REVISITING BEURLING’S THEOREM FOR DUNKL TRANSFORM

SANJAY PARUI AND SANJOY PUSTI

ABSTRACT. We prove an analogue of Beurling’s theorem in the setting of Dunkl transform, which
improves the theorem of Kawazoe-Mejjaoli ([5]).

1. INTRODUCTION

Uncertainty principles in Euclidean spaces says that a nonzero function f and its Euclidean
Fourier transform fcan not have arbitrary decay. There are many theorems depending on how the
decay of a function is measured. However the remarkable result in recent time is due to Hérmander
([4]) where decay has been measured in terms of integrability of f and its Fourier transform f

Theorem 1.1. (Hirmander 1991) Let f € L?(R) such that

/ / F@IF @)™ de dy < oo, (L1)
RJR
Then f =0 a.e.

Hoérmander attributes this theorem to A. Beurling. The beauty of this theorem is that many
other theorems like Hardy’s theorem, Cowling-Price theorem (inequality case) follows from this
theorem. The above theorem was further generalized by Bonami et al ([I]) which can characterize
the Gaussian function.

Theorem 1.2. (Bonami, Demange and Jaming) A function f € L*>(R?) satisfies the condition

2)| |1£(6)] @O g d
/R/R At o+ v e e

for some N > 0 if and only if f(z) = p(:):)e*am for some polynomial p of degree < NT_d and
a > 0.

We may call this as a master theorem as the (equality case of) theorem of Hardy, theorem of
Cowling-Price and the theorem of Gelfand-Shilov can also be obtained from this generalized version
of Beurling’s theorem. For the statement of these theorems and further results in this direction we
refer the excellent book of Thangavelu ([I0]). There are many attempts has been made to find the
suitable version of the theorem above (with or without denominator), in different context such as
on SL(2,R) ([8]), on symmetric spaces of noncompact type ([9]), on Heisenberg groups and two step
nilpotent lie groups ([6]) and also on theory of Heckman and Opdam ([2]). Recently these theorems
are also considered in the context of Dunkl transform by Gallardo and Trieméche ([3]), Kawazoe
and Mejjaoli ([5]). The Dunkl Kernel Ej(z,y) is a generalization of e/®¥. In the statement of
Beurling’s theorem Kawazoe and Mejjaoli measure the decay of f and its Dunkl transform in terms
of integral against el*ll¥l. Our point of departure is to find the exact analogue of the theorem
of Bonami, Demange and Jaming in the context of Dunkl transform where el®ll¥l is replaced by
Ej(x,+y) and therefore our theorem improves the theorem of Kawazoe and Mejjaoli. To prove the
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theorem we adapt the proof of Bonami et al. The crux of the proof is the existance of convolution
of a function with a radial function (thanks to [I1]) and the explicit expression of the translation of
the heat kernel (see equation ) These machinaries are not available in the theory of Heckman
and Opdam. Even the explicit expression of the translation of the heat kernel is not available in
semisimple Lie groups. As in the Euclidean case we obtain several corollaries to prove an analogue
of Hardy’s theorem, Gelfand-Shilov’s theorem and Cowling-Price’s theorem.

2. PRELIMINARIES

Let ¥ be a root system in R? and let G be the finite reflection group associated to the root
system . Let k£ : ¥ — C be a multiplicity function i.e., k : ¥ — C is invariant under the action
of the group G. For each ¢ € R? and a multiplicity function k, the Dunkl operator (which is a
differential reflection operator) is given by

TEf(e) = 0cf )+ Y ha)(a L),

aeXt

We assume that our multiplicity functions are nonnegative, i.e. k() > 0 for all & € ¥. Then it is
known that £ — TEk is a commutative algebra of differential reflection operators.

Definition 2.1. The Dunkl kernel Ej(-,) for a fixed spectral parameter y € C? is defined as the
unique real analytic function such that

TEB(,y) = (£,y)Ey(-,y) for all ¢ € C?
and E;(0,y) = 1.

