vector at
x obtained by taking the limit of normal vectors to Uy, at y when y tends to x.
On sees by construction that N (K \{0x}) = 04. Hence N : Uy \ {00} — H2.

Now, U \ {0} has everywhere vanishing mean curvature. So we can
choose an orthonormal framing on Uy \ {0} such that, with respect to this
framing, the shape operator B of Uy \ {0} as expression

B:<’g _°k>.

So N*I(z,y) = I11(z,y) = I(B?z,y) = k*I(x,y) (where I and III are the first
and third fundamental forms of U, respectively). That is N is conformal and
reverses the orientation and so is holomorphic with respect to the holomorphic
structure defined by the opposite orientation of H?2. ]

Lemma 4.16. Uy, is smooth at {0} and orthogonal to ls.

Proof. The induced metric g on Uy is Riemannian and carries a conical sin-
gularity of angle o/ < « at 0 (from Proposition [L.8). Hence, there exists a
unique hyperbolic metric gy with conical singularity of angle o/ at 0y in the
conformal class of g. For such a gy, there is an isometry from an open neigh-
borhood of 0, € Hi, (where 04 is the center of Ha, in the disk model) to an
open neighborhood of O, in Us. Such an isometry sends 0y t0 Oxo.-

Note that Hi, is obtained by gluing an angular sector D, of angle o/ between
two half-lines in D? (endowed with the hyperbolic metric) by a rotation. So it
provides an isometric parameterization w of a neighborhood of Oy, € Uy by Dy.
In the same way, we have an isometric parameterization w’ of a neighborhood of
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0, € H2 by D,. Now, fix two uniformizations ¥, and ¥, of D, (respectively
Dy ) by the unit disk D which sends the center of D to 0,/ (respectively 0,). See
Figure @l

- N
—_— T

Uso
u

‘E
o

S

Dy

Ve

—_ T

Figure 4: Holomorphic parameterization
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Note that |V (2)|p,, ¥ | 2| /27,

Gauss’ equation implies that Gauss’ curvature K of U, is given by K =
|w’_1N’(w)|ﬂ2)a. And the expression of Gauss’ map in the charts (D, ¥,/) and
(D, ¥,), denoted by J\7~: D\ {0} — D extends to a holomorphic map.

The singularity of A at 0 can be of 3 differents types:

e removable (that is A is holomorphic),
e a pole of order ko > 0 (that is z*A(z) tends to 0 at 0 for all k > ko),

e essential (that is the Laurent series of AV/(z) has infinitely many non zeros
negatives coefficients).

Suppose that N as a pole of order ky > 0 at 0. Then,

IN(2)]| v for a € Ry.

a
T

Hence,
!

‘w/—lN/(w)‘ ~ L ole
e 0 \JwlFotT '
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However, by Gauss-Bonnet, K is a L'-function, and so N cannot have a pole
of order kg > 0. The same argument shows that N cannot have an essential
singularity at 0. So N must have a removable singularity at 0.

In particular, NV is defined at 0., so U, admits a unit future pointing
normal vector at O, denoted n. As Uy, is obtained by gluing a piece of surface
with boundary Uy C R21 by the rotation ¢, of angle 2r — « fixing the central
axis d, n is obtained by gluing 7, the unit future pointing vector normal to (700
at Uso N d by po. The only way for gluing n onto itself is having n tangent to
d, which implies that U, is orthogonal to l. ]

Remark 4.4. As U, i Us, then K, i K. In particular, it implies that

K is everywhere finite, which prevents the apparition of bubbles in the limit
of ¢(S;) in Theorem (see Remark [£.2)).

Now, we can prove the following statement:
Proposition 4.17. X is orthogonal to d.