If kK = 0, then Ey(z,y) = e@¥) for all z,y € C% It is known that there exists a probability
measure u¥ such that

Ey(z,y) = /Rd e©¥) dpk(€)

where ;¥ is supported in the closed ball B(0, ||z|).
We have the following well known properties of the Dunkl kernel:
(1) Ex(gz1,922) = Ex(21, 22) for all g € G and z1, 2o € C%.
(2) Ei(21,22) = Ep(29,21) for all 21, 29 € C4.
(3) |Ex(w,u+iv)| < Ex(x,u) for all z,u,v € R4
(4) Ei(z,y) < maxgeq e®9v) for x,y € RY.
(5) |DYEy(x, )| < [al” exp(|al[Re]) where DY = 5ot

zilaz;2~~825”'
For z € C%, let I(z) = 22 + 25 + - - - + 22. Then for z,w € C? we have
_l=z? L(2)+1(w)
Ey(z,2)Ex(w,z)e” 2 wi(z)dr =cre 2 Ep(z,w) (2.1)
Rd
_l=?
where ¢, = [pae” 2 wy(z) dz.

Definition 2.2. For a function f € L'(R? wy) the Dunkl transform is defined by
D) =i [ F@) (it ppula) da

where wk(ﬂf) = HaeE-‘r |(047$)’2k(a)-



It follows from equation (2.1)) that Dk(e*|x‘2/2)(§) = e~ 1¢*/2_ Also by the change of variable it

2
follows that, Dy (e~01#1%)(¢) = (26)1+d e~ 5 for § > 0,
VT2
We have the following well known properties of the Dunkl transform:
(1) If f € LY(R?, wy,), then Dy f € Co(RY).
(2) If f € LY(R%, wy,) and Dy f € LY (R? wy), then the following inversion formula holds:

fla) =i [ DLFOBiE 2w de

(3) The Dunkl transform on the Schwartz space S(R?) extends uniquely to an isometric iso-
morphism from L?(R%, wy,) onto L2(RY, wy,).

(4) For j = 1,2,--- ,d and f € S(R?), Dy(iz;f) = —T¢,(Dyf) where e; is the j-th standard
basis. Therefore for any polynomial p,

l€|2

Dy(p(a)e 1)) = r(§)e 15
where r is a polynomial of degree equal to deg p.
For f € LY(R? wy,) we have

_ [ rB)w o r2vd=1 gy
[ t@o@ds= [T [ 10 dos) e tan

where dog is the normalized surface measure on the unit sphere S9! and v = Y aesnt k(o).
Therefore, if f is a radial integrable function then there exists a function F' on R such that

f(@) = F(|lz]]) = F(r) for [lz| = r and
f(@)wg(x) dox = dk/ F(r)yr2vtd=tqr (2.2)
R4 0
where dj, = [ga—1 wi(B) doa(B).

3. BEURLING’S THEOREM

Kawazoe and Mejjaoli (in [5]) proved the following analogue of the Beurling’s theorem in the
setting of Dunkl transform:

Theorem 3.1. (Kawazoe and Mejjaoli) Let N € N,6 > 0 and f € L?>(R? wy) satisfies
D P(¢)[°
/ / |f (@) [Drf(E)]P(E)] 17l €l ()i d < oo
raJra  (1+|z[+ €)Y
where P is a polynomial of degree m. If N > d+ md + 2, then

f(z) = Z afWE(z,7) a.e.,

|S|<N d—md

where r > 0,a¥ € C. Otherwise f(z) =0 a.e..
Here WF(z,r) is defined as

1 ,
Wh,r) = 1y / €. eI B (i, 2wy (€) de.
Ck R4
Then Dy(Wf(-,r))(€) = Lt -+ e IeF,

We prove the following analogue of Beurling’s theorem for Dunkl transform, which improves the

theorem above. To prove the theorem we adapt the proof of Bonami, Demange and Jaming ([1]).
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Theorem 3.2. Let f € L2(R? wy), be such that,

D
/]Rd /Rd 1+ |!] —llj{ﬂ))’ Ey(x, £&)wi(v)wy(§) do d€ < oo.

Then
f(z) = p(x)edl"
for some polynomial p of degp < N=d _ ) and for some § > 0.
2

Proof. Step 1: Since f satisfies the condition above, for almost every & € R? we have
D f (€ ’/ 5 | ’ — v Br(z, Fwg(z) do < oo.
Let {&,&, -+, &4} be a basis of R? such that Dy f(&) # 0 foralli=1,---,d. Now
S Br(w,&) + 2 B, —&) = 30, fpe € dug (y) + X0 fpa e dug, (y)
Sy S () 4 e 7) dpug, (y)
> O fra @ dpg, (y)
> 0N faa(L+ )N dug, (y)
=C(1+ |z))V

Therefore we have f € L'(R? wy). Similarly we can prove that Dy f € L'(R%, wy,)

. 2
Step 2: We consider the heat kernel ¢;(z) = —— e~ 5t for t > (0. Then we have Dyq;(§) = e—ter,

2t)V 12
The translation of a suitable function f is given by

() / Duf(€) Ey(ir, €) B —iy, )y (€) de.

Then Dszff(g) = Dy f(€) Ex(—iy,§). For k = 0, the translation reduces to 7, f(z) = f(z —y). It
follows from equation (2.1)) that the translation of the heat kernel is given by

Ck _(\IIQL\yP)E Ty 31
ey W v )

T!f q(z) =

(see [7]). Let F(x) = (f * q1/2)(x). Such convolution exists and F € L' N L*(R? wy,) (thanks to
2

111 eorem 4.1]). Also, Dy =Dy e 2. en,

[T, Th 4.1)). Also, DyF(€) = D f(€)e= 5. Th

—(lalP+1u? +|y|2

/ S gy o)y )dy—c [t ) Ex(, ) () dy.



Now

[[Dw F(£)

fRd fRd 1+|x‘+|§‘)N‘Ek(‘T j:g)wk( )

1
= C Jga Jre T~

< C Jga Jra lF W Drf ()] Jpa ©

fRd f(y)e

_w>

k() d d§

—(lalP+1u? +|y|2

VB (2, y)wi(y dy'mkf £)|e31eP

By (@, 28w (x)wy(§) da d€

(I+]=[+]ENN

Ey(x,y) By (z, 2w (z) dz w (y)w(§) dy dE.

We let @ = 1+ |y| + [¢] and M = {z € R? | ming , yeq lgy — 2 £ ¢'z| > ba} for some fixed

1
7 <b<1.
Then

[ ‘(%>
Me

_(\qy2wl ) lg'€]2 L
< maxggeq [ € e 2 e

— max; geq e (TY,9'6) fM e (

1
(+[z[+IgD ™

Ey(z,y)Ex(z, £&)e 7%wk(x) dx

2 E ‘2

e~z el 2 By, (z, £&)wi(x) dx

2

) L e 4 un(e) do

9Oy, (x) da

_ M)
: wg(z) dz

Then the expression is less than equals to

max X9 p, (Jy|)pa(|€])e
9,9'€G

— B2 (1 e+ |y])?

for some polynomials pi,pe. This is bounded by a constant C. Also, from step 1, we have

Ey(y,§) + Ex(y,

This implies that,

- (=g 1
/Me ( )(1+!x\+!£\)NEk

Therefore we have

[ 1=2+1wI? 1
Lot
M (1 + |z + [NV

—&) > C(L+ |y + €)Y

_le? E(y,§) + Ex(y, —
(@Bl 2 S i) do < P DT IZE),
Bk Ey(y, ££)

By (z,y)Ey(z, £8)e” 2
5

x) dxr < C'max
wile) do < Cmax =t PN



Let go, g € G be such that miny ;4 e |gy — 2 £ g€| = |goy — x — gh€&|. Then on R?\ M, we have
L+[z[+ [ = 14190y — (90y — )| + |g5¢]
> 14 5190y — (9oy — )| + g€
> 5(1+ g0yl + lgo€]) — 1/2]g0y — = — ggé]
> 1T_ba.

If go, gy € G be such that miny ;e |9y — = £ ¢’¢] = |goy — = + gh€|, then similarly on R?\ M, we
have

1-b
1+ fzf + [€] > (1 + |90yl + 190¢]) = 1/2lgoy — @ + go€| = ——a.