Proof. For all 7 € Ry we define a function 1, on a neighborhood of 0, in U
as follow: let u, € Ty H, be a future pointing vector tangent to d,. For x in
a neighborhood V. C U; of 0, let u-(x) be the parallel transport of u, with
respect to the Levi-Civita connection of h;, and N;(x) be a future pointing
vector normal to U, at x. Set

 healu (), N ()
U = @) s TN @) s

We note that 1, does not depend on the choice of u, and N,. Moreover, as
the surfaces U, differs by homothety which preserve {0}, the function v (0) is
constant. As U is orthogonal to ls, lim ¢,(0) =0 and so 11(0) = 0. O

T—00

5 Uniqueness

In this section, we show the uniqueness part of Theorem
Theorem 5.1. ¥ C M is the unique mazimal surface.

Before, we recall the Jacobi field equation in semi-Riemannian manifolds of
constant sectional survature:

Lemma 5.2. Let (N, g) be a semi-Riemannian manifold of constant sectional
curvature K and v a spacelike or timelike geodesic of N. Then, a Jacobi field
J over «y satisfies the equation:

J" —eKJ =0,
where € = +1 if v is spacelike or e = —1 if v is timelike.
Proof. A vector field J over « is a Jacobi field if and only if, it satisfies:

J" + R(J,%)y = 0.



27

Taking the scalar product with J, we get
g(J" J) = =g(R(J.A )Y, ).

g(R(J,Y' )Y, J)
g(v'sv)g(J, J)

However, the sectionnal curvature is given by K = . So we get:

g(J" +eKJ, J)=0.
U

Proof of Theorem [0l For ~y : [0,1] — M a timelike geodesic segment, we define
the length of ~ by

1
uw;:A<—m¢@x¢@»fﬂa.

Suppose that there exist two differents maximal surfaces ¥ and X9 in (M, g).
Let
C = sup{l(7)}
~yel’
where I is the set of timelike geodesic segments v : [0,1] — M with v(0) € ¥;
and v(1) € Xg9. Consider (v, )neny C I' such that

1
hm/«m%@mﬁmwﬁza
0

Suppose for example that ~, is future directed for n big enough, and denote
by (zn)nen and (Yn)nen the sequences defined by (7,(0))nen and (vn(1))nen
respectively. For n € N, choose a lifting z,, of x, in the universal cover M
of M. This choice fixes a lifting of the sequence (z,)nen which converges to
Ty € ivl c M. Moreover, it fixes a lifting of (v, )nen and allows us to define
Un := Yn(1) (that is, it fixes a lifting of (y, )nen). As the future of T intersects an
open subset of iz in a compact set which contains an infinite number of points,
(yn) converges to yo (up to passing to a subsequence). Then, yy projects to
Yo € 29 and C' is equal to the length of the projection of the timelike geodesic
segment joining Zg to yo. We denote by v € T' this geodesic segment.

There exists a tubular neighborhood U of v and an isometry ¥ from U to a
tubular neighborhood V' of the central axis in AdS3 (for some a maybe equal
to 2w if v does not lie on a particle) which sends 7 to the central axis. From
now, denote Y1, Yo and v their image by ¥ in AdS2. Choose ¥ such that it
sends the tangent plane to ¥y at zg on Py := {(p,0,t) € AdS2, t = 0}. Recall
that AdS2 := (D x R, go) where g, = —dt?+ cos®(t)h,, and h,, is the hyperbolic
metric on D with cone singularity of angle « defined in Section Ml

Lemma 5.3. In this model of AdS2, timelike goedesics orthogonal to Py are
given by {p = cte., 0 = cte.} and totally geodesic planes orthogonal to v at
v(to) are given by the equation P,y = {t = ¥(to) cosh(p)}.
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Proof. The first point is obvious from the expression of g,. For the second
point, note that P,,) is obtained by revolution around the central axis of
the deformation of a radial geodesic contained in P; by the flow of a vector
field normal to P;. Take a radial geodesic vy := {0 = cte.} (with v9(0) = 0)
contained in P; and, for N the unit future pointing vector field normal to P,
consider the Jacobi field given by

{J(O): v(to) N
J0) = 0

It follows by Lemma [5.2] that the deformation of ~yy is given by the equation
{0 = cte., t = v(to) cosh(p)}, which gives the equation of P, ) by revolution
around the central axis. O

Denote by k > 0 (resp. k' > 0) the principal curvature of 3; (resp. o) at
xo (resp. yo). We can suppose, without loss of generality, that & > k/. Take
u € U%021 the principal direction corresponding to —k.