Therefore,

le12+1yl? 2
- _lal
Jraa € ( © e Bea y) Bz, £8e” 2 wi(w) da

() Iz
fRd Ek('xa y>Ek(x7 ﬂ:f)e_ka(x) dx

(5 e (F)

1
< Camirer e

_ 1
= Caprere

= Cliglyen™

The last but one step follows from equation (2.1)). Hence

Jia %Eum Y wp ()i (€) da d€

< Cmaxe fyu [pa TP B (v, £€)wp (y)wi (€) dy dé

< oQ.

Step 3: We have F € L'(R%, w},) and D, F € LY (R? wy,). Therefore,
F(x) = ¢Dy(DpF)(—2z) € Co(RY).

Also, since wy(x) — oo as |z| — oo, there exists M > 0 such that wy(x) > 1 for all |z| > M.
Then from Step 2, we get that

Siapons Jia FEDAPEEQL By (2, € )wi(€) dx dg

< o ar Jn SOUBEEQUE (2, 1€ )wp (@) (€) da d€

< 00.



Also
F(x)||DpF
Siajens S Ao LRE NS By, 2wy (€) o d

D “Lig2 g
= fx\<M (1+\x|)N Jra llilfﬂg)l slélel Elwy (€) d€ da

D _Lyg2
= fw\<M (1+\x|)N Ja |Hlf|f§|§)| 26 Ml (€) de dar

z D f(8)|
< C fans T Jpo trestwi () d€ do

< 0.

Therefore we have

z)| DL F(§)]
/]Rd /Rd 1+ |:c| 1+ |§|)NE’€(‘T7 +8wg(§) dr d€ < 0.

Also
/ P (2)] d < / |F(2)]ws () dz < o
ol M

and f|x‘<M |F(x)| dz < oo implies that

|F(z)|dx < oo.
d

Step 4: Let 8 > 2 be a fixed number. Then
Jiai<r Jwa |F @) [DRF (€) | Ex(, £6)wi(€) de dé

< fng |F(2)] [f\§|>53 ’Dkf(g)‘e_%|£|2eR|£‘wk(§) dé + f|§\§/3R D F (&) Ex(, £)wk (£) d{] dx

< Cf]Rd |F(z)|dz + ﬁx\gR ﬁg\gﬁ]{ |F'(2)| | Dk E'(§)| Bk (2, £&)wy(§) dz dE.

The first term is finite as [pq |F(2)|dz < oo. Also multiplying and dividing the polynomial (1 +
lz)V (1 + €)Y in the second term of the expression above, we get from step 3 that,

/| < S |F ()| |DRF(€)| By, £&)wy(€) dz dé < C(1 4 R)*N

Step 5: It is easy to check that
IDLF(E)] < Ce 3P,
Using this and inversion formula, it follows that F' admits a holomorphic extension to C¢ and also
|F(2)| < Cezl*” for all z € 2.
For z € R? and 6 € R, we have
F(e2) = C [pa DpF (&) Ex (i, e x)wy(€) d€

= C [ra DiF (&) By (&, iex)wy,(€) dE
Hence
F(ea)| <C [ [DAFP©IP, ~osin)unle) de
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But it is easy to check that
Ex(&,—xsinf) < Ey(&,z) + Ex(§, —x).
Therefore
[F(e’z)| < C \Dw(&)\ (Ep(w,€) + By(x, —€)) wi (§) dé. (3.2)

Then as in [I] we will prove that F F(iz) is a polynomial. Let

//F

To prove that F(z)F(iz) is a polynomial we will prove that I'(z) is a polynomial on C¢. For
n=(n,m2,-,n4) €RYand 0 < a < fy, let I’%a) be defined on C by

mz naz ,
= / e / F(e **u)F(iu) du.
0 0

Then using step 4 and equation , it is easy to check that Fﬁ,‘“) has polynomial growth on
¢’“R and on iR (which does not depend on «). Therefore the same estimate will valid inside the
angular sector by the Phragmén-Lindelhof theorem and extends to I';)(z) := I'(2n). Also the similar
estimate will valid on other three quadrants and get that I'; is a polynomial. This will imply that
I is a polynomial on C?. This proves that F(z)F(iz) is a polynomial.

Step 6: Using [I, Lemma 2.3] we get that,

F(z) = pl)e "
for some polynomial p and for some a > 0. Also it follows from [I, Proposition 2.1] and equation
1) that the degree of the polynomial p satisfies degp < % — v. Therefore,

—alz|?

[ avya(x) = pla)e
Taking Dunkl transform on both side we get
Dy f(€)e™ 21 = r(g)em2aleP
where r is a polynomial of degree=deg p. That is
Dief(€) = r(§)eGa 2P,
Taking again Dunkl transform we get
fx) = plaje” =T
for some polynomial p of degree=degp < % —vand 0<a< %
O

Remark 3.3. This theorem improves the result of Kawazoe and Mejjaoli (Theorem . In fact if
a function f satisfies condition of Theorem [3.1], then it is easy to check that it satisfies the condition
of the Theorem with N replaced by N + 2v — mé. Therefore by Theorem it follows that

f(z) = p(z)e= =" where p is a polynomial of degree < W and a > 0.

Corollary 3.4. Let f € LZ(Rd wk) be such that,
DO e
’ dz d _
/]Rd /Rd 1+ \x| (1+ |§’)N€ wg (z)wg (§) dx d§ < 0o

f(a) = p(a)e okl

8
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for some polynomial p of degp < N —v — g and for some § > 0.

Proof. To prove the Corollary we just have to use the facts that Ey(z, +y) < el®ll¥l and
(14 |2+ )™ = (1 + 2DV (1 + )™

Corollary 3.5. (Hardy’s theorem) Let f € L?>(R? wy) be such that
@) < O+ Ja)Veme T

and

IDef(€)] < C(1+ |¢)Ne PP,
Then
(1) f=0ifaB > %'2
2) f(x) = p(x)e®" for some 6 > 0 and p a polynomial of degree < N +1+ 4 if aff = 1
2
Proof. We have

St Jia I RRET G clel €l () (€) der d

—(Valz|-VBIE))? —oJaB) |z
< fRd fRd 1+‘m|)N1 N(1+‘£|)N1 Ne(1 2\/7B)| ‘|£|wk(x)wk(§) d$d§

Then if af > i, the expression above for N1 = 0 is finite. Hence by Corollary f=0.
If af = %, then the expression above is finite if Ny — N —v > d ie. if Ny > N +v +d and in
that case f(x) = p(z)e~?1*1" for some § > 0 and for some polynomial p of degree < N + 1 + 4. O

Corollary 3.6. (Gelfand-Shilov theorem) Let f € L*(R% wy) be such that for 1 < p,q < oo,
(alz]P
/ L”Ne P w(x)dr < oo
R (

1+ |z[)
and -
(81gDh1?
Lot wiede <oo
Then

(1) f=01ias>1.
(2) f(z) = p(:v)e_‘”f""2 for some 6 > 0 and p a polynomial of degree < N — v — % ifaf = 1.

To prove the corollary we have to use the inequality a8|z||¢] < %\Q:V’ + %]{\q.

Corollary 3.7. (Cowling-Price theorem) Let f € L*(R% wy) be such that for 1 < p,q < oo,
P
R (

1+ )
and
[ Ao~
Then

(1) f=01ifaB> 3.
(2) f(x) = p(x)e 0 for some polynomial p and for some § > 0 if aff = L
9



Proof. Let M > max{2v +d + W, 2v+d+ W}. Then using Holder’s inequality we get
the following inequalities:

/Rd (’f(x)’MeO‘Wka(:v) dx < 00

1+ [z])
and -
[ AP e ) d < o
Now

Therefore f =0 if aff >

Jra Jra 1F @) 1De f (€) el Elwy () wy (€) da d€

[f@)]_alz|? Dkl ()] 2 el 5
= Jia Joa L2l eclel® [PEFCH eBalel? o~ (valel —vBleD

(L4 |e)M (L + €)M et =2VeRlel Sy (2)wy (€) dx dé

< o0 if aff >

L Lol N[N

If af = i then similarly we have

@) DefE] afje
/Rd/ﬂ%d 1+|«%’\ (1+EnM* Sy () (€) dar d€ < oo,

Therefore we get f(z) = p(z)e*1** for some ¢ > 0 and for some polynomial of degree < M — v —

d
5

O
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