Fix € > 0 and consider the deformation v,(¢) := exp(J(y(t))) for all t € [0, 1]
where J is the Jacobi field given by J(0) = eu and J'(0) = 0 (note that v, € T).
It follows that -, is orthogonal to P; and so it is given by a straight line in the
radial plane containing u. Finally, denote by z. and y. the intersections of ~.
with 37 and ¥ respectively, by p; its intersection with P;, i = 1,2 (where P is
the totally geodesic plane tangent to ¥y at yo) and by p¢ its intersection with
Pc: the equidistant surface at a distance C' in the future of P; (see Figure [).
We get

1(ve) = 1(7) = dy (e, p1) + dy (pC, p2) + dyy (P2, )

where d,, is the causal distance along 7. and the sign + depends if y, lies in
the future or in the past of ps.
However, ds, (ze,p1) = ke*+0(e?), dy, (pc,p2) > 0 and s, (2, ye) > —K'é.
So I(7¢) > C, which is impossible because v, € T" and I(v.) > C = sup{l(§)}.
Berl

O

6 Consequences

The map Mess parameterizes the moduli space Mg, 9 of AdS convex GHM
metrics with particles of angles less than m on M by Ty, 9 X Tgne for 0 :=
(01,...,0,) € (0,m)". Moreover, it is proved in [KS07, Theorem 5.11] that
the space H, ¢ of maximal surfaces in a germ of AdS convex GHM manifold
with particles of angles # € (0,7)" is parameterized by the cotangent bundle
T*Tgnp- Given such a surface, it is possible to reconstruct locally the AdS
convex globally hyperbolic manifold which then uniquely embeds in a convex
GHM one.

As each AdS convex GHM manifold with particles of angles less than «
contains a unique maximal surface, then M, , ¢ is identified with H,, ¢, and
S0,
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Figure 5: Uniqueness

Theorem 6.1. The parameterization Mess induces a homeomorphism

U T T gm0 — Tgm0 % Tgn.0-

6.1 Interpretation in terms of minimal Lagrangian diffeomor-
phisms

In this paragraph, we prove Theorem [Tl Before, we recall a result of [Lab92|:

Proposition 6.2. Let (S,g) be a Riemannian surface and A : TS — TS a
smooth bundle morphism such that A is everywhere invertible and d°A = 0
(here dP is the differential of a vector valued form which is defined thanks to
the Levi-Civita connection D of T'S, see e.g. [Bes08] for the construction). Let
h be defined by h(u,v) = g(Au, Av), then the Levi-Civita connection V of h is
given by:

Vo = A"'D,(Av),

and its curvature is:

Ky

~ det(A)

K,

Remark 6.1. For (9,9") € Tgno X Tgne, suppose that there exists a bundle
morphism

b: (TS,g9) — (TS,q)
such that
1. b is self-adjoint for g with positive eigenvalues.
2. dVb =0 (where V is the Levi-Civita connection associated to g).
3. det(b) = 1.

4. g(b.,b.) is the pull-back of ¢’ by a diffeomorphism ¢ fixing each marked
point and isotopic to the identity.
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Then the diffeomorphism ¢ is minimal Lagrangian outside the singular locus.

Proof of Theorem [1.1.

Existence: Let (h;, h,) be a pair of hyperbolic metrics on S with conical
singularities at the x; of angle 6; < m; it defines two points in 7, ¢, and thanks
to the homeomorphism Mess, it defines a unique AdS convex GHM manifold
with particles M. Let ¥ be its maximal surface with shape operator B, first
fundamental form I and identity map E. By definition of the map Mess, We
have

{MWWF=IKE+ﬂﬂ%@+me
he(z,y) = I(E - JB)z,(E - JB)y)

We define the bundle morphism b : T'S — T'S, defined outside the z; by:
b=(E+JB)"Y(F - JB),

(note that it is well defined as from [KS07, Lemma 5.15], the eigenvalues of
B are in (—1,1)). We are going to prove that b verifies the four properties of
Remark

1.
hi(bz,y) =I((F — JB)x,(E+ JB)y) =I((E + JB)(E — JB)x,y)
= I((E — JB)(E + JB)z,y) = I((E + JB)z, (E — JB)y)
= hl(x’by)

Moreover, it is proved in [KS07, Lemma 5.15] that B has eigenvalues in
(—1,1), so (E £ JB) has strictly positives eigenvalues and the same for b.

det(E —JB) 1+ det(JB)
- - =1, (as tr(JB) = 0).
Wt(ETJB)  1xdegp) @ r/B)=0)

2. det(b)

3. Denote by D the Levi-Civita connection associated to I, and consider the
morphism A = (E + JB). Note that d”A = 0 (by Codazzi’s equation)
and so A verifies the hypotheses of Proposition The Levi-Civita
connection V of g(A., A.) is then given by:

Vo = A71D,(Av)
and so dVb = A"1dP(E — JB) = 0.
4. Obviously, we have that h;(b.,b.) = h.(.,.).
Uniqueness: Suppose that there exist by, by as in Remark [6.1] define:
4gi(.,.) = g((E +b;).,(E+1b;).) and B; = —J;(E +b;) " "(E —b;) i = 1,2,

where J; is the complex structure associated to g;. As for i = 1,2, b;
has positive eigenvalues, B; is well defined and its eigenvalues are in (—1,1).
Moreover, det(b;) = 1 and trg,(B;) = 0, so B; is self-adjoint for g;. A simple
computation gives:

bi = (E+ J;B) Y E - J;B;), E+ J;B; =2(E +b;)"', i =1,2.
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So, the Levi-Civita connection %fvy of g; is given by:
Viy = (B +b) 7 Va((E + bi)y)

(by Proposition [6.2]) where V is the Levi-Civita connection of g. Therefore, we
get:

V'Bi(z,y) = (E + b)) "'Vy((E + bi)By) — (E +b;) "'V, ((E + b)x) — B[z, ]
(B +0:) " (V(E + b)) (2, y)

Moreover, as g has curvature —1, we obtain:
Kgi = — det(E + JBZ) =—-1- det(BZ)

So B; is traceless, self-adjoint and satisfies the Codazzi and Gauss equation,
which implies that setting h; = ¢;(B;.,.), we get (gi,hi) € Hg adsn,e and we
obtain:

hei(z,y) = gi((E + JBy)x, (E+ JB;)y

= gZ(Q(E + bi)ilx, 2(E + bi)ily)
= g(:ﬂ,y).

And in the same way:

hr,i(x’ y) = g/(x’ y)

That is, Messfl(hl,l, hy1) = MeSSil(th, hy2) so hiy = h;2 and hy 1 = hy .
This implies that B; = By and so b; = bs.

Hence such a bundle morphism is unique and define a unique minimal La-
grangian difffeomorphism ¥ : (X,g9) — (%,¢') isotopic to the identity (cf.
[Lab92, Section 2]). Note that here, the hyperbolic metrics are normalized in
such a way that ¢ = Id. O

6.2 Interpretation of the homeomorphism ¥

Here we prove a nice geometric interpretation of the homeomorphism ¥ which
extends the relations between harmonic maps and minimal Lagrangian diffeo-
morphisms of [Sam78| and [Wol89):

Theorem 6.3. Let hy and hs be two hyperbolic metrics on S with cone singu-
larities of angles 0; < m at the marked points x;. There exists a unique complex
structure Jy with marked points at the x; on S such that

Hopf(¢1) = —Hopf(¢)

where ¢; : (S, Jo) — (S, h;) is the unique harmonic map isotopic to the iden-
tity provided by [GRI0] and Hopf(¢;) is the Hopf differential of ¢;, i = 1,2.
Moreover, ¥=t(hy, hy) = (Jo,iHopf(¢1)) € T*Tyn.0-
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Proof. Let hy,h, € Ty and let I, B, E and J be the first fundamental form,
shape operator, identity and complex structure associated to the unique max-
imal surface ¥ of the AdS convex GHM manifold with particles Mess(hy, h,.).
It follows that

{ m(.,.) =I((E+ JB).,(E+ JB).)
he(.,.) =I((E — JB).,(E — JB).)

Take ¢ : (S,h;) — (S, h,) be the unique minimal Lagrangian diffeomor-
phism isotopic to the identity. Note that, here ¥ = Id because h; = h,(b.,b.)
for b= (E + JB)(E — JB)™! (see the proof of Theorem [L]).

Denote by IT" the graph of ¢ in (S x S, h; @ h,) and by Ap the induced metric
on I'. And easy computation shows that hp = 2(I+111), where II] = I(B., B.)
is the third fundamental form of 3. In fact, tangent vectors to I' have the form
(u,dp(u)) = (u,u) (and will be denoted by u when no confusion will be possible)
where u € T'S. Hence,

hr(u,v) = hi(u,v) + hy(u,v) = 21(u,v) + 21(JBu, JBv) = 2(I + 11I)(u,v).

Note that 111 = k*I, so the conformal class of hr is equal to the conformal
class of I, and so J is the complex structure of T'.

Consider m; : I' — (S, hy) and mg : I' — (S, h,) the projection of the first
and second factor respectively. Note that, as I" is minimal in (S x S, h; & h,.),
these projections are harmonics. By the main theorem of [GR10], these maps
are the unique harmonic maps isotopic to the identity from (S, J) to (S, h;) and
from (S, J) to (S, hy) respectively.

Now, we are going to compute Hopf(my). By definition,

Hopf(m1) = (th}c)z’o,

that is, Hopf(m) is the (2,0) part (with respect to J) of the pull-back by m of
the complexified metric h‘lc.

Take (e1,e2) an orthonormal framing of principal direction of ¥. That is
I(ei,ej) = 5@']’7 B€1 = k61 and Bez = —keg.

Denote by TCI' = TT % C the complexified tangent bundle, and set as

usually:
Z = %(61 —iJey) = %(61 — ieg)
Z = %(61 +iJ€1) = %(61 +i€2)
And

dz = 1(dx +idy)
dz = %(d:ﬂ —idy)

(where dz and dy are the dual of e; and ey respectively). It follows that Z is a
generator of the holomorphic tangent bundle 71°T and dz(Z) = 0.

Moreover, ﬂi‘h}c = ¢dz? + pdzdz + pdz?, so Hopf(m) = ¢dz%. One gets
that:

¢ =mih(Z,7) = i[((E—i—JB)(el—ieg), (E+JB)(e1—iey)) = —il(JBey, es) = —ik.
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So Hopf(m;) = —ikdz?. An analogue computation shows that Hopf(my) =
ikdz?.

Now, it remains to show that R(iHopf(m)) = I1. Using dz = dx + idy, one
gets that

iHopf(m;) = kdz* = kdax* — kdy® + ik(dxdy + dydz),

hence R(iHopf(71)) = kdx? — kdy? = I1.

The uniqueness comes from the uniqueness of a minimal Lagrangian diffeo-
morphism isotopic to the identity. In fact, suppose that there exists J; and
Jo two complex structures with marked points and ¢% : (S,J;) — (S, h1),
@5 : (S, J;) — (S, ha) harmonic maps isotopic to the identity for i = 1,2 sat-
isfying the condition of the theorem, then ¢ o (¢i)~! are minimal Lagrangian
diffeomorphisms isotopic to the identity and so are equals. Then J; = Js is the
complex structure of the metric induced on the graph of its minimal Lagrangian
diffeomorphism. O
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